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PREl \CE 



The ^series Soviet Stud^^g Jj] ij^ Psycholo^'.v of. Learning and Teach inp, 
Mathematics is a collection of translations from the ex^ens^ve Soviet ► 
literature of the pa»t twenty-five years on research in t!ie p.sychology 
of mathematical instruction. It also includes works on methods of 
-teaching- mathematics ^directly influenced by the psychological research. 
The series .is' the result of a joint effort by the School Mathematics ' 
Study Group at Stanford University, the department of Matheraaxics 
Education at .the University o,f Georgia, and' the Survey of Recent East 
Europea'n Mathematical Literature at. the University of Chicago. Selected 
papers and books considered ta be of value to th^ American mathematics 
^ducator have^een translated from the Russian and appear in this 
Series for the firgt time in English. 

.'Research achievement^ in psychology in the United States are ^ 
outstanding indeed. 'Educatiouai psychology , however , occupies .only a' ' 
small f4raction of the field, arid-oui^til recentjiy little'attentlcm has » 
beeu given to research in the psychology of ^.earning and teachim^ 
^particular school svibjects. * ^ 

The aituatioa has been quite, different in the^Soviet Union. In' 
view ^f the reigning social, and political doctri'Ses, several branches 
of psychology that are highly developed in t^ie U.S. have scarcely been 
investigated in the Soviet Union. On the othet^fiand, because of the • 
Soviet emphasis on edpcat^ion and its function in the ^tate, research in 
^educational psychology has been given considerable moral and financial 
support. Consequently, it has attracted many creati/e and talented 
scholars whose contributions have been remarkab^e^x^ 

Even pri'oir to World War II, the ^Russians had made great strides in 
educational psychology. The creation in 1943 of the Academy of Ped4- 
gogical Sciences helped to intensify the. research efforts and programs J 
in this field. ^Sincc th^n the Academy has become fhe cl^^ief educational' 
research and development center, for the Soviet Union. One of the main ^ 
aims of the Academy is to conduct research and to train research schglars 

— 1 — ' ' ■ ' - / 

A study indicates that 37.5% ot all materials in Soviet psy/hology 
published 'in one year was devoted to education and child psychology. See 
Cont cmporcij;y. Soviet Ps ycho lop.y by Josef Brozek (Chapter 7 of Pg^'dsent-Day 
R ubs i an FHychol ogy , PtM'garnon Press, 1966 ) . , 
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In general and specialized education, educational psycholo^^, and 
in methods of teaching various schoqf subjects. 

The Academy of Pedagogical Sciences of the USSR comprises ten 
research institutes in Moscow and Leningrad. .Many of the studies 
Reported in this series were conducted at the Academy's Institute of 
General and Polytechnical Education, Instit?ute of Psychology, and 
Institute of Defectology, the i^st of vhich is concerned with the 
special psychology and educational tej|flmiques foV handicapped ch**dren. 

The Academy of Pedagogical Sciences has 31 members and 64 
associate membcfs, chosen irom among distinguished Soviet scholars, 
scientists, and educators. Its permanent staff includesj more than 
650 research associates, who receive advice and cooperati^on from an ^ 
additional 1,000 scholars and teachers. Tlia-research- institutes of 
the Academy .have available 100 "base" or laboratory schools and many 
other s;phools in which experiments are conducted. Developments in 
foreign ''countries, are, closely f9^1owedKby the Bureau for the Study of 
Fireign Educational Experience, and Inf oi:mation. X^" 

Tlje Academy has its own publishing house, which issues hundreds of 
books each year and Wblishes thp collectio'ns Izvest|):a Akademii 
Pedagoglchcskik h Nauk KS¥d^ '[Proceedings, of the Acadlsy of Pedagogical 
Sciences of the RSFSR], the m^thiy Sovcjskaya F^da^o^^ [Soviet 
Pedagogy], and the .bimonthly Vopros^ P gikhologli [Questions of Psychology] 
Since "l%3. the Academy has 'been issuing collection entitled Nov^e 
IsBledovanlya v Peda KOglcheskikh "NaukaMi iNew Research in the Pedagogical 
Scienaes] in order to dissminate information on currcAt^ research. 

A major difference between the jSpvic^- and American conception of 
educational research is that Russian psychologists often use qualitative 
rather than quantitative method's, of research in instructional psychology 
in accordance with the prevailing European tradition. American readers 
may thus find that some of _ the earlier Russian papers do not comply 
exactly -to U.S. .standards of design, analysis, and reporting. By using 
qualitative methods and by working with small groups, however, the Soviet 
have been able to penetrate into the child's thoughts and to^ analyze his 
mi^tal processes. To t\xis end they h^e al»so designed classroom tasks 
\ and settings for i>es ear ch ' and' have •'emphasized long-term, genetic studies 
of learning. . / * • , 



Russian psychologists have c^ncernisd themselves with* the dynamics 
of mental activity and with the dim of arriving at th'k prt'nciples of the 
learning process itself. They have investigated such^areas as: ythe ^ 
development of mental operations; the nature and development o^^thought; 
the formation of mathematical concepts and the related questions of 
generalisation, abstraction, ^d concretlzation; the mental operations 
of analysis and synthesis; the development of^ spatial perception;- the 
relation be^tween memory and -thought; t^he deveiopment of logical reasoping^ 
the nature* of mathematical skills; and "Elte structure and special features 
of mathematical abilities. . * ^ 

•In new approaches to educational rcseSrch, some Russian psychologists \ 
hav|7 developed cybernet^ic and statistical models and techniques, and liave ; 
made use of algoritlims', mathematical logic ^nd -information sciences. 
Much attention has also been given ^to progra^ecf fristruction and to an 
examination of its psychological problems and its application for 
-greater .individualization in learning. 

The interrelationship between instruction and cliild development is 
a source' of sharp disagreement ^between the Geneva School of ^psycho l^ts, 
led by Piaget, and'th^ Soviet psychologists. Tlie Swiss psychologists 
ascribe limited significance to the role of ir<££.ruction i» the develop- • 
ment of a child. According to them, instruction is subordinate to the 
specific stages *ln the development of .the child's thinking — stages 
manifested at certain age levels and relatively independent of the * 
conditions of instruction. . \ 

As r^resentatives of the materiali^stic-evoli^ionist theory of the 
^nd, Soviet psychologists ascribe a leading role to instruction. They . 
Assert that instruction broadens the potential of development, may , 
accelerate it, and may^ exercise influence not only upon the sequence of 
the stages of development of the child's thought but even u^on the very 
character of the stages* llie Russians study development in )the changing 
conditions of instruction, and by varying these conditic^ns, they demonstrate 
how the nature of the child's development changes in the process. As a 
result, they are also investigating tests of ftiftedness and arc using 
elab4rate dynar 




rather than static, dndices, 



See The PrtfBlem of Ins truct ion and Devplopment tlie Ifith International 
Co ngress ofTsyc hoTogy Ty m/ A. Menchinskayn and G. G. SaburoVa, Sovetskjr^ ^ 
p^i£^gika7 1967', No. 1. (English translation in Sojv^iet"FUlu£aUqn, July ^ 



1967, Vol. 9, No. 9.) 
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• Psychological research has had considerable effect on the 



recent Soviet literature o|i methods of teaching, Jtiathema tics. Experi- 
ments have sh6wn the student's mathematical potential to ;be gr|^ter 
than had been previously assumed. Consequerftly , Russian bsycholtigists 
have advocated the necessity of various changes In the content and 
'\njethods of mathematical instruction and have participated in designing 
the new Soviet mathematics curriculum which has been introduced during 
the^ 1967-68 academic year.- . ^ . 

The aim of -.this seties is to acquaint mathematics educators and 
teachers with directions, ideas/ and accomplishments in the 'psychology 
of mathematical instnibtp.on in the Soviet Hnion. This series should 
assist in openlrjg up Avenues of invl^ti^ation^to those who are interested 
In l^roadening t^h^ foundations of their p^r'ofession, for it is generally 
recognized that experiment and research are Indispensable for^ improving 
content and methods of school mathematics. ^ 

We hope"* that t^e yolumes irt; this series will be uspd for study, 
discussion, and cf^itical analysis in courses or seminars in teach^t^ 
training programs or in institutes for' in-service teachers at varies 
•'levels. - ' * * 

At present, materials have hden prepared for fifteen volumes! Each 



(. 



book contalns^one or mor^ articles under. a gdneral heading such as The 
Leirnin^ of Mathematical Concepts, The Structure of Mathematical Abilities 
artd Problem Solving ill Geometry. The introduction to., each volume is 
intended to provide some background and guidance to its^ content. 

Volumes I to VI were prepared jointly by the School Mathematics 
Study Group and the Survey of Recent East European MatRematical Literature, 
both conducted under grants fronj the National Science foundation. . Wh^n 
the activities of the School Mathematics Study Group fended in August, 1972, 
the Department of Mathematics Education at the .University of Georgia * 
undertook to assist in the. editing of the remaining volumes. We express 
our appreciation to the Faundaticfn and t^' the many people and organizations 
who contributed to the establishment and continuation of the series, 

• - ' ■ / 

* / Jeremy Kilpatrlck 

• * Izaak Wlrszup 

\ ' Edward Begle , ^ 

^ James W. Wilsorf 



• vi 
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\ ' EDITORIAL NOTES ^ ^ ^ * 

' 1. Bracketfeci numerals iix the text refer to tha numbered 

• , ■ <# ' 

references at the end of each paper^ Where there are two f^-gures, 

e^g. [5:123], the second is a page reference* All references are 
• J. • ' ■ y 

. to Russian editions, although titles ha-vje ^een translated and 

authors' names transliterated. 

• 2. The transliteration scheme' used is that of the Library 

/ of Congress, with, diacritical marks omitted, except that hO and Jf ^ 

are rendered as "yu" and "ya*' instead of "iu" and "ia-" • 

^ * . 3. Numbered focft^otes are •those in the' original paper, 

starred footnotes, are' used for 'editor^' , orj translator's comments. 
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k ' " i INTSODUCrjON , "^^ . • 

Th^artldXes In* this Yo;itoe dfeal with the instruction in /geometry 
* " (' * \^ • * ' 

and arithmeticdf mentally tetardfed pupils in the Soviet Union. These \ 

pupils attend 'special schools, called auxiliary schools, ,where they 

are trained in content that can later be related to specific job skills. 

Authors of the articles hav^ attempted tjo identify the specific 

knowledge that the pupils possfess and to design, more .effective* instruc- 

tiotvjal methods for increasing thit knowledge! 

In the first article Tishin cites visual geometry as being of much 
greater importance in the Soviet aiixiliary schools thaij^in^the public 
schools. The puri)ose of Tishin 's study was to determine the natuir^' ^ 
ind extent of the auxiliary school pupil's geometric knowledge and to 
suggest methods for increasing this knowl'adge. The results of the 
investigation are reported for groups of six children from each of 
^radjps one through seven. An anal9gous investigation was carried out 
with normal' childreit* in lower grades in the public schools. In all, 
there were nineteen series of invest?*gat ions^ eleven on the knowledge 
of 'plane fibres and eight on the knowledge, of geometric bodies or 
solids. ' 

Tisrhin carefully expla^ins the jnethods he lised and gives detailed 
results. He concludes, among other things that auxiliary school pupils 
can select geometric forms when given a model; that with slightly more 
difficulty, auxiliary schodl pupils can select^eometric forms according 
to name, draw geometric figures, and model geometri-i;^ bodies; and that 
pul;t'ic school pupils have less difficulty naming geometric forms thaa v 
do auxiliary school pupils. ' / 

In Tishin' s investiga^on of auxiliary school pu^ii^ knowledge 
of square ariV^cubic measure, h^f irst asked ^tudentsr^ to compute the 
area of three rectangles and jiwo squares. These fi4.gures -were presented 
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in order of increasing; d if f iculty,- the figures were' drawn, and/ 
tl\e f^upils* wd're required to ^aeaaure to get« the dimensions. The' 
pupils' ^Ri^, iio many of ^ ti^^ineasurfements and cdmputations correctly; 
howeveV,, they Were not' always correct in*indicating^ the uriits usecf *^ ' - 
in. the computatidijs or obtained in the answer. * ^ - 

,In another series "bf invesCigatlo^ns^ TisHln gave the p^_^ls 
..word problems ^allin£»for the conlputation of square ^nd rectangular.- 
measutements. The pupij-s were muclTTndre 'successful obtainigtg^'* 
correct answer^ tg. these Broblemsy' notwithstao<Jing thej^r verbal 
coutient*." H^fa/again,' tHe public school pu'piis were deemed bettet 
at ^splving'^^beBe prpblejas' than the auxiliary school 'pilpils-. • . " , 
\^'; Tew determine their knowledge, pf cubic measured' the pupils Were 
pre-sented -wifc^ three parallelepipeds and two squaff es and were told 
\o deJerm^ne the volume.. They* encountered many difficulties in^ 
determining' the 4^^^^^^°^^ f inures . ^HoweVer', -when giveij word 

•problems' the pupils were able to solve them much moxe easily. Again, 
as* in- the investigation with square measure, the pyplls were not c^-- 
sistent in their presentation of the units the answer. 

After exhaustively des^^rlbing his investigations, T-i^shJ^ gives 
concre-te suggestions for ^ improving the. pupils^ knowljeji^e''^ geometry. 
He describes many ekerc ises ^ that^ can bemused in ak^ classrox)m where 
these concepts ne^i to be taught.^ Tishin's article^ is long and detailed 
but can be easily read and* understood by teachers. The ideas . included 
in the sections on "Pedagogical Implications** cgn* be adapted to one'? 
own classroom. , ' ^ 

Kuz'mina-Syromyatniliova,, like Tishin, feels that the mentally 
retarded child needs ^ pedagogical treatment designed speciiicaUy for 
him and not merely adapted from that designed for a normal child. 
This idea is also held byvmany American researchers She bui lcf?r"^~" 

a rather strong case for ut.l^l ing both visual and verbal mi^'ins iq^, 
teaching pufiils to solve arithmetic 'problejns . 

In the investigation discussed in this article, th£^ students were 
interviewed singly while solving problems and wer^^ questioned on the 
methods they used. Kuz 'mina--Syromyatinikova concludes that pupils 



were much more^successf.^il .in prpblem sol;\ring when they could recog- 
-nize a link between the problem* they^ were attepipting to scjiv^ and 
some pas-t •experience* Many* times, h^>wever, th'ey wished* to' apply what^ 
they'did'in the past without any modification.' SKe %lso found that 
in choosing the operations needed to .get. the correct solution, the ^ , 
pupils were ;Lnf Induced by the order of the numbers presented _as^well 
as'by certain ''guiding w^ii^ds,'' ^^ucli as "he had, in. all" and 'l\5w mkny 
more? , ^ * • ' . , 

In discussing the use of visual ^aids 'in. solving verbal pVoblems, . 
Kuz'mlna-Syromy^tnikqva jcautions teachers to choose -aids* carefiilly, 
depending cxi the specific problems being/ taught . She ^Iso gives. a 
method of notation that can l>e used by^ptipils tp aid them in their 

computati'on, , " " ' , ^r' ^ * * 

Kuz 'mina-Syromyafenikdva also inA^est igat^d the relation^Jiip 
between th^ pupil's ability' to reproduce the problem ^nd his ability 
to solve ybW?''Sam'e problems,. ^ Unfortunately, half of t\\e subjects were 
unsuccessful in reproducing the problem an6 ^none of theji; solved it,* - 
An experimental lesson presenting^ problems in verbal form and in ,./^ 
verbal-visual form was taught. The approach utilizrffig both-.visual 
aVid verbal means was by far the* most successful with auxiliary school 
pupils. When visual 'aids were^cc^^^nated with' the verbal problems, 
the pupils were much'Hiore able' ^^^^F^i^^^ce th§ problems and arrive 
at .a soLutt'5)n|^ than when the problenhi'' Were presented only i^yerbal ^/ 
''form. » ' ' ^ ^ 

In the final articl(?f in this volume, Khanutina reports a study 
designed to ascertain the knowledge of spatial features (big-small, ^ 
long-short, etc,)? the knowledge of quant itat ivo relationships 
(greater-less, etc.)* the ability to count to ten,- and the ability 
to work with .problems Involving numbers from one to ten. Instructions 
wt^rv. given verbally, and ('.om'.rete materials were uBed whc^never possible 
Normal childrini could handle all tasl?s well, whereas mentally retarded 
stucitMits seemed to have difficulty with many of them. 

^ . ». , 

x,lll 



Based on the preliminary investigation, methods for .teaching 
the concepts involved'^in spatial aq4 quantitative relatlonship|, 
countiijg, arid elementary probl^ so lA^'ing were carefully 'designed 
^, , and are explained in the , concluding portion ofif^Ke , article. 

'/This volume contains much tliat should interest teachers workiilfe * 
* with children who have learning difficulties* It has many concrete* 

suggestions that can be adipfed for thej^lassroom* ^ ^ 

■ ' , • ' 

REFERENCE. ... 



1,.- Connolly, '^xistiii Jj'. "Research In Mathematics -Education -^nd the 
*• Mentally Retarded," Arithmetic Teacher , .Vol> 20, 1973, pp.A91-A97, 
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fNSfRUCTING AlJxiLIARY SCHOOL PUPILS IN VISUAL GEOMETRY 

. • ?. G. Tishln .. , ' . ' 

Mathematical knowledge is exceptionally, important' in a system for 
instructing pupils, Engels* wrote^ "Pure mathematics h^s aa .its^ object 
the spatial forms and quantitative relationships of the^ real world, 
and hence 'it is altogether real laaterial [3:37]'." Arithmetic is the 

' t ■ / 

Study of quantitative relationships, and geometry* is the^ study of 
Spatial forms • In equipping pupils * with mathematical kncJwledge, it 
would be inc/rrect to give the teaching of geometry a place ^condary 
to tliat of arithmetif in the teaching process,. /' 

The history of the development of teaching visual gecrtjetry in the 
public elementary school has shown that several methodologists have ^ 
included elementary information froa visual geometry ii; the general 
arithmetic course • • * • ^ f 

The volume of arithmet4.c material provided in ^he curriculum of 
the auxiliary school corresponds to the -arithmetic material iu the' 
curriculum' of the public elementary school • Hence, the elementary 
information of visual geometry ifi the arithmetic course* in the auxil^ 
iary school should correspond^ to that in the arithmetic course in 
the publlo school.* 



From Proceedings [izvestlya,] of the Academy of Pedagogical 
Science s of the RSFSR , 1952, Vol. 4T7 PP- 81-164. * Translated by 
Michael Ackerman* * 

In this article "public sdhools** are those, open to the' general 
public and are contrasted to '^auxiliary schools," which admit only 
children who are retarded In some way (Ed.)- 
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\' ! The pupils or* the auxiliary school need more information from 
'visual geometry tlian do the pupils of the putlic elementary school, 
s:f.nce, after sevexf years *of ijiStruction/ the former have received a 

dfefiuite amount of knowl'edg^ v^th' which they set forth directly, int 

( - . ■ ' * ' / 

*l'ife and into production. , ^Moreover, an acquaintance with geometpic 

forijis expands the' store of ^ementary idfeas and cofficep^ts in mentally 

retarded children, yin whom spatial relatioi;is are very weakly (^velop'ed. 

Ylie pupils of the auxiliary school need. geometric -knowledge^n manual 

training classes, in classes in .geography , science, drawing, and othet; 

subjects, but .-especially *in professional training. • . ' 

; ' a' . • ' ' 'J ■ 

' \ No f orm^'O^.Work "t:an. proceed w^^hou't ^sing knowledge of elementary 

visual geotJj'etry. Knowled^B pf gebmetric material is widely u^ed In 

^sewing, iu^arpentiry, in cardboard' binding, and in, several other 'tYpas 

of prof essiox^al training. Without ^measuring and drawing, without a' 

knowledge of geometric 'forms and their reSationships, a piipfl is unable 

to carry oujt his vork\ tasks^^ * ^ * " ' ' 

Thus ,/ mentally retarded children need a knowledge of visual* gao- 

me^j-y for/ the purpose ^of raising ^their general educational level, a>id , 

al3o foy an educational and practical goal. The program of the auxil- 

jLary so/nool states that: ^ 
/ ^ ' 

'n'all grades — from the first to th^ seventh — it'is 
^necessary to conduct lessons whose goaj is to provide 
the basic c6ncepts of elementary geometry, to teach 
the pi^pils' the simplest procedures ' of measuring and 
drawing [2:29-30]. 

In addition, the ability to ' use ^kuowledge of visual g^ometr^ that 
one has obtained has enormous importance in , the development^ of the 
mentally retarded child's personality. 

'Although the study of geometric material in the auxiliary school 
is s^tipulated by the educational curriculum, studies of visual geometry 
often hav6 a formal character and do not fiilfill the general require- 
ments of tjjaching and educatl|ig pupil% of the auxiliary school. This 
Is because not much is known about, the study of geometric material in 
the auxiliary school. The -teachers of the auxiliary school, lacking 
special methodological direction, are forced to use the methodological 

< ■ ■ ■ 
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literature on visual geometry in the public elementary school/ which 
does not teflect the special characteristics <>f work with pupils of 
5 the auxiliary school. 

An InvestlgatlqnW f Atlxlliary School Pupils * ' 

' N R^O^i^S^ of Geometric Forms * ' " 

^ » • 
-1..^ Tlie Problems and Methods of the ' Investigation . • 

The goal of our investigation was td dispover the basic nat:ure of 
the process of sfddyixig geometric material in « the auxiliary school* . 

' The teaching of visual geometry, to auxiliary school pupils ^pursues 
tKe. following primary goals: • , * ^ » 

a) the development of^ spatial ideas and the expansion of 
thji scope of ideas and concepjts &f geometric f igures ^ 
and bodies; 4 ^ . 

" b) the mastery of a definite System of , knowledge of 
vlsHial geometry; 
c) the development of absticact logical thinking ; 
^d) the practical utilization of knowledge obtained in, 

lessons in other school^ disciplines and in professional 
training; ^ ^ • 

se) the application of the knowledge, skills, and habits 
in practical work afte^- completing school. 
In this connection we p^sed the following problems: 

a) to investigate the pupils* idea ^geometric form^; 

b) to discover the cfharacteristics of the geometric 
knowledge of auxiliary school gupils; and 

c) to determine ways for auxiliary school pupils to 
study geometric material. 

In investigating geometric ideas we thought we should elucidate: 
a) whether the pupils can draw geometric figures and 

V 

model geometric bodies; 



b) whether they know the names of the geometric forms; 
whether they can fine 
to a given name; and 



c) whether they can find the geometric form corresponding 
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d) -whether they caa f lad the name corresponidliig 

¥ ' f 

to a givea geometric form • * 

J Our attempt to ascertain their knowledge invQlved t^e pupils* 

active a^rticipation. Not^only did* the pupils ^yerbally, define and 

name the geometric forms, but they supplemented 'their answers by 

drawing anJ> tracing g^metric figures, modeling geomeftrlc bodies, 

anci tracing and cutting o^t figures. ^ ^ 

Xhe individual Ini^estlgac^on was conducted with groups six ^- 

puplls from the first to the seventh grades. For a** comparison,. -^e ^ 

conducted an analogous investig^tign In ttie lowest * grades of a public \ 

schbol. Each pupil ^s rate tff T)ro^x^ess was considered -in selecting * \ 

particijgants for tiie' study* ^ ' „ ^- ^ . ► ' , ,4 

\ Altogether we qjonduct^ eleven series of investigations in revealV 

lag tlie pupils* knowledge of geometric figures and eight series in 

» 

clarifying their Icnowledge of geometric bodies^ We fo^lo^red a definite 

t • ' " 2 

order closely, to reveal the pupils* real knowledge of geometric forms. 

Results of the Individual Investigation oh Ascertaining the 
Auxiliary School Pupils ^- Knbwledge oi '^feikl^ric Forms 

As a yesult of the investigation we obtained the follpwing material, 
which we shall examine." ^ . ^ 



\ 



The individual investigation was conducted in various schools and 
'Classes in order to clarify the special characteristics of the pupils 
in the auxiliary School and to avoid introducing the individual pecul- 
iarities of the instruction of particular teachers. To emphasize the 
material obtained we took only part of the data from the experiment; 
^ we selected the results of the investigation of groups of six pupils 
' each from the first .to the Seventh grades* The pupils of other grades 
gave Jtmilar results. In our general conclusions we used the entire 
experlhental material obt^ned. ^ 

2 ' ^ 

In our work we retained the terminology of the auxiliary school's 
program; that is, plane geometric figures were called simply geometric 
fi*gures, and solid geometric figures were called geometric bodies • 
The pupils of the auxiliary school learn this terminology^ mpre easily. 

^ ' 4 - ^ 
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V The Pupils* Ability to' Represent A Geometric Figure ia a Drawing and 
to Model a Geometric Body^/ 



Wl^en the pupils were asked to sketch i^sircle, oaly one second 
grader did not carr^ out this tasTc* The dtijers drew a* circle • The 
* fourth graders \ised compasses, and the othe^rs drew freehand. 

When asked to draw a square > some *pupils made err^s. One firsi . 
grader drew a *'rectangl^" ins'tead of a square, and /another pupil drew a • 



^^trian^a. Four tliird . grader^ drew triangles. 




i 



■1 



Figure 1 



The children have less^' accurate idea of a rectangle^ Most «w 
pupils represented a rectangle incorrectly. I^nstead of a rectangle^ 
they Arew a triangle, and three third graders drew a rectangle as a 
^ tight angle or set square. (Figure 1). ^ f ^ 

' The pupils' ideas of a triangle ware correct in most cases, but 
some pupils drew a group of three triangles ^(y^re 2) instead of 
one, understanding by the term *^triangle*' a set sq[\^»jje for mechanical^ 
drawing. One pupil drew 'three angles placed separately (Figure 3), 
and one pupil drew the representation shown in Figure 4. 



r 




Figure 2 



Figure 3 
5. 



Figure 4 



*In drawing geometric figures the fourth graders' use^ compasses and | 
tulerg, but in drawing a right triangle none of, the pupils used a set - / 
sq^uare* "^In the first and seconc| grades the best results were displayed 
In drawing a circle and a square, but the third graders gave better 
results in^'drawing a circle and a triangle. The pupils made more ^ * 
'errors in drawing the related figures of square and rectangle. The ^ 
{>upils* idea of the cir^\e was uiost acmirate, then of the §quare, of 
*t:l^e triangle, and of the- i^ec tangle. ^ , 4. 

In tiepresenting g^ebmetric figures in a drawing, the pupils ln?th'e 
highest grades dfi^the auxiliary school^ (5-7) shqv>ed the following 
Insults*- When asked to draw a cif cle, ^a^!t^the pupils,^ of the highest.' - 
"grades did so ^ mc^Bt of them using comp^aes •.^ . Almost: ^biie of -the pupiis 
(from- dif fer^t classes) ^drew freehand^ with a liigh- jdegre^ -of precision; • 

Mistakes Wre made in representing a squar*^ ^ rectangle.' Three 
fifth graders drev a rectangle instead of a square. All othev pupils 
drew a square correctly, sope freehand. 

A significant portion of the pupils drew a rectangle correctly. 
The following mistakes were made in representing a rectangle: a fifth . 
grader drew, a triangle -instead of a rectangle, one seven grader drew a 
square instead, and .another a right triangle* In drawing a rectangle 
and a square^ and in constructing a right angle, a set square was not 
used. The pupils were instructed: '^'^elore^ you are, pencils, rul,er, 
set square, ai>d compass; trace a circle, square, rectangle,., and tri- ^ ^ 
angle/' Tlien* they were allotted complete freedom of action. Given 
this instruction and freedom, some drew figures with a ruler,' and some . 
freehand. 

^ The pupils lad a more accurate idea of the triangle than of the 
square or rectangle. All drew a triangle correctly. Thus in our^ 
^investigation t]Je pupils did better in representing the^circle and 
• the triangTe ttian the square and the rectangle. The pupilf? of^ the- 
auxili-arv school confuse related figures more easily thai> contrast- 

ing figures • ^ 

Iij drawing geometric figures from a model the pupils, made signi- 
ficantly fewer mistakes than in representing the same figurefs when 



their* names were 'given ♦ Almost all coped satisfactorily with th0 . 

prob&m. -All the pupil^ reproduced a triaugle and circle precisely, 

^and^n the fourth grade they used ruler H&d compass iu tracing these 

' figures. Only one first gifader drew a square instead of a xect^ngle, 

^nd only one second grader dr.ew a rectangle instead o| a square; they' 

other pupils dr^w correctly. . \ . • * v 

^ * ' ■ J 

In representing geome*tric( fligures the pupils in the higher grades 

made mistakes only in drawing a square and a rect^'Sltigle, that, is, in^, 

representing related figures. Most often the pupils^ confused' the 

sqi^a^^e and th6 rectangle, because there ard nd sharp differences ^ 

-between, thes^e figures as, .for example, between the circle and the 

triangle. ♦ ' • ^ . " ^' ' ■ 

Upon comparing the results of -the investigation conducted in the 

auxiliary and ^jublic schools, we noted some differences and general^ 

tendencies: the pupils of the public school reproduced geometric 

figures more precisely • Almost all pupils of the normal ^chool used 

compasses in drawing a circle^ but in the auxiliary school they, did not 

use compasses until the fourth grade. In 'neither school did any pupil 

use a set squafe to draw a "'square and rectangle, ^le pupils in both 

schools represented the circle an4 the ^triangle more accurately and 

the square and the rectangle less accurately » • ^ 

The represei; tat ions of geometric figures made by the pupils of the 

I 

tWo schools differed in the precision and accuracy of lines. Figure 5 
shows some of the figures made by a fourth grader in the public school. 

/ 




triangle 





rectai;igle 
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Figure 6 shows the sanje geometr^u; figures drawn by a seventh grader 



in the ai^iliary scliool. 





triangle* 



square 



-^rec tangle 




' ^ ^ V ' . circle^ 

j|igure 6 * s ' - 

The pupils of the auxiliary school were'*also aslced to make models 
of a series of geometric bodies. The results of their work were the 
following: out 0^24 pupils of ^ the lowLr grades (1-4) o% the aukiliary 
school only four could model a cuber^ In one case a pupil gave up; the 
rest did it wrong by modelling a parallelepiped instead of a cube. In 
14 cases the parallelepiped had a square base,. In most "cubes*' modelled, 
the edge of th^^quare base- was greater than the height. Some 
pupils modelled a parallelepiped with other bases. One modelled a 
cylinder. 

children had the most accurate idea of a sphere or ball* Only 
one third grader, R. A., modelled a cylinder instead; a second grader, 
G.'^V., modelled a disc. 

Only half of the subjects coul4 model a parallelepiped or square 
bar correctly. Three modelled it in the form of a whetstonev and the^ 
rest stated their inability to do this. * ^^^-^ 

The children did not know the cylinder, cone, or pyramid, and 
thus' in almost all cases gave up. Only third grader Ya. E. made a 
pyramid in the forin of a toy, and th/rd grader B. modelled a 
parallelepiped instead of a cylinder and pyramid, and a whetstone in- 
stead of a cone. 
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When^tlje pupils of the upper grades of the au>clliary school were 
asked to model a cube, ouly half did it correctly. Thyee £iff:h graders 
and two sixth graders modelled a parallelepiped w±tk a^square base 
instead, and fifth grader P. N.^ could not model ^at^all/ Sev^th jgrader 
Ef. modelled a parallelepiped. • ^ 

All the pupils being examined modelled a ^all\ hal£ cofrectly and 
. h&lf nearly so. j ' . \ 

lilo're than half modelled a parallelepiped* The others didi not|^ 
produce a moi^el, since they • had no idea of the given geosletric body. 
Seventh grader R. M. modelled a long plate, and three fifth graders-^aad 
foiir^ixth graders did not model the given geometric body'^at all. $he 
seventh graders no longer called a parallelepiped a ^eam/l>ut a 
par al 1 e lep ip ed ^ 

The pupils of th^ upper grades did not modal a cylinder , a c^ne, 
or a pyramid* ^ome pupils tried to model a cone and a pyramid^ in the 
foirm of objects familiar to them- For example: two pupils of the 
fifth and sevehth grades modelled a hammer instead of a cone, and a 
^ sixth grader modelled a truncated pyramid, but he also iil)delled a 
truncated cone instead of a pyramid. The other pupils did not 'try td 
model. 

Alsiost no one modelled a pyra&id,. A sixth grader modelled a trun- 
cated cone instead, and one seventh grader modelled a toy pyramid, and 
another a horseshoe. The other pupils did not try to model, since 
they did not know the given geometric body. None of the pupils could 
model a cylinder, and no one even tried* 

>Iaking geometric bodies from a model caused significantly fewer 
difficulties, since the pupils could compare the models they were 
making with the given model. 

Comparing the .results obtained in the auxiliary and the public 
schools, w^^ob^erved some general similarities, as well as qualitative 
differences* The pupils of both schools represented a ball more 
accurately than a cube, and a cube more accurately than a parallele- 
• piped. A common characteristic of reproducing a cube is an insuffi- 
ciently accurate idea of the given geometric tody and failure to single 



out' it 
the 'a 



inctive fea^iires* The mistakes were Homogeneous. With 



mo<iel> tlie pC^iisT^rep^qduc^d aoT^a c\x\>e but a pla^taHeL 
piped with a square base. ^^^1^ < ^ ^, . ' * t ■ 

Thel pijpils .of, the ^ublip school represented geometric bodies more 
accurately, than £he pupil^^o^ tlje' auxiliary^ school • * ' 

For colnp^ison we give re^esentafcions of ^he geometric'^ bodies 
a's'^mbdelled by 'the pupils of the auxiliary, ^d the pulJlic^\chools 
(Figure/'? ar\d 8) • ' ' . * : ^ ^ . * 




Fig. 7 




Fig\* 7a 



r 





Fig. 7b 



Fig. 7c 




Fi«. 7d 



Fig. 7e 




Fig. 7f 



Figure 7: Geometric Bod Ioh Mode 1 1 ed by Pnpils of the Auxiliary School 
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Fig. Sa 






Fig. 8d 



Fig. 8e 




Figure 8: -Geometric Bodies Modelled by Pupi^ of the Public Schooi 



Ascertaining, the Pupils' Knowledge of the Names of Geometric 
Figures and Bodies 

The pupils were shown geometric figures successively — circle, 
square, triangle and rectangle — and were asked to name the geometric • 
figure presented. For the figures ^iven, the pupils of the lower 
grades of the auxiliary school almost always gave more^ incorrect 
names * ^ — ^ . * ^ 

The retarded children had ^ less mistaken idea of the circle 
than of the other figures. Most correct answers were: "little circle" 
(khruzhochek and kruzhpk) . The name kruzhochek wa^ given by first 
through third graders, and kr uzhok by fourth graders. The incorrect 
answers "little ball" or "round Mttle ball" show that some children 
confuse circle and ball. 

They>also gave many correct answers for the triangle, calling It 
a "three-angl'e," according to the number of its elements. In determin- 
ing this geometric figure, there is ' only one 'essential feature— thfe 
three angles. The .fewer the essential features, thti easier it is for 
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the child to name the figure correctly if, in additiod, there is a 

similarity between the name of the figure and its definition by 

essential features. Some first and second graders called the triangle 

a "mitror*' or "a little house"; that is, they gave the geometric figure 

\n objective in,terpretation» Tlie third and fourth graders named a 

triangle in base position correctly. Two fourth graders called the 

triangle a '*set square" or "angle--thingJ' 

When a rect?angle was presented, the first and second graders 

either did not name the given figure^ a t> all or gave it^mistAken names^ 

such as "little square," "little cube," "mirror," "little plant," 

"domino," "long thing," and so on* The third and fourth graders gave^ 

correct names. The children easily confused the rectangle with the 

square. Perceiving a square, the pupils called it a "four-angle" or 

"little four -angled thing." Thus, there was one essential feature at 

« 

the b^sis of their definition — thd four angles • Most mistakes 
Consisted of the answer "little cube/I Cu^e and squ^rji^were confi^^d 
because the face of a cube is square. ^ 

There were three essential features in th& definition hi the 
rectangle and square. The first feature was the four angles; the- , 
second, that all the angles wera right angles; -and the third — for the 
square— the equality of all sides, and for the rectangle the equality 
of opposite sides. ^iV the pJipils called the square and rectangle 
simply "four-angle"; that i^> as the basis of their definition they 
chose only one essential feature. ' » 

In the UlV^^PVsk Auxiliary school we asked th6 children to name 
a rectangle and a triangle of oblong form (Figure 7) . 

The correct naming and recognizing of a^^quare and a circle pro- 
ceed differently than the naming and r^ciji^izing of a rectangle and of 
a triangle. This di^^ference is because dn the square and the circle 
only the scale of the figure can change > while in the rectangle and 
triangle, the relation^ of the sides can change.^ this influences, 
to some extent; t)ie change -of form of the figure (Figure 8), 

When shown an oblong rectangle, the pupils ^answered "ruler," or 
"little ruler." There were significantly fewer correct answers than when 



the rectangle had been introduced, the latter having a form familiar 
to the childred?. Most pupils could not name an elongated triangle 
correctly although they had^named the previous triangle correctly. 
The rectangle, because it/ form was like that' of a squar^^ was called 
a square* 

.In the naming of geometric figures we obtained fche following data 
from the. pupils of the upper grades: 

When a circle was introduced, almost all the pupils named it 
correctly ("circle," "little circle," "round thing"), and only two 
/Seventh graders called a circle a "circumference." 

When a square was introduced, most pupils yiamed this correctly 
too* Three pupils (two fifth graders and one seventh grader) called 
a square a "four-wangle" and two fifth graders called it a "JLittle cube 
and a "flat,*' that is, gave an incorrect name. 

When a triangle was introduced most pupils called £t a "threes- 
angle." Two fifth graders called it an "angle^thing," and two slow 
seventh gradei;^ a ".rectangle" and an "obtuse-angliad thing." 

When a rectangle was introduced the pupils gave more incorrect 
answers^ in comparison with' the other figures. A sixth grader called 
a rectangle a "four -angle," and a fifth grader called it a "right- 
angled thing," and three s'eventh graders, a "square" and an/'ar^gle-- 
thing." ^ ^ ^ 

The pupils of the upper grades already have a more accurate idea 
of circle, square, rectangle, and triangle than those of the lower 
grades. We asked the pupilsk to name three rectangles ^ One was 12 cm 
long, 2 cm wide; the second^ 12.5 cm long and 7 cm wirfe; and the third 
9.5 cm long and 8.5 cm wide. Eight out of twelve pupils named the 
first figure correctly. One sixth grader called it a "f our^angle," 
and one sixth grader said: "This is not a rectangle; it is like a 
rectangle; we didn't learn about such things." Two seventh graders 
called such a rectangle a "parallelepiped." All sixth graders named 
the second figure correctly, and three seventh graders also named it 
correctly. Besides this, one seventh grader called this rectangle a 
square; another, a parallelepiped; and a third said that he liad for- 
gotten. The third reptangle (close in form to a square) caused more 
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difficulties for the pupils. Three sixth graders and "two seven graders 
at first tailed this rectangle a square,- but after measuring the sides 
they gave the corxfii^tjiames . Three sixth graders left it with the najie 
"square"; and of the seventh graders, on§ called it a «"f our-angle" ; 
another square," a thl^rd, "a cube"; and one, evehs^ter measuring 
the rectangle, called it a "parallelepiped;" Thus', rec&goitVn depends 
on the rel-feSsionship of the sides to a significant .extent. \ 
Sb.e naming of geometric bodies proceeded thus: 

Most pupils of the lower grades of the auxiliary school named the 

♦ - 

ball correctly. Some pupils called it a "little circle" [kruzhok or 
kruzhoghek ] , "little ball," or "nut"; that is, either they did, not 
distinguish the geometric body from the figure sufficiently, or they 
named it after an object similar in form. 

When a cube was introduyd, most children called this body a "little 
cube," one pupil called it a "four-angled little cube,," and only a few 
pupils called it a "square," or "little box," a "four -angled thing." 

«. The children have a less accurate idea of the parallelepiped as 
a geometric body. 

The pupils do not know the cone as^ geometric body and call it 
a "little cap/' a 'niood/' or the like, that is, they give an objective 
interpretation to the given geometric body. 

* The mentally retarded school ^ children called the cylinder ''a 
little jar,^' a "little box" and some called it m "circle" and a "little 
cube." 

TTiey called the pyramid "little house,", **side^cap," "tent,"* 
"tri-angle," "lighthouse," and the like. 

The pupils of the upper grades of the auxiliary school gave the 
following answers: 

Whdn a "ball" was introduced,, almost all the pupils named it ^ 
- correc&ry. The greatest percentage of ^correct answers came from sixth 
and seventh graders. Only one seventh grader, K» N,, called-a ball a 
"circle." One should also note that seventh graders I.Z. and M. R. 
tiad an inaccurate idea of a ball, which they called a "circle," "cir- 
cumference," and "ball." 

When a cube was presented th^ correct answers were: "cube,." v 
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mainly from seventh graders, and "little cube^ — from fifth and sixth 
graders. Some fifth and sixth graders called a cube a rectangle and 
a square. 

' The pupils have less accurate knowledge of the parallelepiped. 
Most correct answer's were given by seventh graders. One sixth grader 
called it a "beam," and a fifth grader called it a "little beam/* For 

4 

the most part, the fifth and sixth graders c^led a parallelepiped a 
rectangle, a square, or a matchbox. 

In naming familiar geometric bodies the -pupils of the upper grades ^ 
made mist^akes much less frequently. When a cone was introduced, one 
fifjth grader named it correctly, and the remaining pup^s either did^ 
not name it at all or gave mistaken names ("three-aagle," "lighthofise,". 
"circle," *'cap," "tower'*). ¥ost names were names of objects similar in 
form (''lighthouse," "cap,^ "tower ") or names of geometric fig'ures 
which are projections of the given geometnric body ("feci^ngle, " "circle") . 

When a cylinder was introduced oi;iiy one fifth grader and three 
seventh graders named i{: correctly, and the others either did not name - 
it at all or gave it names of objects similar in form to a cylinder 
•("kind of a little barrel," "box," "round," #cup," "round? Jar , " "tub"); 
one fifth grader (jailed a cylinder a "circle," and Seventh grader I. Z. 
called it a ^perimeter.." In their answers most pupils noted the 
distinction of^the given geometric body, especially its round form. 

In naming the pyramid the pupils followed* the same pattern as in 
naming the cone; that is, only one sixth grader gave a correct answer, 
and the rest either gave np name or called it an object similar to the 
.pyramid ("cap," "lighthouse**). Some pupils named it after g'eometric 
figures which are projections of the given geometric body ("triangle," 
"five-angle"), and some pupils called a pyramid a cone, basing this on" 
some similarity between them. 

Comparing the results of the investigation conducted in the public 
school, we noted the following: 

A characteristic aspect, common to both the mentally deficient 
children and the pupils of the public scJiool was the absence of a 
generalized word designating the given gaometric form (figure or body).* 
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The number of word nam§d designating geometric fonas is given 
in Table 1. 



TABLE 1 

NW4BER OF WORD NAMES USED TO DESIGNATE GEOMETRIC FORMS 





Number of Names 


Auxiliary School Pupils 


Public School Pupils 




C 


F '■ • \ 


Circle ^ 


8 ^ 


6 


Sqxiare ' 


• 10 


8 


Rectangle 


16 


7 


Triangle 


r i 


'6 


• Sphere 


6 


' 5 


Cube 


5 


4 


Parallelepiped 


12 


11 


Cone 


12 


12 


Cylinder 


15 


10 


Pyramid 


12 


12 

* 



Th& pupils of both schools have an insufficient idea of geometric 
forms. Table 2 shows the percent of correct names given to individual 
figures and bodies. 

TABLE 2 

PERCENT OF CORRECT NAMES' GIVEN TO GEOMETRIC FORMS 



Form 



Auxiliary School Pupils 



Public School Pupils 



Plane ' 

Circle , 
Triangle 
Square 
Rectangle 

Solid 

Sphere 
Cube 

Parallelepiped 
Cylinder 
Cone 
, Pyramid 





83.3 
66.7 
50.0 
20.8 



87.5 
87.5 
37.5 
12.5 
4.2 
8.3 
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Some pupils of the auxiliary school gave objectlv&'-^aom&trlc names 
to familiar forms, which the pupils of the public school did not. We 
obseryed an entirely different picture when Introduced unfamiliar 
geometric forms— for example » the cone, cylinder, and pyramid. The 
pupils of the public school also nasded these tihree geometric forms 
* after objects* * '\ t 

Geometric figures are plane geometric forms. The pupils of the 
auxiliary school distinguish the plane fcfrm from the solid poorly, and 
they name the geometric figure after an object* Geometric bodies have 
three dimensions, and, by their form, recall an object^ hence, the 
pupils of the public school named an unfamiliar geometric form of three 
dimensions after a similar object. T^y did not do this for the plane 
forms which they easily distinguished from the geometric bodies* 

One should note that the pupils of the auxiliary school have a 
better idea of a solid geometric form than of plane forms* At the same 
time, they have unequal ideas of the solid forms. They have a better 
Idea of the ball and cube, and a poorer one of the other solids Of 
the plane forms, they have a better idea of circle and triangle, and 
a poorer one of square and rectangle. ^ 

Ascertaining the Abilities to Find the Corresponding Geometric Form 
from a Given Name. 

♦ 

The pupils were asked to find particular geometric forma among 
oi^s spread over a table, to repeal the name and to answer that this 
is the geometric for^ sought "or to^tell all that they know about the 
geometric body/' When the pupils of the lower grades of the auxiliary 
school were asked to find a circle, all pupils solved the problem 
cofrectly -with the exception of one first grader, Kh. S. 

The next most accessible form for the mentally deficient child 
*is the triangle. Correct solutions were given by 22 out of 24 people, 
or 91.7%* The next form in degree of acceasiblllty is the rectangle: 
87.5% of the children's answers were correct. The most difficult fig- 
ure for the pupils to perceive is the square. Only 66.7% gave the 
correct answers. For the most part they confuted the square with the 
rectangle and the triangle. 

17 



In. the selection of geomat.ric bodies according^ name from a 
collection which had b^en set out, we obtained^ the foAlowing results: 

Twenty-four pupils chose the\b#ll correctly, and twenty-three, ' 
the cube. The children had less ^cqutat'e knowledge of the parallele- 
piped (beam). Only 16 out of 24 sele^teV the parallelepiped. The 
others selected instead: five, a cone; \^o^ a cylinder; and one, a 
pyramid. The pupils of the lower grades ^^tds not know^ cylinder , cone, ■ 
or pyramids ^ 

Let us examine the results of the investigdt^.on conducted in 
the upper grades of the auxiliary school* Ask^d to find a square, 
most pupils of the upper grades did it correctly; only one fifth grader 
aud three seventh graders selected tVie rectangle, ' .The lack of review 
of the geometric figures in the seventh grade and th^ sketchy study 
of them in the sixth grade raise 'the number of mistake^.. 

When we asked the children to select a rectangle, v/^ observed 

an anomalous pattern. One fifth grader and three seventh graders 

♦ 

selected the square, and the others^ solved the problem co'rrectly," 
Selecting triangle and circle gave the pupils of the upper grades uo 
difficulties. All pupils carried out this task correctly,^ 

The selection of geometric bodies showed the following pattern. 
Not all pupils C0UI4 manage to select the parallelepiped. Seventh . ; 
grader R. M. selected a cone instead, although she had named the 
parallelepiped coVrectly in a previous * series (though she did make a 
mistake in that) . This indicates an uncritical attitude towards the 
operation. Some fifth and sixth graders chose the cylinder and pyra-- 
mid. Selecting the cube caused fewer difficulties; only one fifth 
grader chose a cone instead* All selected the ball. The pupils 
of the upper grades, encountered significant tiif f iculties in selecting 
the cone, cyllmder, and pyramid • More than half of the pupils chose 
the cone correctly; the othr^rs, for the most part, selected simpler 
figures instead, less familiar ones in particular. One fifth grader 
selected the parallelepiped, two pupils of the fifth and sixth ^ 
grades selected the cylinder^ and four pupils of the sixth and seventh 
grades selected the pyramid. In general, the pupils confused the 
cylinder with the cone and the pyramid. Almost half the pupils 

18 

33 



Correctly selected the cylinder, the othejrs selecting the cone or pyra- 
mid^ instead. The frequent selection of the pyramid was because the 
cone, in individual children* s conceptions, is a geometric body that 
has edges. The pupils were accustomed to seeing a **cone" as a part 
of a hammer. 

They also confused the pyramid with cone and cylinder. Only half 
the 'pupils selected the pyramid correctly. In selecting cone, cylinder, 
and pyramid, the children used the method of exclusion. Because of 
the lack' of concise knowledge of » thfe given geometric bodies, their " 
choice was limited by unfamiliar geometric forms. 

Answers to the questions, 'Vhy does the pupil thinly that this 
is such-and-such a figure?*' or "Tell all that you know about/ this 
geometric body" show the development of the child's logical thought* 
From the pupils' answers it is possible, to a certain extent, to 
judge the process of the formation of concepts of abstract geometric 
forms . - 

In the firs^t grade the pupils gave simple answers for the defi-^ 
nition of a circle; in some tUe distinctive features of the given geo- 
metric figure were not noted. Most answers wer« devoid of any thought, 
for example: "something drawn," "this figure," and the like. 

In defining a circle the third and f our th^raders remarked in 

most cases: "because it is round" or "it has no^^'aH^les, but is all 

round." The third grader P. K. juxtaposed the circle to the square; 

he sharply distinguished these two figures. His answer was: ."Be- 

cause it has no ends, like a square, but is always round." 

The triangle, too, has only one essential feature, and it was 

J I 
relatively easy for the pupils to give a verbal definition of the 

given geometric figure; that is, they expressed the elementary fea- * 

tures of the given figure iry verbal form. In the first grade the 

pupils did not answer the question posed^ them correctly. Only one 

pupil, B. Yu., answered, "Because it is three-angle'd , one above and 

two below." This*" pupil still cannot express his thought accurately 

in verbal form, but he already has, in elementary form, a concept 

of, the triangle as a figure of three angles. Some third graders and 

most fourth g;rader8 answered that the given figure has three angles. 
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The pupils of the auxiliary school have greater difficulty in , 
^verbally defining the rectangle and square^^ These figures each have 
three essential features. The mentally deficient children of the lower 
grades cannot grasp all three features at once. Not considering the 
first and second grades, most third and fourth graders single out 
in 'their definitions only one essential feature: either "right angles'* 
or "the sides are equal" (for a square) and "opposite sides are equal" 
(for a rectangle). In calling a rectangle or square a "quadrangle," 
the pupils emphasize that it has four angles. " This shows that the 
mentally deficient child form& l:he elementary geometric concepts in 
verbal form. only towards the fourth grade • 

It is yet more complicated with the description of geometric 
.bodies. Most children have difficulty tellitl^ about a given geometric 
body and more easily answer the- question, 'Vhy do you tl!ink that this 
is a ball?" Hence, during the investigation .we had to resort to one 
of two fdrms of pupils* answers — either to a description of the geo^ 
metric form or to an answer to th^ question of why he tlvinks that* this 
is a ball or a cube. 

In most cases the verbal, description" of geometric bodies with all 
the essential features is beyond the powers' of mentally deficient 
schoolchildren. Most pupils described a ball as a figure having a 
round form. But some pupils defined it fhus: "One can play with it," 
"one can roll it," "this is a playing ball"; that is, in their defi- 
nitions -they noted particular qualities characteristic of this geo- 
metric form and connected with the child's previous experience. In 
the lower grades the pupils of the auxiliary school attribute'd the 
qualities of similar objects to a geometric form. To a great' exjieilt 
this dealt with geometric bodies. 

The children encountered significantly more difficulties in 

describing a cube. For many children a cube is called a cube because 

< 

it is "four-angled." For some <ihildren "this is a little jar, in 
which one puts ointment." In describing a cube, the children ascribe 
to it the qualities of objects recalling a cube by their fonn^ We 
observed' the same phenomenon in describing a parallelepiped. Some 
^ children remarked that one could sharpen knives with a beam. In 
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describing cona^, cylinder, and pyramid the children noticed qualities 
of objects which they called by that name. 

For pupils of the auxiliary school, describing geometric bodies 
presents more dif f icuiti^es than does definition of geometric figures. 

The difference between the pupils of the auxiliary school and of 
the, public school is especially obvious in their descriptions of 
geometric forms, that is, when intei;pretation of the fo^a is required, 
especially an abstract idea of some particular geometric form. As 
examples, let us present the answers of pupils in different grades. 

To the question "Why do you think that this is a square?" the 
pupils of the auxiliary school answered: 

K/S., first grade girl: "it is drawn*" 

V.'L., fourth grade girl: "Because it has right angles every- 
where equal." 1 

M., seventh graSe girl: "Because. it has four sides all 
equal*" V 

These same pupils described a cube thus: 
K. S.: "It is made to pack things in." 
V. L.: "Because it has four sides." 

R. M. ; "A cube has four\sides> all four sides are, equal; these 
ar,^ angles^ these edges, these \ides." 

Unlike the pupils of the 'auj^liary school the pupils of the public 
school, as early as the first grade, noticed the distinguishing feature 
of .^lose figures which they selected. In the fourth grade of the public 
school, the pupils already gave accurate definitions to geometric fig- 
ures For example: "Because in a square all angles are right and 
> the sides are equal." 

In describing a cube and a parallelepiped, the pupils gave the 
following answers: "A cube has gix faces, twelve edges, and eight 
vertices. All faces are equal and have a square form.." "A parallele- 
piped has six faces, twelve edges, and eight vertices. In it, the 
opposite faeces are equal." And one jpupil even added to this: "... 
Tliere are parallelepipeds which have four faces ^equal, but this one 
has only two." In 'the fourth graders^ answers there is a clear under- 
standing of the basic distinctive features of the given geometric 
figures. Thus, in the description of geometric figures a sharp 
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difference Is observed in the construction of logical connections 
r^by pupils of the auxiliary and the public schools. i 
The formation of elementary geometric concepts is 'connected 
with a series of factors, one of which is the structure of the geometric 
form, and another of which is the child^s previous experience. The ball 
and circle are less complicated geometric forms than the triangle. The . 
children master these geometric forms more easily in the process of 
perceiving them and encounter no difficulties in the process of forming 
elementary geometric concepts of these figures and bodies. The next 
geometric form with respect to difficulty is the cube. 

In the formation of elementary geometric concepts the child's pre-- 
vious experience also plays a" great role. The children encounter little 
circles, balls and cubes not only In lessons, but, also in everyday life 
(playing ball and balloons have the form of a ball) . Since e^rly chil-. 
hood the pupil has observed the given geometric^ form, and the impression 
is made more deeply. The same holds in relation to cubes, which chil- 
dren oftjsn use in games. 

■ Mentally retarded children made more mistakes than pupils of the 
public school. The answers to questions also indicated a qualitative 
difference. 'Wliereas the pupils of the public school defined geometric , 
forms accurately, the pupils of the auxiliary school gave vague, inde- 
finite answars, ibst of which were devoid of any thought. The differ- 
ence between the pupils of the public school and those of the auxiliary 
school is observed mainly in the interpretation of geometric forms. 
The answers- given by pupils of the upper grades of the auxiliary school 
show that they also are capable of mastering geometi^ic material; but 
successful mastery requires specific methods and planned systematic 
work beginning from the first grade. " 
Ascertaining the Ability to Find the Corresponding Form from Given. 
Geometric Form. ^ 

In investigating geometric knowledgp of figures we proceeded in 
the following way:** figures of various dimensions were arranged on a 
• table: .a circle, radius 5 cm ; a triangle, base and height 6 cm; a 
square, base 7 cm; and a rectangle, height 8 cm. 
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When a circle and triangle were presented, the children selected' 
the appropriate figures*^ When a rectangle was demonstrated , •the 
following mistaken answers were given: a* third grader selected a circle, 
and one first grader and one fourth grader of the auxiliary school se- 
lected a square. When a square was presented, a first grader and a 
fourth grader sele^cted a rectangle. In pero^ivlng geometric figures 
some pupils of the auxiliary school confused the rectangle with the 
' squJli^ and circle, ani the square with the rectangle. 

In the next assignment we CQmplicated the material, asking the chil- 
dren to select a figure analogous in form to the one demonstrated "from ' 
among collections of^colors, red and blue, which had been set out. The 
dimensions of .both collections were equal to the object introduced. 

When a iiircle and triangle were introduced, all the pupils selected 
the appropriate figures, mostly from the blue ones although^to a lesser 
extent from the red. Two pupils selected two figures of different 
colors. When a rectangle was introduced, first grader K. S, selected 
a square. Tlie pupils of the auxiliary school sometimes select figures 
by their acciaental features (color, dimension, but not form). Most 
often the p*fpils confused the square and the rectangle; this happens 
because thelre are no sharp distinctions between these figures as, for 
example, between a circle and a triangle. 

In one bf the assignment's the conditions* fer solving the problem 
were significantly more complicated than in the previous one. On the 
table figures of three colors were arranged: red, green, and yellow. 
Tlie figure being demonstrated by the experimenter was brown. For the 
most part the selection of figures depended on their placement. Color 
played a seconda^ role. 

The figures viere set out in the following order (Figure 9). 

In most cas^ the pupils selected green squares, yellow triangles, 
and green rectai^les. One first grade girl answered, *'lt is not here,^^ 
and a fourth grader selected three figures. The pupil scle^ed the 
figures of a certain color because it was more convenient to take them. 

In the next assignment the number of figures set out vas increased. 
Before the pupils were figures of eipht colors (blue, red, brown, 
yellow, white, black, pink, and green). Moreover, the collection set 
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Convdntional designations of the color: 



red 



\ ' ,1 yellow 



Figure 9 

out included oae complete set identical to the one demonstrated • More 
than one-haif the pupils selected the triangle^ rectangle, circle » and 
square equal In color and dimension to the model, then the figures 
having dimensions equal to those of the model but o^ different colors. 
The axillary school pupils made color and dimension "the basis of their 
selection. When a square was presented in this assignment, only one 
pupil, first grader K. S., selected a rectangle; all the other pupils 
solved the problem correctly. 

In a new assignment the pupils selected figures from a collection 
in which there were no figures identical to the one demonstrated. Most 
pupils chose yellow figures^ tliat is, they maintained a constancy in 
the perception of color ^(the figures demonstrated had been yellow). ^ 
Some first, second, and third graders confused rectangle and square; 
and one second grader ahswered, when a triangle was introduced; "Ihe"^e 
are none 'of these here/* The pupils made more mistakes in this assign-- 
ment than- in the previous one. 

In the T\ext assignment the pupils were irequired to find, from a 
given geometrici figure, all the corresponding ones. One can divide 
the pupils^ responses into two fundamental groups* In the first 
group go the selection of blue figures, and in the second group 



24 



ERIC 



39 



the selection of all th'e given figures. In the first group, the domi-- 
nant aspect |-n the perception of geometric f igures ,is color, Eorm is 
the dominant aspect for the second group ♦ ' 

Th§ children gave the best results whan the circle was introduced; 
then the triangle; then the rectangle; and finally the square. Some.^ 
pupils did not distinguish rectangle and square, just as in the previous 
tasks. The greatest number of figures selected were identical to the. 
ones demonstrated. Then came figures ^near in c^meusion to the one 
de mo n s trated . Figures of smaller dimensions were selected by* the chil- 
dre^Pn a insignificant number. 

• Mentally deficient children^ spend much time solving this j>roblem# 
But when they were asked "But did you ch<iose all the figures?*' most . 
pupils answered "All," although some of the same figures remained^in 
the collection. The children considered that they had solved the given 
problem correctly, and many did nc^t look for the remaining figures* 

^In the series of assignments the'pupfls of the upper grades select- 
ed the appi^opriate geometric forms; but in one of the assignments two 
seventh grad6r6, M. R. and I. Z., made igistakes: iristead of a rectangle, 
one selected a square, and the second a triangle. In all the assign- 
ments color dominated in most cases » Sometimes however, the pupils 

* * 
selected figur:es of arbittdry color but of similar form. 

When the pupils were asked to select all the geometric figures 
similar in form to the one introduced, the selection of circle and tri- 
angle caused the fewest difficulties. All pupils selected the circle 
with' the exception of a sixth grader who chose a yellow square of much 
smaller dimensions from the collection. To the question "Why do you 
think that these are *the same figures?" the pitpils answered that "thfey 
are all equal" or "because they are all round" or "because they are 
all round and of the same colt>r." The basis of the pupils* determi- 
nations was the similarity in form of the given geometric figure^; 

In the selection of the triangles, there were some Cases in which 
not all the figures were selected. The^pupils had ^e greatest diff i- • 
culties in selecting the sqtare and the rectangle. ^ selecting a 
square, a seventh grader chose two rectangles, instead, and h fifth 
gtader, V. L^,^ selected only two blue rectangles at first; but when ^ - 
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he'waff asked "Did you chose ^l^the figures?" he began to select 
squares and rectangles from the collection. After the above ques- 
tion the other pupils looked more attentively than the pupils of the 
lower grades, ^nd chose the remaining similar figures • 

In selecting the square th^ pupils did'^^t* equally select figures 
* of different dimensions^ for example, only lialf the pupils' selected a 
green square (the smallest) . In selecting the rectangle, fifth grader 
V. Li. selected all the squares in addition to the rectangles. In the 
upper grades the dimensions of the figures, to some extent, also played 
a definite role in the selection of geometric /igures. 

Upon complicating the assignment, when the pupils were asked to 
choose figures without regard to color and dimension, the pupils made 
a series of mistakes; if the figures were sharptly distinguished from 
each other as, for example, circle and triangle, then all the pupils 
selected them from the, model without mistake. Tlie auxiliary school 

pupils made mistakes when among the -geometric forms similar ones were 

* ft 

found, that is, a rectangle and a square. 

The* selection of geometric bodies proceeded somewhat differently. 
In one of the assignments all the pupils of the upper and lower glrades 
of the auxiliary school correctly select^ geometric bodies identical 
to the ones^ introduce^* In this task a cube, a sphere, a parallele- 
piped, a cone, a cylinder, and a pyramid were set out on a table. 

In the selection of geometric bodies we observed a certain differ-,, 
ence from the analogous tasks with geometric figures. Whereas, in 
the investigation on ascertaining the knowledge .of geometric figures^ 
the answers were grouped according to color and form, 'in the investi- 
gation^ on ascertaining the knowledge of geometric bodies, all "pup- 
lis selected the geometric bodies similar only in form. The difficulty 
in the selection of geometric bodies depending only on dimension was 
smoothed out. 

Whereaa in the assi^;nment with gconletric figures only, two pupils 
^* selected the squares of -the smallest dimajisions, in the assignment on 
geometric bodies fnore than half the pupils seletted the bodies of 
sn^Alest dimension^. A geometric body is objective, a form In relief, 
and of three dimensions as distinct from figures which are plane forms. 
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The children more easily perceive and select bodies if they are similar ^ 
to those demonstrated. In add^ion many pupils selected the geometric ^ 
bodies remaining in the collection, while in the selection of figi^res 
this was not observed. . ' 

s In one of ,the tasks in sel^ting geoflietric bodies the results 
obtained were significantly better , than in selecting geometric figures 
in the analogous task. Almost all pupils selected all the appropriate 
geometric bodies: the most complete selection occurr€4 wfien the ball 

was demonstrated, then t+te cube and parallelepiped. The pupils m^de ^ 
more omissions in selecting cone, cylinder, and pyramid. The auxiliary 
school pupils still do not distinguish these geometric bodies sufficiently. 
Of the remaining geometric bodies more were selected when the pupils 
were asked, "Did you select all the figures?'* Thus geometric bodies,, 
since they were more in relief and had three dimensions > were more 
clearly perceived by the pupils than geometric figures. 

In the process of selecting geometric forms according to. a given 
model, we asked the pupils to prove tljgt they had selected the required 
geometric figure or body. The questions "But by what are they similar?" 
or "Why do you think that .this is the same figure^?" evoked some diffi- 
culties, since the child had to build up definite logical connections 
in the process of answering • 

In the first grade not all children answered this quest;Lon correctly. 
Some answers were devoid ot thought: "it is drawn." ^'Because they are 
little cubes." And when geometric bodies were presented, they answered: 

• "These are little umbrellas for the rain." "Hiis wears caps." ^With 
their answers the children emphasized the individual distit;ictive fea- 
tures and did not connect them with the question posed. And only a 
few pupils said, "They are.eflual." The pupils of the upper grades 
would. say, "Tliey are equal," or "Tliis is a triangle and that is a tri- 
angle," ''They are round," "Tliey are round, they are equally- made-, — 

these are little balls," and the like. _ 

The pupils' answers to the question "I'Hiy do you think this is the 
same figure?" for tfhe most part reduce to the follovfing two groups: 
For geometric^igures the answers were of this kind: "Tliey are equal," 
"This is a triangle and that is a triangle," or "This is round and 
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that is round.'' For geometric bodies the answers were of this kind: 
"They are equal/' ' 

For comparison let us examine the results of the investigation 
conducted in the public elementary school. In ^11 assignm^ts the 
pupils of th^ public school selected the geometric figures and bodies 
correctly^ except for one assignment on geometric figures. A second 

4 

grader^ responded "There are no auch^here*'; and, when a square was intro- 
duced in another task, a weak first grader selected, along with squares, 
several rectangles, and when a ijectangle was introduced, selected 
several squares, " ^ c ^ 

The number of figures and bodies selected in the public school 
exceeds the number of figures and bodies selected in' analogous assign- 
" meats in the auxiliary school. This indicates a more critical approach 
by the public school pupils to fulfilling the assignment. When asked I 
"Wliy do you think these are the same figures?" most pupils replied that 
"They are equal*' or "Tliis is a little cirole and these are little 
circles," "They are also of the same form," "They are equal little balls, 
neither greater nor less," "This is a triangle and that is a triangle," 
and the like. 

For the question "But have you selected all the figxires?" the 
pupils looked among the remaining figures and bodies long and attentive- 
. ly and selected the additioxial ones. For the pupils of the public 
V school color played a less essential role than for the auxiliary school 
pujTlls, This is because the pupils of the public school form more 
accurate concepts of geometric figures and bodies, wherea.si ^ttf6';^M^SPS^^ 
ary school pupils' concepts ^are more elementary and border on simple 
representations. For example, when two complete sets, equal in di- 
mensions, were set out, o^ne blue and the other red, the number of 
figures selected by the pupils of the public school were nicely divided 

InrD"' equal "parts , but in most cases the pupils of the auxiliary school' 

selected the blue figures. In another case only first and second graders 
selected figures equal in color and form; the t^ird and fourth graders 
selected the figures jslmilar in form^which it was most convenient for 
them to take. 

In selecting geometric bodies color plays an even less significant^ ^ 
' role tl>an in selecting geometric figures. Unlike the pupils of the 
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public school » the laentally deficient children have mistaken and 
imprecise perceptions of geometric forms. Most of the mentally^ 
deficient children be^in the selection of figures by choosing those 
similar to the one introduced, according to their color and dimen- 
sions (of equal form)^ The pupils of the public school begin to 
select from the first figure they come across anji choose ones similar 
in form* 

In selecting geometric bodies the auxiliary school pupils did' not 
follow the same pattern as in selecting geometric figures^ but selected 
the first body they might find similar in 'form. ^ 

On the basis of the series of assignments we can conclude that the 
pupils of the lower grades of the aus^iliary school have elementary geo- 
metric concepts. ^However, the children cannot yet give verbal expres-^ 
sion to the elementary geometric concepts which they have formed. 
The pupils have elementary coTicepts of some geometric figures even in 
the first grade, but in most cases they are expressed in concrete form. 
When different figures or bodies of different sizes and colors were 
set out before a child and he was asked to select one or all the figures 
according to a model, even though he had no elementary geometric con- 
' cepts of the given forms, he would nevertheless select ' figures identi- 
cal to the model. In reality only in' some cases did the pupils select 
figures of identical color. Even then when the child selected flgures^ 
similar in color, the dimensions v^ere not always equal • In all other 
cases the pupils selected figures similar in form but different in 
color and size. This fact indicates that even first graders can form 
elementary concepts about a given geometric form. 

The, most complicated process, tliat of expressing elementary geo- 
metric concepts verbally at a given stage of instruction, causes many 
difficulties and takes place in the auxiliary school only towards the^ 
fourth grade. Besides, defining a geometric form also depends on the 
number of essential attributes. The fewer the essential attributes 
which some particular geometric form possesses, the easier it is for 
the mentally deficient child to define it. 

Comparing the results of , the investigation of the individual assign 
ments, we can remark that the process of fulfilling assignments does not 
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proceed equally. 

In analyzing the average results of the correct solutions In th^ 
lower grades of the auxiliary school, we note that the pupils^xjf the 
auxiliary school easily select geometric figures and bodies according 
to a model* The mistakes that occurred when the pupils were given the ^ 
name and were asked to select the geoiaetric forms. And the pupils 
experienced significant difficulties in naming geometric forms inde- 
pendently. . In all these tasks better results were obtained for geo- 
metric bodies than for figures. 

There is not enough instruction in naming geometric forms. The 
pupils themselves have difficulty naml^ geometric forms. When the 
teacher names them, the pupil more ea^ly connects the name with the 
form. ' A^lffetence is also observed in the process of drawing figures ^ 
and models of geometric bodies. The* children represent geometric fig-- " 
ures mare easily and have difficulty in modelling a geometric body. 
The auxiliary , school pupils more easily reproduce geometric forms 
when given a model than when giv^n a name. ' 

Although the program of thi^"* auxiliary school provides for classes 
in modelmaking, not enough of this type of work is provided* In one 5 
of the assignments the pupils of the auxiliary and of the public school 
madi representations of a cnbe, parallelepiped, and cylinder. The task 
consisted of two parts: first the repregen^tation was constructed be- 
yTf^Nie^JJae model was demonstrated, and second the pupils made the repre- 
sentation after the model was demonstrated. 

None of the pupils of t?he lower grades of the auxiliary school * 
could make a representation of a cube and parallelepiped correctly be- 
fore this was demonstrated. In the upper grades only two fifth graders 
made a development of the cube and parallelepiped correctly ^^nd almost 
all seventh graders did it cOrrectly. 

Significantly mote pupils mada a representation a^Lj-^ cylinder 
correctly. (Even some pupils of tiie lower grades, made a representation 
of a cylinder; "^or example a third grader and' a fourth grader did it 
correctly.) In the upper grades three fifth graders, three sixth 
graders, and four seventh graders made a correct r epresentaL ion of a 
cylinder, ' • . ' 
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For the niostij)art the pupils of the lower grades represented a 
cube and a parallelepiped by means of tracing and cutting out only one 
face, and in making a representation of a cylinder they cut out only 
one base. Som^n^lpils represented a cube and a parallelepiped by 
cutting out the six faces separately, and a cylinder by cuttii^g out 
its two bases. Some pupils represented cube and parallelepiped in 
the forms 



Figure 10 

and the like; that is, they cut out three, four, and five faces. Many 
pupils could not carry out this task. ^ 

The pupils of the upper grades, especially of the seventh, in 
most cases made the representation correctly. The mistakes made by 
pupils of the upper grades in making the representation were the same 
as those of the lower grade pupils; that ig, they cut the representation 
out according to one face, or according to six faces separately, or 
three, four, and five faces. Half the sixth , graders did not know how to 
carry out this assignment. 

After the demonstration the pupils of the lower grades made all 
three representations correctly. The greatest number of correct 
constructions were in representations of the rube, cylinder, and parallel- 
epiped, ^ ^ 

One first grader, K» S., even after the demonstration cut out all 
three* representatj^ns in the form of bands, and second grader G, V. 
traced eight squares and cut them out as a whole. After the demonstra- 
tion, the pupils of thp uppo.r grades made aJ,] three representations 
correctly. 

Two weak seventh graders, M. and Yu. N., made representations 

■j'' 

correctly during the lesson, but in the individual investigation be- 
fore the demonatratiou of the model tliey made mistakes, and only after 
the demonstration did they do it correctly. How to represent a cube, 
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a cylinder, and a parallelepiped was taught only in the seventh grade; 

As we can see from the investigation, after the demonstration even 
the first graders carried out this t^sk correctly. For comparison let 
us examine the results of the investigation conducted in the public 
school. Before the demonstration only first graders co\ild not carry 
out tft^ task correctly. For, the most part they cut out one fate for 
representations of the cube ancT l arallelepiped , and one base for the 
representation of the cylinder. One pupil cut out six faces separately 
for the cube and parallelepiped and two bases for the cylinder, and one 
pupil did not fulfill this task at all. Before the demonstration half 
the second graders made these representations correctly. The rest 
either cut out one. face (a square for the cube, a rectangle for the 
parallelepiped > and a circle for the cylinder) or did not know how to 
complete this assignment. . 

In the third grade the results wer^ more favorable. One pupil 
did not make *the representations of the parallelepiped and cylinder, 
and two pupils did not complete the representation of the cube. The 
other pupils managed this task well. All the fourth graders carried . 
out the task accurately. 

After the demoi^stration, without exception, all the pupils of the 
lower grades of the public school carried out this task correctly. 
* see '^ccura.cy and confidence in the work of the pupils of the lower 
grades of the public school an4 the lack of accuracy and precision- in 
the pupils of the lower grades and even in some pupils 3^ ^he upper 
grades^J^f the auxiliary school. 

Su up what has bejn stated above, we conclude tliat: 

^ |The- pupils Qf. the auxiliary school easily Select a form 
.accordingly to a model. The increase in difficulty dependetT^on the 
supplementary features. Upon complicating the assignment by asking 
the pupils to select figures without regard to color and dimensions, 
the pupils of the auxiliary school made mistakes. If the figures were 
sharply distinguished from each ^other as, for example, circle and tri-- 
angle, then all the pupils selected them according to a model without 
mistakes. The pupils of the auxiliary school made, mistakes among the 
similar geometric forms, such as a rectangle and a square. 
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b) The next stage of difficulty in the study of geometrs^c forms 
is their selection according to name, the representation of geometric 
figures in a drawing, and the modelling of geometric bodies. 

c) The pupils of the auxiliary school encauntered more difficulties 
in naming geometric forms than did the pupils'^pf the public school. At 
first the child does not master geometric concepts through precise verbal 
formulation characterising the geometric f drm, but by means of concrete 
comparison with some object familiar to him* from his daily life. For 
example, the cylinder is a little jar, a^pipe, a itttle barrel, and 

the like. 

d) The pupils of the auxiliary school have .diverse ideas abc^lb 
geometric forms. They have a better idea of the solid form than of the 

^plane form. At the same time they do not have equal idea§ of solid 
form; they have a better idea of ball and quba and a less accurate idea 
of others. Of the plane forms they have a better idea of circle and 
triangle and a poorer idea of square and rectangle. 

e) More is required of the auxiliary school^ pupils than .of the 
pupils of the^'public school, especially in organized studies, since in .-^^ ; 
the process of practical activity these pupils -master abstract geometric 
concepts with greater difficulties. Hence one must conclude that 
studying geometric material should occupy an especially pfbminent place 

in an arithmetic course. 

f) The auxiliary school pupils are capable of mastering elementary 
geometric . ideas and concepts. 

An Inves tigation of Aux iliary School Pupils ' 
Know ledge of Square and Cubic Measurej^ 

The study of square measure in the auxiliary school occurs in the 
sixth grade as stipulated by the program. In the public school this 
topic is studied in the fourth grade. For this investigation we 
selected six sixth graders and six seventh graders of the auxiliary 
school and six fourth graders from the public school. The investigation 
Was conducted in the fourth quarter; by this time square measures liad 
been studied. 
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The following different types of problems may be encountered in 
the proCfess ,of studying square measure J 

a) computing the area of a rectangle or square of a given geome- 
tric form; 

b) computing the area of a rectangle or square from the dimensions 
of given figures; ' ^ 

c) computing the area of a rectangle and of a square in a concrete 
situation (tliis problem is a practi|:al application of the first case) ; 

d) computing the areas of rectangular or square sections or lots 
of given dimensions (this problem is a practical applicati!i|n of the 
second case) • / 

Besides the cases indicated above, rmre compli<^ated problems may 
be encountered: for example, computing the total area of a figure 
composed of several squares and rectangles* Iti |:he work process another 
problem may be encountered: the. task of tracing a geometric figure of 
given dimensions and calculating its area. . The pupils become acquainted 
with the drawing of geometric figures while studying geometric forms. 

We made it our goal to ascertain the knowledge, abilities > and 
skills of the pupils of the auxiliary and public schools with respect 
'to square measures and the solution of prt5blems in calculating areas. 
As material for- this investigation we took three rectangles and two 
squares of different dimensions which were traced out on a paper. 

The dimensions of the rectangles were as follows: * 

a) length 12 cm , width 2 cm; 

b) length 12,5 cm, , width 7 cm; 

c) length 9.5 cm , width 8.5 cm. 
The dimensions of, the squares were: 1) 6 cm and 2) 7»5 cm. 
The assignments \^ere given to the pupils in order of increasing 

difficulty^ In'^deterfnining the dimensions of the rectangle the pupils 

\ 

encountered three cases: 
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a) The sides of the rectangle were expressed by whole numbers 

3' 

of the basic units of measuring. 

b) One side of the rectangle is expressed by a whole* number of 
the basic unit of measure afed the second side is expressed by a frac- 
tional number of the basic unit of measure or by a composite concrete, 
number. \ s ■ . 

^An attempt to ascertain the pupils* abilities toJfeetermine the 
area of a rectangle and of a sqi^are and to solvt^ concrete problems w3.s 
conducted in a second series. 

The following problems were proposed to the pupils: 

a) ^*What is the area of a rectangle whose length is 7 cm and 
" whose width is 3 cm?" ' 

b) '*What is the area of a square having a side of 8 cm?" 

c) *^niat is the area of a Pioneers* room if it is 7 m long 
and 6 m wide?" 

d) "What is the area of a three room apartment if the length of 
the largest room 6 m and its width is 5 m , the length and width of 
the middle room are each 4m , aiaS^ the smallest is 3 m long and 2 m , 
wlWe?" 

1* Tlie Pupils ' Knowledge of Square Measure 

^ Let us examine the results of the investigation oiT^he pupils* 
^ knciwledge of square measure. 

Before determining the area of a figure, a pupil jtndepeftdently 
measured its length and width. In solving this, and the following prob- 
leins the pupil who carried out the task independently was given com- 
plete freedom. 

Determining the dimensions of a rectangle 12 cm long and 2 cm 
'•wide in the sixth grade of the_ auxiliary school caused no difficulties. 

i 
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By basic units of measuring we mean those which for the given , 
concrete case express a whole number of units which does not exceed 
the next larger unit. And in this case there may be ^me exceptions. 
For example, the length of a rectangle is 12 cm; this would be written 
as 1 dm 2 cm, but in practice we used centimeters more often than 
decimeters. ' w 
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All the pupils determined the dimensions correctly and correctly 
computed the area* Yet one question arises, the most complicated one 
for the pupils of the auxiliary school — this is the form of writing 
down the units. Before the experiment had begun, all pupils were told 
to write down the solution correctly • Three ways of writing down the 
solution of the given -problem are possible: 

1) 12 sq. cm X 2 ■ 24 sq» cm 

2) 12 X 2 - 24 (sq. cm ) , 

4 

3) 12 cm X 2 cm - 24 sq* cm* 

No sifcth grader wrote down the solution of the given problem 
correctly. 

Two pupils Wrote it down in the form: 12 x 2 - 24 sq. cm* One 

Cupil, \mo had measured the sides of the .rectangle correctly, wrote 
own the solution in the form: 

12 X (2 - 24 sq. cm. 
There were other ways in which notations were made: 

/ 

12 cm X 2 cm - 24 cm , 
12 cm X 2 - 24 cm *, 
12 cm X 2 - 24 cm. 

In the first three notations, mistakes are found only in the form 
of the notation*, But the final result*ls written down correctly. In 
the notations immediately above, the solVtion is devoid of thought.^ 
These pupils still did not understand^ the essence^of computing areas. 
The pupils >toechanically recalled that for determining the area of a 
rectangle one must .measure the length and width and multiply the numbers 
obtained, but they still had not mastered the e^ence of measuring an 
area. The pupils still did not differentiate between linear and square 
measures* It was all the same to them in whatever measures one 



The contemporary methodologlsts N. N. Nlkitlni A. S.. Pchelko, and 
others use the following fona of notation in the elementary school: 
12 sq. cm x 2^- 24 sq* cm* In the auxiliary school it is also 
advisable to have only one mode of notation. 

/ 
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expressed ^he area of a !5ectangle, ^.^^ long as the calculations were 
correct. 

Tlie next figure whose area was to be found was a rectangle 12,5 
cm long and 7 cm wide. In this problem the pupils ancoimtered new 
difficulties — a precise determination of the dimensions. Only three 
of the six pupils determined the dimensions correctly, and three pupils 
rounded them off to whole numbers — instead of 12*5 cm they wrote down 
only 12 cm» The pupils who had determined the dimensions correctly 
\iiade mistakes, in multiplying the two numbers: from 12 1/2 x 7 they 
got 84 1/2 sq. cm or 84 1/4 ^sq. cm. The erroneous results of the 
calculations are due to the lack of a definite algorithm for multi- 
plying a common fraction by a whole number > although the sixth graders 
had already studied a section of this topic. Thus no sixth grader 
determined the area of the rectangle correctly. 

Determining the area of a 3*ec tangle whose dimensions were 9.5 cm 
and 8.5 cm called forth more difficulties. In determining the 
dimensions there were almost the same mistakes as in the previous case: 
three pupils determined the dimensions correctly, two pupils rounded 
> them off to whole numbers, and one pupil measured only one side, having 
taken the given rectangle to be a square. The pupils who determined 
the length and width correctly made mistakes in multiplying. 

The following results were obtained from three pupils: 

1) 9 i/2 X 8 1/2 - 72 1/2 sq. cm; 

2) 9 1/2x8 1/2 ^ 72 1/2 cm; . 

3) 9 1/2x8 l/2^-^i| ' 

The curriculum for the sixth grade of the auxiliary school does 
not stipulate multiplication oi a common fraction by a fraction. To 
4et the correct ,.solution in the given case, it' was necessary t^change 
centimeters to millimeters. No pupil did this. The pupils did not 
even begin to think about the quest lo*n of whether they could multiply 
4 fraction by a fraction or whether they had^studied this in class. 
Such an approach to solving the problem characterize the peculiari- 
ties of .the mentally^etarded child's pvSyche as dlstii^ct from that 6f 
the public school pupil. This peculiarity consists in the absence of 
a ctitical attitude toward one's actions. 
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Instead of the area pne pupil determined the perimeter, and wrote 
his final result in square meters; this was also -his form of solution^ 
for subsequent problems on deterjnining the area of a square. The 
pupils* form of notation remained constant for the most part, i.e., the 
same as in the previous problems. Only one pupil in the first case 
wrote down her answer thus : 

♦ 

12 cm X 7 * 84 cm , 

and in the second case: 

8 1/2x9 1/2 - 72 1/2 cm. 

The auxiliary school sixth graders coiild solve such a problem completely 

if the centimeters wexe changed into millimeters, or if the dimensions 

were all measured in millimeters, but no pupil did this. 

In determining the* area of a square we took two possible cases: 

1) the length of a side of the square is 6 cm, and 2) 'the length of 

f side of the square of 7.5 cm ; that is, the length of the side is 

expressed in whole numbers and in fractions. Computing the area of a 

square with a side of 6 cm produced' almost no difficulties; 5 pupils 

out of 6' calculated the^rea correctly, but one V^pil calculated the 

h , 

perimeter of the square. The form of the pupils notation was just 
the same as in calculating the araa of a rectangle. Three pupils wrote 
down 6 x 6 36 sq. cm , and the others wrote 6 cm x 6 cm * 36 cm ; 
6 X 6 » 36;' 6 cm x 6 36 cm. 

In determining the area of the square with side 7.5 cm long, 
the pupils encountered difficulties, not so much in determining the 
dimensions, as in calculating. The pupils who determined the length 
of a sidse as 7 1/2 cm, upon multiplying 7 1/2 7 1/2 made various 
mist;.akes: 7 1/2x7 1/2 - 49 1/2; 7 1/2x7 1/2 - 14 1/2; arid 
7ra5imii x7m 5jnm "50 m. 

Although pupil T. did write down the dimensions in the form^of 
a composite concrete number, he did not put down the units correctly 
and he did not break down the measurements into smaller units. , 

For the most part the form of notation remaina^d the same as in 
the previous problBms- Two pupils ^wrote down the solution as " 
1 1/2 X 7 1/2 = 49 1/2 sq. cm ; and three pupils .as 7 cm 7 cm o % 
'49 cm ; and one pupil 'wrote 7 1/2x7 1/2 = 14 1/2 = 7. . \ 
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In ascertaining the sixth graders* abilities to calculate the 
' area of a geometric figure from drawings, the following insuf f ieiencies 
ia the pupils' kij^ledge were unco veered: ^ 

1) When the children are given the tasl of calculating the area 
of a figure whose dimensions are expressed by* composite concrete num^ 
hers or by ^ fractional numbers, the pupils cannot' make the calculation 
correctly, not to mention writing down the solution in precise form. 
But in practice such cases are exactly thos^ most often encountered* 

2) Sixth ^graders do not know how to write down the solution of 
a problem correctly. Among the mentally deficient children a state* 
is often encountered in which the pupils do not distinguish -linear 
and square 'measures in' solving problems. The most\4^iverse forms of 
notation are i encountered . In the sixth grade tliere was^ot one correct 
^notation. For exan^ple: 8 1/2* x 9 1/2 « 8 1/2; 12 cm x 7 cm « 

84 cm f 8 1/2 cm x 9 1/2 cm 72 1/2; and the like. 

Let us examine the results of the seventh graders of the auxiliary 
school in calculating the areas of ^ rectangle and of ^ square ^from 
drawings, A rectangle with sides of 12 cm and 2 cm was determined 
correctly ^by four out of six'^pupils/ More dif f iculties^were encountered 
in determining the area of a rectangle 'of dimensions 12.5 cm and 7 cm. 
Only three 'out of six pupils dd't^rmined the dimensions correptly. Irf 
this case th^ notation was also marked by the absence of uniformity; for 
example, 12,5 x 7 - 87^5 sq. cm ; 12.5 x 7 « 87.5 cm ; 12 1/2 x 7 « 

25 1 ii 

14 " ^ 14' ^ ' > 

The pupils did somewhat better in determining the area t)f ' a rec- 
tangle of .dimensions 9.5 cm and 8.5 cm. Four pupils determined the 
«» dimensions incorrectly, and R. determined the perimeter in addition^ 
One pupil. determined the dimensions correctly, hut when she began to 
write down the result in decimal fractions, she' made an error. Instead 
of writing down 9 1/2 sq. cm x 8 1 ^ 9 . 5 sq . cm x 8.5, she wrote » 
down 9.2 sq. cm x 8,2. Changing common fractions into decimals caused 
an erroneous answer. - 1 

Five out of six pupils determined the area of a square with a side ^ 
of 6 cm , correctly. The notations were diverse: 6 cm x 6 d^^ = 
36^^% cm ; 6 cm x 6 cm = 36 cm , ; 6 x 6 = 36 cm ; 6 sq . cm k 6 sq. cm 
36sq- cm. ' 
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It was a somewhat more complicated matter for them to compute 
the area of a square with a side of 7.5 cm. Only four out of siix 
pupils determined the dimensions correctly* For^he most part the , .|, 
notation remained the same as in the previous case, with the follow- ^ 
ing changes. Instead the cas^ 6 sq^ cm x 6 sq* cm » 36 sq. cm ; 
and 6 cm x 6 cm « 36 cm ; there appeared notations of the form:- 
7.2 X 7.2 - 51.85 and 7.5 cm x 7.5 - 56»25 cm. 

Ascertaining* the Pupils^ Ability to Determine the Area of a 
Rectangle and a Square When the Dimensions are Given 

Four problems were given the pupils. The basic aim of these prob- 
lems was to ascertain^ theiir ability to determine the areas of figures 
from given dimensions* In the first problem, *%7hat is the area ^ a 
rectangle 7 cm long and 3 cm wide? all the sixth graders of the 
auxiliary school gave a correct answer — 21; but in every case there 
was a mistake in notation; the' answer was 21 cm- In their notations 
the sixth gra'ders confined themselves to the forms: 7 cm x 3 cm = 
21 cm arjd 7 cm x 3 21 cm. 

In the second problem, "What is the area o^f a square Vhose side 
is 8 cm long?" only four p\ipils made the correct calculation, *8 x 8 » 
64; and, for the i^ost^part, the form of the notation remained the same 
as in the first p^oblem;^ that is 8 cm x 8 cm « 64 cm or 8 cm x 8 » 
64v«:m. "Instead of computing the area, two pupils computed the perimeter 
of the square, one of them computing the perimeter in^squar^ units: 
8 X 4 32 sq» cm. 

X^ie third problem, '*What is the *area of a Young Pioneer *s room 
if it is 7 m long arid 6 m wid^ [7:77]?" did not produce special diffi- 
culties either. A^l the sixth graders made the computation correctly, 

but the form of t^e notation remained as before — 42 m v*as obtained 
> 

an answer* OnXy one pupil wrote down 7'x 6 « 42 sq. m.. Here, too, 
.there was imprecision in the units, but the final result had a definite 
geometric sense. 

In the fourth problem, *^^hat is the area of a three-room apartment 
if the length of the. largest room is 6 m and its width Is 5 m , the 
length and width of the middle room are each 4 m ,^and the length of 
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the smallest is 3 m , aud its width is 2 m [7:78J?" Four sixth graders 
detepnined the area of the ^ apartment in linear measurements* The 
notations were: l)6m x5m ■30m;2)4m x4m "lem; 
3) ,3 m X 2 m « 6 m ;* 4) 30 m + 16' tn + 6 m - 52 m. 

One pupil solved it thus: 1) 5 x 6 - 30 sq. m ; 2) 4x4- 
16 sq.. m ; 3) 3 X 2 «• 6 sq. m ; 4) 30 -H 16 -h 6 » 52 sq. n^* Although 
in thii solution. the partial and final results do have definite sense, 
thfe units were handled imprecisely. And one pupil confused all the data, 
writing, down the solution thus: l)6m x3»18m;2)5m x3-15m 
3) 18 X 4 = 72 m ; 4) 15 x 3 - 45 m ; and 5) 6 x 2 - 12 m. She multi- 
plied the dimensions of one room by the dimensions of another** 

Although the pupils encountered more difficulties in solving the 
practical problen^, they solved the problems moi?e cori;ectly and quickly 
when computing the area from definite data. This is because the pupils > 
in order to determine the area of a figure from a drawings first had to 
determine the dimensions » and then compute the area* The approach to 
solving problems of this category is more creative than the approach of 
the second category, in which the pupils determined the area of a 
figure from its dimensions. In this case the pupils often multiplied 
the length by the width mechanically, without considering the sense of 
the solution. In witness to this are the answers ^^iven by the pupils 
who determine the area in linear units. . 

The seventh graders^ solutions of problems could be distinguished • 
from the solutions of 'analogous problems by sixth graders. The seventh 
graders gave mote accurate notation. Half of the. pupils wrote the 
solution dowji in the form 7 cm x 3 cm - 21 sq. ^cm, and the rest wrote 
the solut^n in the form 7 cm x, 3 cm ^ 21 cm. These two notations 
alone were chajl^teristic of the seventh graders. These pupils' 
encountered sbme difficulties in computing the area of a square; 
three pupils computed th^ perimetfer one of them in sq. cm ; and^ in 
computing the area of a rectangle, only one pupil calculated the peri- 
meter instead of the area. All six pupils solved the third problem 
correctly, but only two had tlie correct notation; three wrote it In 
the form 7m x6m =42m, and one in the form 7 x 6 - 42 m. The 
solution of the fourth problem caused more difficulties. The first 
three questions (calculating the areas of separate rooms) were deter^- 
mined by five pupils correctly; of these, only two wrote down 
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the solution correctly* Tlie fourth question, determining the area 
of the whole apartment, was correctly computed by four pupils; of 
these two wrote it in the correct formj^that is, 30 sq. m . -f- 16 sq. m 
4- 6 sq. m 52 sq. m. One pupil, instead of adding togetfeer the 
results obtained from the first three questions , vnultiplied these- 
numbers and wrote the final result in square meters. 

In this series we observed in the pupils a more accurate form of 
notatio^ than in the first series* Greater uniformity was observed in 
individual pupils* notations. After the study of jsquare measures we 
conducted a control work-experiment in the Auxiliary School *No. 77 of 
Moscow and the Ul'y^^ovsk Auxiliary School 39. The pupils were 
asked to solve two problems, which we also proposed in individual 
studies. A characteristic aspect of their solution was more accurate 
notation, and more precise computation. All thirteen pupils of both 
Auxiliary School No. 77 and the Ul y^novsk School No. 39 solved the 
* following problem correctly: *Vliat is the area of a Pioneers* rCom if 
it is 7 m long and 6 m wide?'* Twelve pupils of the 77th School 
wrote the solution in the form 7 «i x 6 m =42 sq . m , and one pupil 
write it as 7 m x 6 42 sq. m. In Ul'yanovsk Auxiliary School No. 
39 thei^e were three forms of notation. Five pupils wrote down the 
. solution as 7 x 6 - 42 (sq. m ), and two pupils as 7 m x 6 m =^ 42 m. 
In solving the more complicated problem "What is the area of a 
three room apartment if the largest room is 6 m long and 5 ^ wide» 
the micidle room is 4 m long and 4 m wide, and the smallest is 3 m 
long and 2 m ^wide?" some diversity in the* notation of the units was 
observed. The computations in both the Ul'yanovsk and the Moscow 
School were made precisely, bi^t in the Ul'yanovsk School' diverse 
notations were observed in determining the area of all three rooms. 
Along with the correct form of notation, 30 sq . m -k- 16 sq. m -f- 

6 sq. m =^ 52 sq. m. and 3,0 16 + 6 ^ 52 (sq. m ), some pupils wrote: 

'I 

30 sq. m + 16 sq. m + 6 sq . m ==52 (sq. m);30m +I6m + 6m = 
52'm ; 30 m + 16 m + 6 m = 52 sq. m ; and 30 sq. + 16 sq. 4- 6 sq. 
52 sq. m. 

In solving the problems some pupils formulated tl]e questions 
iJi|p)recisely . R. M. made an essential mistake in formulating the 
question; instead of writing down ^Vhat is the area of the room?" he 
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wrote ^'What is the width of the room?" M. did not distinguish 
such geometric concepts as area, widths and perimeter accurately 
enough. R. Kh. made a mistake in copying the conditions of the prob- 
lem; instead of 6 m^ers she wrote down 6 centimeters. As a result 
of this mistake thaf problem made no senjief f or^ t>iera, are no rooms 
of such dimensions. But* R. Kh» did not consider the condition^ of 
the problem and did not correct her error. In formulating the question 
N. K. also made a mistake; instead of writing down 'Vhat is the area 
. of a three-room apartment?*' she wrote "What is the area pf three apart- 
ments?" N. K, did not make an accurate analysis of the given problem. 
In determining the area of the Pioneers' rfoom, L. M. wrote ^own: 'Vhat 
is the volume of the room?" . / . , 

In determining the areas of rectangles and squares the pupils of 
the auxiliary school made mistakes, but the nature of these mistakes 
was different for Individua]^ pupils. Wliereas some pupils made mistakes 
of a semantic character (for example, they formulated tfte questions ^ 
Imprecisely; Instead of the area they determined the volume op peri- ; 
meter, not grasping the sense and mea;iing of the problem), other chil- 
dren made mistakes .which we can ascribe to insufficient concentration 
of attention .(for example, instead of meters they ^srrote down centi- 
meters) . . 

One mox;e fact should be noted. In some case^ in one assignment a 
pupil made a correct computation and a correct form of notation, and in 
another, similar task, the form of notatfion was erroneous. This fact 
indicates an incoBipiete mastery of the problem being solved. 

Unlike the, pupils of the auxiliary school, the pupils of the 
public school determined the dimensions more precisely, and operated 
better with composite^ concrete numbers. 

Let us draw soiie brief conclusions: 

a) The auxiliary school pupils, are weak in their solution of 
problems In computing the arenas of geqmetric figures from a drawing. 
More difficulties occur In determining the dimensitsns of ligures whose 
length is not expressed by a whole number of the basic fenits of measure. 
In these cases the pupils usually round off the dimensions to whole 
numbers. ^ 
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b) The pupils encounter fewer difficulties in determining the 
areas of geometric figures when the dimensions are given. 
V . c) In most cases^the pupils of the public school give an accurate 
and precise notation and understand the solution of the problem well, 
although with weak pupils some mistakes are encountered. 

2 . Investigation of the Auxiliary -Schoo 1 Pupils ^ Knowledge of Cubic 
Measure ^ 

To ascertain the pupils'- abilities to determine the volumes of geo- 
metric bodies, we conducted two se;:ies of investigations • An individual 
investigation was conducted itl the seventh grade of the auxiliary school 
and in the fourth grade of the publj^c school. 

To ascertain their ability to compute the volume of a parallele- 
piped from a given geometric model, we asked the children to compute ^ 
the ^volumes of the following bodies; . * 

^ a) a parallelepiped 6 cm long, 4 cm wide, 10 cm high; 

b) ** a parallelepiped 4 cm long, 4 cm wideTT:^ cm high; 

c) a parallelepiped 2 cm long, 2 cm wide, 20 cm high; .N 

d) ? a cube whose edge was 10 cm long; 

e) a cube whose, edge w^s 2 cm long# 

m 

The numbers representing the dimensions of these geometric bodies 
produced no difficulties. The parallelepipeds were of two forms. 
One had faces of rectangular form, ahd two had faces of square form; 
one <5^f them had an elongated form (2 cfci , 2 cm , and 20 cm The pupils 
were required to be able to determine the dimensions of geometric bodies 
and to compute their volumes. 

Some auxiliary school pupils had difficulty in determining the 
dimensions. Two pupils did not determine the -dtmensions complj^tely. 
Of the three dimensions given, they determined only two* Moreover, 
they could not use these data correctly. One shovild also note that 
R. determined all the dimensions of the parallelepipeds and cubes 
correctly, but she could not use^them in determining the volumes, in 
the first problem, instead of the volume, determined the surface 

area face by face, tliat is 6 x 6 - 36 sq. cm ; 10 x 4 « 40 sq. cm* 
Tliree pupils did the computation correctly • 
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For the most:, part the notations were of three forms: 10 cm x 

4 cm X 4 an « 160 cub. cm ; 10 cm x 4 cm »«40 cm; 40 cm x 4 cm - 
160 cub. cm. More often, however, one encountered notations like 

10 cm X 4 cm x 4 cm -* 160 cm. Only one pupil *s notation was correct 
in all respects^ 

Determining the volume of a cube produced more difficulties. One 
pupil multiplied the length of an edge by the number of faces. In sol- 
'ving this problem there was no logic. In determining the volume of 
the cube one pupil even calculated its total surface area. After 
ascertaining the pupils' ability to determine the volume of paral- 
lelepiped and cube, given their dimensions, and to determine the 
volumes of objects having the form of a parallelepiped or cube, we 
asked the pupils to solve the following problems: 

a) What is the volume of a rectangular parallelepiped 5 cm 
long, 3 cm wide and 8 cm high? 

b) What Is the volume of a cube whose edge is 7 cm long? 

c) What is the volume of a classroom if it is 10 m long, 
7 m wide and 5 m high? 

d) There are eight patients in a hospital ward. How many 

cubic meters of air belong to each patient if the room is 8 m long, 

5 

6 m widft and 5 m high? 

Solving tvhese problems caused fewer difficulties for seventh 
graders of the auxiliary school than solving the preceeding assignments 
All the pupils computed the first problem correctly, but they did not 
use a correct form of notation. One pupil wrote it dp\m correctly: 

5 cm X 3 cm x 8 cm « 120 cub, cm. Tliree pupils wrote it as 5 cm x 
3 cm X 8 cm ' « 120 cm ; one as 5 cm x 3 cm 15 m , 15" x 8 - 120 cm; 
and one as 5 x 3 = 15 cub. cm, 15 x 8 = 120 cub. cm. The pupils gave 
analogous forms of notation and computation in deteniiining the volume 
of the classroom. In this problem two pupils used a correct notation: 
10 m x7m x5m « 350 cub. m. 



We took the last two problems from [7:82], although we have 
changed the last proliiem somewhat—instead of sixteen people, 
we put eight. 
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The auxiliary school pupils sometimes make the computations 
mechanically and give little consideration to the meaning of the 
solution, a phenomenon analogous to what happened in the computation 
of areas* In determining the volume of a cube, just is in computing 
the area of a square, the pupils encountered more difficulties than 
in computing the volume of a parallelepiped. Only two pupils calcu- 
lated correctly. One gave an incorrect answer; two pupils calculated ^ 
the entire surface area expresses in cubic units; and one pupil deter- ( 
mined the perimeter of "a face, in square centimeters. The auxiliary school pupils 
sometimes confuse certain concepts which they acquired in the process 
of studying geoi^etric material, for instance volume and perimeter. As 
a result of this, the pupils determined the surface area or perimeter > A 

: instead of the voltime* This is explained by certain difficulties / 
experi/enced in determining the volume of a cube. The pupils do not 
have a good idea of the essence of determining volume, and rather ^ 

* mechanically use the methods of determination which they have studied. 
^In determining th^ volume of a parallelepiped, the pupil more easil/ 
recalls^ that it is necessary to multiply length by width and by height 
than in determining the volume of a cube,T>ln which one must repeat the 
length of the edge as a multiplier three times. 

The children also encounter some difficulties in determining the 
volume of >^iarallelepiped in the more complicated problem in deter- 
mining the-^bic. capacity of^ air in a hospital ward. For the first 
question all the pupils mac^p a correct computation; but in determining 

the number of cubic meters of air per person two pupils made mistakes 

k 

In the computation. For the most p^rt the form of notation remained 
the same as in the previous cases., Three pupils wrote down the solu- 
tion as 8 m 'x 6 m x 5 m = 240 m; three pupils expressed their 
answers in cubic meters. 

One canncAijj^^l^ore the fact that the very condition of this prob- 
lem directs one to determine the .volume in cubic meters, whereas in 
the previous problem the question was formulated as ^'Wliat is the vol- 
ume of a classroom J* In this problem, in formulating the very ques- 
tion ''How many cubic meters of air are there for each t>atient . . . ?- ' Jt 
is indicated that the volume is to be determined in cubic meters and 
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not in linear lDr square measure. Four pupils paid attention. to this; 
but two pupils, even in this ca^e, went on to determine the volume 
in square meters or without units at all. 

•To see how the subjects determine the volume of a room we conducted 
a* control experiment in two classes, in the seventh grade of -the 
Ul'yanovsk Auililiary School and in the seventh grade of Auxiliary School ^ 
No. 77 of Moscow. In Auxiliary School No^ 77 the control work was 
conducted before the school material on calculating volumes was taught. • 
In^ the work of these two grades a significant difference was observed 
in the. notation of the units. The computation in the problem "What is 
the volume of a classroom if..^?"^ were correct in both schools^ but the 
^notations differed. With the pupils of the Auxiliary School No. 77 
one could find diverse notation; in the. Ul ' yanovsk school all the pupils 
computed the volume and wrote it down correctly: 10 x 7 x 5 ■ 350 (cub. m ). 

The second problem/*In a hospital ward there are eight patients..." 
was harder for the auxiliary school pupils; they wrpte down the most 

♦ 

diverste notation for the units. Even among the correct answers there 
were several with erroneous notation; but in the Ul'yanovsk school all 
f if teen^pupils wrote dorni and computed the first question. The notation 
of the second question was also more accurat^ in the 77th school: of 
thirteen pupil3, ten wrote it correctly. In tlje Ul*yanovsk^ Auxiliary 
School the computation was correct, but the notation was of three forms: 
1) nine pupils wrote it as: 240 cub. si t 8 « 30 cub. m .i 2) four 
pupils as 240 t 8^ = 30 (cub. m ) ; 3) two pupils as 240 cub. m ' 8 - 
30 (cub. m ) • 

Let us draw some brief conclusions: 

a) Both in computing** the area of a square and a rectangle and 
in compj^ting the volume of a cube and a parallelepiped of given geometric 
forms, the pupils Encounter significantly more difficulties qhan in 
determining the areas and volumes of these same fonas when their 
dimensions are given. One can explain this 'by the fact that in the 
first case the pupils approach the solution more creatively, and in 
the second cas^ more mechanically, lacking a sufficient number of 
exercises. Hence one must conclude that for better mastery of square 
and cubic measures, more lessons on determining areas and volumes of 
given geometric form^ must be conducted, ^his work must be varied as 
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much as possible, computing the areas of a table, ^the classroom floor, 

a room, a plot of land, and , similar objects , or computing the cubic 
» * 

capacity of the cl^ss^oom, of a room, and of various objects having the 
form of the given geometric bodies. 

b) The secoria inadequacy in the pupils* studies is the absence 
of an accurate and correct form of notation in solving problems* This 
indicates that one must pay serious attention to correct notation in 
solving problems in computing areas and volumes • 

c) Some pupils do not distinguish sucli geometric concepts as 
area, volume, and perimeter. These pupils often confuse one concept i 
with another. One must given this p^roblem serious attention as well» 

d) Correct notations is perfectly accessible to the pupils of 
the auxiliary school, but one must give this problem the most serious 
alitention. . \^ 

Pedagogical Methods in Auxiliary School Pupils* 
Study of Geometric Forms 

f r 

--''-'^The study of geon](etric material is one of the integral factors in 
a person's cognition of the material world, and proceeds according to 
the general laws of the dialectic-materialistic theory of cognition. 

The dialectic method of ^ aognition of truth was accurately formu- 
lated by V. I. Lenln.-±TKJiis P)iilo3ophical Notebooks ; ''From live 
cojjftemplation to aostraji^ tl>^ught and from that to practice — that is. 
the^^ialectic Wfify of cognit^'ion of truth, the cognition of objective 
reality [9:166]/' ^ 



The child, beginnii^g to be aware hi the exterior world, turns to 
objects and phenomena through practical activity* Speaking of the^ 
child's thought, K. M^rx indicated that 



...his judgment as^well as his practical thought* have 
primarily a mechanical ancj sensory character. The sensory 
properties of objects and phenomena are the first bonds 
connecting him to the exterior world. Practical senses , 
primarily the^ senses of smell and taste, are the first 
senses wlth'whose aid he appraises the world [9:166]. 

Recognition of the material world is possible only through sensa- 
tions and perceptions. "Sensation is the image of moving material," 
wrote Lenin. "Except through sensation we can learn nothing about forms 
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• of matter or forms of motion; sensations are evoked by the operation 
of moving material upon our sensi* organs [10 :28a]." With the aid of ^ 
the sense organs, supplemented by the activity of the memory and of 
thought, a person is capably of reflecting not only the separate 
properties and qualities of an object, but also the objects of the \ 
material world as a whole. 

Psychological investigations have shotto thJt perceptions, ideas 
and concepts do not exist isolated %xoxsi eadh other, but are a tanif ied 
.psychological process. Thus, for example, the Immediate per^ption 
of objective reality with the aid of the sense organs is always supple- 
mented to some dejgree by our conceptions, based on previous experienoe, 
concerning a given -object . Simultaneously with this we acquire the ^ 
capability of analyzing a given object and 8iit|ling out its essential ^ 
features. Geometric concepts are also acquired by contemplation (with \ 
the aid of perception and ideas) of objective reality, i The process ^ 
of abstracting is accompanied by the an a lysis of facts Into individual 
features or signs (analysis) on the one hand, and by the combination 
of these elements into a unified whole (synthesis), on the ot;her hand. 

Perception of concrete form is accessible to children very early. 
The mastery of geometric form presents some difficulties at first • 
Children between three and seven years of age "...at first objectify" 
a geometric form, "That is, they give it a naive-objective interpre- 
tation: triangle— 'little pocket,* circle — * little wheel , * quadrangle, 
cut through crosswise by Intersecting lines perpendicular to each other — 
'ir^ttle window,* a triangle placed atop a quadrilateral is *a house,* 
artS the like [11; see alsb 5:137-181]." 

Then, in learning a geometric form, the child begiife to perceive 
it as a similar form ("thi^ is like a little window" and so forth) . 
In the general course of the development of ,an objective and of a 
geometric form, a change is observed in the child: at first the child 
perceives the geometric form as proceeding from the ob;|^ctlve; then, 
according to his degree of mastery of geometrip repres^^ntations and 
concepts, the concrete form of objeitt^ begins to be determined by^means 
of abstract geometric forms. According to the degree of his familiarity 
with geometric raateridl in the process of instruction, the child begins 
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to distinguish definite geometric £orm3 (ball, cube, circle ^ triangle, 
square, and so forth) • 

Let us now examine the ways of studying visual geometry in the 
auj^iliary school, taking into account the peculiarities of the intel- 
lectual development of mentally -deficient children*^ The study of 
geometric material in the auxiliary school is stipulated by the edu- 
cational curriculum, in which there are two basic stages. The first 
stage is the at^umuls^^ion of "geometric information av}^ elementary ideas 
'and concepts in the lower grades; the second stage is the systematic 
studyyof geometric material in the upper grades. Hence the ways of 
studying geometric material in auxiliary school shall be examined 
according to these stages, titat is: o 

1) ^.^^^e study of geometric material in the lower grades, and 

2) The study^of geometric material in thp upper grades, 

* »* 

* Methods of Studying Geometric Forms iti^ the Lower Grades of the 
Auxiliary School 

The scope of the geometric material is determined by the educational 

programs from the third grade upward. In the, third grade the pupils 

familiarize 4 themselves with geometric figures (ci^rcle, square, rec tangle » 

7 ' 

and triangle) and with geometric bodies (ball, cube, and beam). Tli6 
pupils are able to distinguish these geometric forms from others, to 
find such forms in the environmental situation, to' name them correctly^ 
to outline the geometric figures by their contours, and to model gedm*-'- ** 
trie bodies from clay or plasticine. In the fourth grade the pupils 
are able to trace geometric figures — circle, square, rectangle, and tri* 
angle — by following their contojirs and also with the aid of a ruler, 
a compass, and set square. In addition, the program stipulates that, in 
the first and second grades, studies of geometric form^ shall be conducted 



We will examine the study of geometric material at diff^^rent stages^ 
of instruction in connection with our experimental data obtained as a 
result of our investigation of the pupils' knowledge of geometric formn. 

7. 

Tlie auxiliary school curriculum provided only for the study of 

the right parallelepiped. In the future we shall refer to the ri^ht 

parallelepiped merely as a '^parallelepiped , 
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using various work methods: outlining, sha^ding, and composing 'designs; 
cutting out and making models. 

Mentally deficient children come to the auxiliary school with an 
extremely poor store of geometric ideas. As our investigation showed, 
the spatial and geometric ideas of auxil^.ary school first graders are * 
greatly^imited and at times erroneous. The teacher ^s task is to make 
more accurate , and to put in good order, the pupil's store of geometric 
ideas, through systenktic studies beginning in the first .grade. In the 
first and second gradtes of the auxiliary school, studies of geometric 
material i^st also" be, conducted systematically. 

^ On the basis of our investigation we propose the following order , 
of studying geometric material. 

The first step in the work is the study of geometric figures and 
bodies according to a model, and at this stage of work one must adhere 
to a definite sequence of the introduction and selection of geometric 
forms. This is especially ;tmport§^t in the auxiliary school. On the 
one hand is the selection of geometric bodies and figures by form with 
dimerisions and ^olor identical to tfie one introduced. On the other ' 
hand is the selection of geometric bodies and figures^ by form ylth 
colors and dimensions different from those of the one demonstrated. 

The second stage in the work is the classifying of geometric 
forms according to name. ^ ' 

The third. and concliftding stage is .the pupil's naming of geometric forms. 

The^^st stage ih the work, as has been indicated above, is the 

selection of geometric figures and bodies according to a model. In 

our investigation all pupils correctly selected geometric figures and 

bodies similar in form and with dildensions and color identical to those 

» 

of the model introduced. But when the pupils were asked to select from 

a collection in which there were figures of different dimensions and ^ 

colors, they sometimes made mistakes. 

The mentally deficient children have imprecise and diffuse per- 
ceptions.. With such children it is especially^necessary to conduct 
the work on 'selecting geometric figures and bodies from a collection 
with dimensions and colors identical to those of the model introduced. 
Then one must proceed to the selection of geometric figures and bodies 
similar only in form. 

This stage of the work is initial in forming elementary geometric 
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ideas >ud concepts. \^ben a child selects a geometric form according 
to a model, he turns his attention to the essential features of that^ ' 
geometric form. At first the child cannot yet verbally analyze, 
according to these features, the specific properties of the geometric 
form; but during his practical activity, the child begins to establish, 
on the basis of previous experience, the similarity of two figures 
having the same form. When the child has concluded that objects having 
a solid round form are balls, he has already formed an elementary con- ^ 
cept of the ball. 

The selection of homogeneous forms according to a mdji^l should 
begin with the ball. The children have a better idea of tfni§ geometric 
form, since etfep before entering school in their games they. have used 
objects or toys having the form of a ball (playing balls, little balls, 
apples, and the like). When guided by his previous 'experience, \the child 
masters geometric forms more efficiently. The ball is the simplest geo- 
metric body and lias the fewest essential features detetndning it, A In 
our investigation we discovered that this geometric form was the mo^t 
familiar to the pupils ^f the auxiliary school and of -the public sch\?ol,^ 
The form next most familiar to the pupils of the auxiliary school is \ 
the cube. 4 - " 

To familiarize pupils with geometric material, one should conduct 
with them a series of exercises in ' selecting geometric bodies and fig- 
ures'r These studies will help to distinguish geometric forms and to 
single out the elementary essential features. / ' * 

In the process' of ^e-vpry task- the teacher must name the geometric 
bodie.^ and figures correctly • The mastering of names will be gradual, 
but from the very beginning it is necessary to fix the pupils' atten- 
tion on the correct name of the geometric form. The first impression 
which the child gets in the instruction process wilP be^^mpler and 
letter consolidated in his mind. But if from the^ very beginning one 
gives the child imprecise names for the geometric forms, then later in 
the instpKlctioH process it will be significantly luirder to teach him 
anew .' At this stage of study|,ng geometric forms one must conduct 
initial lessons which will promote a better assimilation of the material 
being studied. Tlien one should pass over to modelling geometric bodies 
from clay or plasticine. 



* The modelling of geometric forms should begin with the ball, 
by rolling the clay or plasticine between the palms of the hands. 

It should be noted that modelling in the auxiliary schoor promot4s 
abetter mastering of geometric form. The ♦ cognition of geometric forms 
will become better and more meaningful only when we^fixclude more sense 
organs in the process of cognition* To the aid of vision and hearing 
cqpie ^ouch and the kinesthetic sphere. -Correctly organized handicraft 
lesions are a powerful means promoting mafetery of geqmetric forms. 
Without knowledge of geometric forms it i'S impos^ble to occupy oneself 
successfully with handicraft work; and without handicraft work lessons 
the study of geometric figures ^will , not be as effective and will not 
.promote correctional edutational work sufficiently. ^ * 

One should conduct work in the study of plane figures using a * 
similar plan of operation. From a of flat geometric mosaics, 
various^f geometric figures are chosen according to a given model. The 
selection should begin witli'the circle since it is the geometric figure 
•most familiar to the children. At this stage a good educatidnal tool 
is visual dictation, which develops the child's memory and thoughts. 

Outlining geometric figures and also the bases of geometric bodies, 
"is a necessary stage in the process of instructing pupils of the auxil- 
iary school. This form of work not only promotes a better mastery of ^ , 
geometric forms but is also a good preparatory measure for the study of 
'writing. The auxiliary school pupils often l;ave "insufficient ^coordination 
of movements, especially of the hands. One should begin with outlining ^ 
forms of larger dimensions in order to carry out the transfer to smaller 
ones afterwards, and finally to letters. So that the work might be more 
effective and interesting, after outlining one should conduct shading, 
coloring with crayons, and cutting out the figures* drawn. ' . 

One should f ur ther ^conduct different assignments in cuji^ing out 
and pasting together models. Without ,dwelll-ng on this in great detaid, 
we can only recommend to tjiie teacher that he c^nc^uct various work with 
paper in handicraft classes [see 4]. 

Th-e use of various table and movement games develops and widens 
the chll1dren\q circle of elementary geometric ideas [s^ee 8]. 

The next stage of work with^the children is -the selection of 
geometric forms according to name. • Various projects in selecting 
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geometric figures and bodies accorcf^M to a model bring into a definite 
system the geometric ideas of the 'auxiliary school pupils and promote a 
correct mastery of the names of geo*m^ric forms • And it is possible to'' 
conduct .a seriea-^f prpjects on this material in selecting geometric 
forms according to name» Work with a designer will ^^lEpplement and widen 
the pupils* store of geometric ideas. All the previous* work is basic 
to the third stage — the pupils themselves naming geomettic forms*/ At 

-^is stage one should conduct projects on consolidating "aitd widening 
ideas — modelling . geometric bodies and drawing geom^etric figures accord- 

' ing to name. 

A comprehensive study of geometric forms in the first- and second 

grades of the auxiliary school including modelling, outlining, shading, 

and making constructions promotes a better -mastery of th^ geometric 

material • 
i 

We "should always- remember the words of the great Slavic pedagog 

• «^ 

John Amos Comenius: ^ 

...Let there be a golden rule for the pupils: allot . 
everything, as much as possible, to the senses— the visible, , 
for perception by sight; the audible, ,by hearing; odors, by 
smell; what can be tasted, by taste; and the tangible, by 
* touch. If any objects are perceptible by several senses 
. ' at once, let them be grasped at once by the several senses 
U:207]. , • 

Each lesson should draw upon all of ,the senses to the maximum degree. 

Only then will the teacher' reach his goal with the' greatest success. \' 

Studies of geometric material in the first an(f second grades must 
be conducted systematically. There may arise the practical question 
of how to study geometric material if '.there Is no construction box in 
the school. In this case the p^upils must make a series of geometric 
figures and bodies j.n handicraft classes. Tlie geometric flgti^^s may 
he. traced on cardboard, thick paper, on thin plywood and th^n cut out. 
Tlie dimensions may vary from 1 to 6 cm with an interval of 1 cm. .If 
figures- of one cent: line^it^r will be too small arfd inconvenient^ one may begin 
.with dimensions of 3 cm". Then all ithe,iigures should be. colored. The 
colorijlg sl;ould be as striking as possible, for in the lower grades 
tha children show a greater interest in fi^u^es with striking colors. 
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the preparation of gTonietric bodies also presents no great diffi- 
culty. They may be turned out of wood if the school has a lathe, but 
if not they may be pasted together from thick paper by the children 
themselves. It is also advisable to color geometric bodj.es differently. 
The ball may also be prepared by the pupils. If it is impossible to 
tui;n balls out of wood, they may be modelled from clay or made from 
paper-machd . 

If the pupils prepare geometric supplies under the teacher's 
direction, they will better consolidate and master the geometric 
material. We suggest that the pupils prepare the geometric supplies 
as much as possible. For this, the, handicraft lessons may be used. 

At the first stage of instruction we present the children with 
only one concept: the object • , 

Beginning in the third grade the child acquires some system of 
knowledge of geometric forms and some skills at reproducing them with 
■ tJie aid of modelling, tracing out a stencil, makli^ :Cut~outs , and the 
like. Tliis does not mean, however, that the auxiliary .School pupils 
have already mastered the geometric forms. The children's mental 
function^,- which are altered by their cerebral diseases, characteris- 
tically cause them to forget more quickly than the pupils of the 

public school; hence they need a greater number of repetitions in 

* 

order to lear*n something. 

It is useful at the beginning of the third grade to review what 
went on in the first and second grades, and then to start with a 
systematic study of geometric forms; it is not necessary that this 
section of the program be put off to the and of the year » Let us 
introduce an example of the Btudy of geometric material in the 39th 
Ui V^^^"^^^^ School. The first and second graders had outlined and 
shaded geometric f igurcs--;^ircle, square, and rectangle. In the 
drawing lesson§»»— ^£^uaii4?t^c figures were proposed: these were the 
circle and square, and to a lesser de;5ree the rectangle, and to an 
■even lesser degree tho triangle. In the third grade the study of 

geometric iorms was assigned in the fourth quarter. Thus, after three 
quarters the tliird graders were not familiar with the geometric 
material (we were in the school in March, 1948). 
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tRfe process of individual studies with the pupils, we dis-;^ 
that the first and second graders knew the geometric figures 
s?gnif icafntly better and drew them more precisely and more accurately 

t^^jg third graders. Even a small complex of highly organized 
lessons on geometric forms c^ducted in the first and secgnd grades . 
showed significantly better results than lessons with the third graders. 
"^Assigning geometric material at the end of the school year is incorrect 
and uncalled for and should not be done in the practice of the auxiliary 
school. With these pupils it is necessary to systematically repeat the 
material being studied and to consolidate it more deeply, using vari- 
ous forms of work. Geometric material may be widely used within arith- 
metic lesson^as didactic material in the study of computing. Even 
modest studies^using geometric materials increase the pupils' know- 
ledge^s^gnif icantly. ^But a system of specia^lly selected exercises 
ino'^ases the pupils' knowledge even more and attracts their interest 
•to studying the geometric material. 

The whole store of knowledge acquired in the first and second 
grades will serve as a basis for studying geometric material in 'the 
third and fourth grades. In studying geometric material in the lower 
grades one must consider;^ 

First: which* geometric concepts should be presented to the pupj^ls 
at that stage of instruction. 

Second: which geometric concepts are least clear to the child 
at that time. 

Finally: which geometric concepts are accessible to 'the child. 
From this information, one may also propose an order of studying ^ 
if geometric material. At first the children should be presented an 
accurate concept of a specific geometric form. The child should also 
clearly associate the, name with the form. Then the child should dis- 
tinguish one form from another. In our investigation we discovered 
^that pupils of the auxiliary school inadequately distinguish geometric 
concepts of the ball and circle, cube and square, rectangle and paral- 
lelepiped (beam) . 

In the first studies In the third grade it is advisablti to present 
the geometric concepts of ball and circle, and their differences, and 
of cube and square, and of rectangle and parallelepiped (beam). It Is 
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no accident that the first geometric forms ve consider are the circle 
and the ball. Those are the most familiar geomet^^ic forms , with the 
fewest essential features. Thus in first becoming acquainted with 
these geometric forms, the^ pupils need not acquire many concepts from 
such forms, the transition from the less to the more complicated forms 
will be clearer to the pupils. 

The primary and the elementary form of Intellectual activity is 
comparison, in which the likenesses and differen.ces of geometric forms 
are revealed through Juxtaposition and examination. The lesson should 
be coiis true ted so that the pupils will work with interest. An explana- 
tory lesson on a given topic might be constructed according to the * 
following scheme: 

Tlie first stage, of the work is direct observation of a ball* 
The teacher points out the '^ball'* and asks: 'Vhat is the name of this 
geometric body?*' The pupils answer without hesitation. Among the 
answers, which may be very diverse, the teacher fixes attention on 
. the word '*ball^* (he will always find one or several incorrect answers)^^ 
The pupils have already become acquainted with this geometric form 
(in the first and second grades), associating it wlth> the name "ball** 
'or"*'little ball.** In itost cases the pupils, have been familiar with it 
even before entering school. ^' 

The pupils are also to be included in the second stage of the 
work — in conducting laboratory work. From geometric forms (placed on 
a table, for example) .the pupils look for objects having the form of a 
ball; here it is necessary to allow the children to compare and contrast, 
to find similar ajttributes of the given objects. 

In working itith the auxiliary school pupils, the teacher reveals 
a phenomenon wi Ih the question: **Wliy? How can you prove that?^* llie 
studies become active and reach high educational goals only when pu- 
pils develop the ability to.anaiyze^ and thus develop logical thought. 

Tlien the tt^acher uutlincB on the blackboard a cardboard circle 
and asks: ''What Is this figure called?" From among all the answers, 
the pupils^ attention is concentrated on the word '^circle." Then the 
pupils seliict circles from among geometric forms set out on the table. 

After this ^he pupils outline cardboard circles in their notebooks, 
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shade them and write beneath them: "This is a circle'' or simpler: 
"Circle/* Then the teacher directs the pupils* attention to the 
differences between a ball and a circle. The teacher then divides 
the blackboard into two parts* On one side he hangs up a ball and 
writes beneath it "ball," and on the other side he outlines a circle 
and writes "circle." • 

In the process of the recognition of geometric forms, the great- 
est possible number of sense organs should be involved. The process 
of recognition will have a definite value only when the pupils see 
differences in similar objects and similarities in different objects. 
Without this it is impossible to form geometric concepts. 

The next stage of work is modelling a ball. The pupils model a 
ball from clay or plasticine • This aspect of the lesson produces an 
emotional enthusiasm in the children, and they carry out this project 
with great interest. Each child strives that the ball he models might 
be better than his comrade^ s. When the ball has been modelled, he can 
either write down "ball" on a small paper and attach his name to the 
ball with the aid of a match, or write the \&ord "ball" on .the surface 
of the^i>©ll with a pin or a needle. 

For the children to have accurate ideas of the ball' and the cube 
and distinguish them, it is necessary once again to concentrate the 
pupils' attention on these geometric forms. The auxiliary school pu- 
pils must comprehensively and vividly feel the forms of the ball, and 
the circle and see the difference between them. By all means and 
methods the teacher should secure the pupils^ understanding that the- 
ball is a three dimensional geometric figure, and the circle is a flat 
figure. Then the teacher should show several objects and ask the pupils 
to calJ out which of them have the form of a ball and which have the 
form of a circle. 

By approximately this same plan it is possib:^ to conduct the 
first lessons on the topics "Cube and Square" and "Rectangle and 
Parallelepipeds" The concept of a triangle can be put off to a sep- 
arate lesson. These lessons are to give the pupils elementary con- 
cepts of tlie geometric form being studied. 
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a more visual conception of the course in the instruction 

g 

we introduce a suminary of a lesson • 

Suimiiary of a Geometry Lesson in the Third Grade of an Auxiliary School 
Lesson Topic : ^*Cube and Square^* 

4 

Lesson Plan : 

1. Ascertaining their ideas and knowledge of a cube. 

2. Ascertaining their ideas and knowledge of a square. 
.3. Comparison of square and cube. 

4. Modelling a cube from clay. 

5. Homework. 

Equipment for the Lesson : * ' • 



1. Various geometric figures^T^ 

2. Cubes of different sizes • 

3. Squares of different sizes. ^ 

4. Children's blo^s for: aac*ti child. 

5. Colored squares for each child. 

6. Clay for modelling cubes. 
7* Rulers* 

Course of the Lesson: 

Teacher: Ts^ce the cubes in your right hand. Take the square* 
in your left hand, Zhenya,' pick out all the little 
cubes on the table* 

Zhenya put all the cubes to one side. 



Wliat am I holding in my hand? 
A cube. 

And now> Itaya, pick out Bcuares . 



Raya put the squares tp^-qne side 




8 " ■ 

llie lesRon wavS conducted in Che Auxiliary School No. 30 of 

Moscow by N. V. Sh^rkasova of the F.iciilty of Defectology of the Lenin 

State Pedagogical Institute Moscow. 
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T: What is this figure called? 
P: A square. *" 



1I^ 



T: Everybody take a square in his left hand* Count how many 
stfTdes a square has, 

\^ The pi|jpls count the sides of the square. 

Pi^ The square has four sides. 

T: , And* now measure the sides of the '•square. 

Tlie^pupils measure the sides of the square and convince them--- 
selves that all sides of a square are equal. 

T: And how many angles does a square have? 

' P: A square has four angles, \ 

T: Take the colored squares in your hand and write on the 
colored side "square.'* And now write on the other side 
of 'the square "A square has four sides J' "All sides of 
a square are equals" "A square has four angles," 

The pupils write down the properties of the square on the 
squares, 

T: And now let us repeat what we have learned about the square. 

P: Therii> are large and small squpres , A square has four sides, 
^ All Sides of a square are equal, A square has four angles. 

T: Take a cube in your left hand. Point -out a face of thfe 
cube. 

P : This is the face of the cube. ' 

Xlie. word "face'' written down on* the blackboard and repeated 
several times by the pupils. 

T: How many faces does a cube have? 

P: A cube has six faces. 
* • 

T: What form does\ a face of a cube have? 
P: A face of a cube has the form of a square. 
T: And now take clay and make a cube out of clay. 
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With great interest the pupils modelled cube,. Each pupil wanted 
to make a cube better than his comrade- / . 

^ T: Point out a square. Now outline a square in the' air with 
your finger* ' \ 

The pupils outline a square. 

T: And now point out in the air what form a cube has. 

The pupils show a cube in the air. 

T: Name some objects having the form of a cube* 

P: Children's blocks. 

T: Name some objects similar to a square. 

P: A window, a portrait* 

HQmewo r k ; 

Teacher: Cut out from paper as many squares as are necessary to 
make a cube. ^How many squares must you cut ojit? 

P: Six squares. 

T: Why? ^ 

P; Because a cube has six faces* 

9 

In the fourth gri^de a lesson of the following form may be proposed: 

Summary of a GeoJ^i^ Lesson in the Feurth Grade of an Auxiliary School 

Lesson Topic; "Ball and Circle" 
Equipment for the Lesson ; 

1. Several balls of various sizes and colors. 

2. Several circles of various sizes and colors. 

3. Objects having the form of a ball or a-^ircle: a ball 
of thread, a globe, several coins, the face of a wall*-clock* 

4. A plywood^ blackboard of arbitrary form, a tack; a string, 
and a pencil?^ 

5* One large pair of compasses and seventeen small ones (one 
for each pupil) * . . 

3- 



The lesson was conducted in the Auxiliary School No* 30 of 
Moscow by V. Smlrnova, a student in the Faculty of De.fectology of 
the Lenin State Pedagogical Institute of Moscow* 
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6 • Clay • 
Le sson Plan ; 

t ia^ Ascertaining their ideas and knowledge of a ball. 
zT^l^certaining their ideas and knowledge of a circle. 

^^Hftcing a circle in noteboolcs with the aid of compasses* 

4. ^ Tracing a circle with the aid of a tack and strjlng, 

5. Modelling ^a ball from clay. 
6 • fTomework. 



Course of the Lesson: 



Teacher: Wliat I holding in my hand? 
Pupil: c A ball. 

T: You have all seen baseball players; but do you know what 
^they play with? 

P: With a playing ball. 

T: Wliat form does, a baseball have? 

/^'s: A round for^H. 

T: And ^pw can you show this with -your hands? 

The pupils show the form of a ball with their hands. 

T: What is this figure called? 
P: A ball. ^ 

The teacii^ divides the blackboard into two parts and hangs up 
a ball on one side in a net and writes beneath it **ball.** 

T: And now name some objects having the form of a ball. 
P: An apple, a balloon, a tangerine, a globe. 

T: What is this figure called? 

P: A circle. ^ ' ^' 

The teacher draws a circle on the other half of a blackboard by 
outlining a cardboard circi.^ and writes below it ^'circle. 

The circle on the ' blackboard is shaded in. 

T: Outline a circle in the air with your hand, and show mc 
what {orm a circle has. 

The pupils outline a circle in the air with their fingers. 
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T: Pick out objects having the form of a circle. 
Pupil Abakiimov picks fiNom the table, objects having tonn or 
a circle. ^ 1 

T: And now name some objects ynich have "^^^torm of aVircle. 



P: wheel, a stadium, a button, a coin, the face of a clock, 
a flower-bed. 

The teacher tells how a gardener traces out the base of a flower- 

bed, and the pupils draw a circle on the plywood with the aid of tack, 
f 

string and pencil. 

T: But with what else can one trace a circle? 

P: With a pencil* with a cylinder, with a compass. 

With the aid of the large compass the teacher shows how a Cifcle 

is to be drawn. ' 

T: And now trace a circle with the aid of compasses on sheets 
of paper. 

Tlie pupils trace out circles and color them with pencils; beneath 
each tUfey write ^'circle." 

T: What is this figure called? 
A ball. 

And now let us model a ball from clay. 
With great interest the pupils began to model balls. Most balls ^ 
were of the correct ^form. On the blackboard they then write down the 
names-of objects having the form of a ball or of a circle (Figure 11). 

/ 





lall ^ Circle 



Figaro. 11 
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Form of a Ball: Form of a Circle: 

1) ball of thread \^ 1) round mirror 

2) globe \^ 2) coin 

3) watermelon 3) , glass of a clock 

4) playing ball - 4) gramophone record 



Homework: 



Teacher: With the aid of a coin trace a circle and shade it. 

Lessons conducted according to such a plan are of great educational, 
correctional and practical value. The lessons proceed with much enthus-- 
iasm. 'Ehe pupils enter into such a le'sson with heightened interest. By 
various types of work the pupils get to know the geometric forms: ball 
and c'^cle, cube and square, parallelepiped and rectangle- The chil- 
dren*s attentipn is directed to solving one question from different 
points of view with maximal utilization of diverse methods. 

At the end of the school year lesson^^of this type can be conducted 
in the second grade as weli* A lesson on the topic "Ball and Circle" 
was conducted according to such^ a plan in the second grade Qf Ul'yanovs 
Auxiliary School No. 39 by teacher V- N. Blagosklonova. After a series J 
of such lessons had been conducted and the children had begun to dis- | 
tinguish such concepts as ball and circle, cube and square, parallelej \ 
piped (beam) and rectangle, the work was to continue in the direction 
of ' strengthening these concepts behaving the childreji draw geometric 
figures with the aid of ruler, compass, and set square. 

The sequence which should be observed in drawing geometric figures 
is the following: a) teach pupils how to draw a figure by outlining 
a pattern, b) teach pupils how to draw a square and rectangle of arbi- 
trary siz^ and of a given size by using a ruler on squared paper, 
c) teach pupils how to draw a square and rectangle of arbitrary size 
and of ^ given size using a ruler and a set square, but not on isquared 
paper. 

Using a Bt>t square to draw geometric figures is an important method 
in the instruction of the auxiliary school pupils* But insufficient 
attention is given to this tool in geometry lessons. In the individual 
investigation, not one pupil used the set square in drawing a square 
and rectangle* The pupils df^w a right angle by sight, even though 
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each child had a set square in front him* The pupils of the public 
school stated that they had not been taught to draw a r^fght angle with 
a set square# 

The teacher'^ problem is not only to teach the pupils to draw a^ 
square or a rectangle with a set square at her direction, but ^Iso to 
^ teach the child to use this instrument independently in everyda^'vork 
in drawing geometric figures. The problem is primarily^ to get the pu- 
pil to think about tlie work being done. Every ^advance, no matter how 
insignificant, develops the mentaLiy deficient child. 

One should use various metHods in drawing a circle. Besides out- 
* . lining with a pattern, the pupils must be taught m draw a circle with 
their compaBses, In the fourth grade it is useful to show tlje drawing 
■ of a circumference with the aid of a thread^, pin, and pencil. 

There is another method of drawing a circumference using strips 
of paper. One side of the paper strip is fastened by a pin or a needle 
at v^a(rious distances, and in the other side a hole is made for a pencil. 
With the aid of such an uncomplicated device, ona can draw circumferences 
of circles of various radii. Tlie auxiliary school pupils must be 
acquainted with all the above methods of drawing circumferences . 

In the' third and fourth grades of the auxiliary school it is possi- 
ble to teach the pupils how, to draw with the aid of three straight lines, 
and also to be able to make such lines out of matches, little sticks ^ 
'and the like. But what ^oncepts can be presented to the pupils of the 
lower grades of the auxiliary school? f 

Through practical measuring and studying of the square, the fptirth 
^ grader^ acqulra the following ^geometric concepts: 

^ 1) A square has four angles. ^ ^ 

2) All angles of a square are right angles. 

3) A square has four sides. 

4) All sides of a square are equal. 

Similarly, the pupils master the following concepts about a 
^rec tangle: 

1) ^ A rectan)2;le has four angles. 

2) All angles of a rectangle are right angles. if 

3) A rectangle has four sides. 

4) In a rectangle, the opposite sides are equal. 
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At this stage of instruction we still cannot define the square as 
^ a quadrilateral which has four right angles and all sides equal. We > 
can only describe the "essential features whereby this geometric figure 
is determined. Even here there are superfluous descriptions. For 
example, if a square has four sides, then it would be possible t© ex- 
clude the four angles, but for the pupils of the auxiliary school it 
is important to emphasize both of these; *for, by reason of^is^ intel- 
lectual inferiority, 'the pupil of the auxiliai^y schooj., liaving'^mastered 
the proposition that a squareMias four sides, ^;£tnnot answer the question 
"How many angle^vdoes a square have?" if he hasj jiot counted ^rfiein be^re- 

hand • ' X 

In o.ur investigation we discovered tliat in the fourth grade the 
pupils l\iive already determined geometric figures -according to Individual 
essential features. In distinguishing a square or rectangle, different 

pupils focused on different features. We can conclude Vkat the geometric 

o 

"concepts indicated above are completely compreheixsible to fourth graders, 
and it would be a mrstake not Lo use the abilities of the auxiliary 
'school pupils. 

In determining the essential features of the square, of the ^ 
rectangle, and of other figures in the process of laboratory work, the^ 
pupils themselves should examine a series of squares or rectangles pre- 
pared by the teacher befdrehand, for which it is necessary to count 
tke number of sides and the number of angles, to measure the length of 
a side, and to measure the angles wi^i t^e aid of a drafting set squa^re. 
Each pupil does this independently. As a result of their work the pu- 
plls come to a definite. concluF?ion, which is then written down on the 
blackboard. Then the^^Ti^ls * trace out a square or ' rectangle of given 
dimensions in their notebomts and write down a conclusion which they 
obtained from studying the sldps and angles of the square or of the 
rectangle. Further, one should show the pupils the similarities'^ and 
differences between the roc tangle and the square. The pupils will 
acquire more accurate coticepts of. a" geometric form only when they can 
find diversity In similarity an1i similar tt^ in diversity. 

In our investigation there were frequent cases in- which the pupils 
did not distinguish the square and the rectangle, especially when these 
figures were near in form. In this case only by measuring was It 
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possible to conclude tl%at one fonn was a rectangre and the other a 
square. In the process of such work we not only widen the child's 
knowledge, but we a|Jso develop his thought, ' ^ ^ 

For this purpose one 'can take a rectangle similar to ^ square^ 
in dimensions and ask the pupils to name it. Most answers will be .'^a 
sqijare," since the chiTdren relate a figure close to a square to a 
square. Then one should ask them to verify ^their assertion.. How^can , 
one verify it? Only by measuring th^sides. The pupij. tHe^reby con- 
vinces himself that this is not a square, but £l rectangle. Further, 
one should give the pupils a series of figures to compare, and each 
time to note tbat.it is not 'always possible to answer correctly and 
immediately the question: "What is this- figure called?'' As a result 
of such studies, we learn that it is necessary to teach cliildren to 
relate critically to pi#nomena ^ the material world. 

* In tjiose cases in which analysis and synthesis are necessary, 
the pupils develop their thought, since analysis fend synthesis are 
"aspects of a person *s intellectual activity • ^ 

In comparing the rectangie aijxi square, these figures can be dis- 
tinguished^ only by measuring the sides, since all the other f^atufes ^ 
are sim^^ar; henc^ the. pupils shpuld' trace out the f^ollowing table 
in their notel?ooks (Figure 12) • In addition it is a good idea to copy 
such a table onto a large sheet of paper and to hang It up as a visual 

aid . ' ^" 

In studying the cube and^ parallele{>iped , the children 'should be 

presented with the following concepts (Figure 13), in which one should 
also emphasize similarity and diversity. 

At this stage the pupils acquire the new concept of ^^face,'^ and 
in the ^urth grade one -can acquaint pupils with the name '*tH||j^llele- 



plped." The pupils must be acquai 
parallelepiped. Tac-*: faces of a pa 



:ited j«7it#h the varieties of the 
rallelepiped (be^am) may, be either all 



rec^^tangles, or four rectangles , and two squares, or all squares (the 
cube is a special case of a parallelepiped). *ie can show this espec- 
fally well^in the process of modelling geometric bodies. 
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^Similarities and differences between 
a rectangle and a square 
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Square 


Rectangle 
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xiare has four angles, 



2) - All angies of a square are 
right anglers. 

• 4), A square 1\as four sides. 
Differences 

* 4) All sides of. a square are 
equal to each other. 



1) A rectangle has foiir / 
angl^^^ 

2) All angles of - a rec- 
tangle are ri^ht ' angles! 

3) A rectangle has. four 
sides. 

4) Opposite sides of a 
rectangle are equal. 



Figure 12 





Cybe 



Similarities 

1) A cube h^s.' six faces ^ 



2) Ail faces of a cube^have the 
*^orm of a square. 



3) 4 cube has 12 edges 

0 

4) A cube V has 8 vertij:es». 



FigureU3 
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Party, le] epiped '(beam) ■ 

S I 

A. parallelepiped, (beam) 
has ftix faces • 

2) All 'fakes of a parallele- 
piped- (beam) have the form 
of -a rectangle, or of a 
rectangle and a squar^, 

3) A parallelepiped ha^ 12 edge 

4) A parallelepiped has 8 
„. "vertices. I 
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The study cube and parallelepiped (beam) should be conducted 
with obligatorj?Knodelling. WKen the pupil makes a model of a cube, ^ it • 
can tl^en be giv4n to another pupil to verify whether his comrade 
modelled a cube well, and if it must be corrected so that the cube will 
have tile correct form. By measuring faces ^he pupils determine whether 
the faces of the modelled cube have a square form; if not, it is not a 
cube • ■ . . * . ' 

In our investigation we discovered that in the process gi£ model- 
.ling geometric Bodies, 'riot only in the auxiliary school but also in 
the public school, most of the pupils modelled a cube in the form of a 
parallelepipeiT with a square base.' It is not easy to reproduce a cube 
corfectly by modelling, and in ^ this case the pupils should develop a 
certain ^kill in carrying out the problem correctly, % For'^variety in 
the work, one can propose the following check: each of two pupils 
'sitting next to each oth^r determines, by measuring the «»f aces of a cube, 
whether his neighbor -has carried out the taj^ correctly . 

To make the process of becoming familiar with geometric forms as 
complete as possible in the lower grades, all forms of study should be 
conducted with maximal use of practical projects in class, at home, on 
the school grounds, and in the field. For practical purposes the pupils 
must ba able to measure the length, the width, and the height of the 
c/assroom and of a room; and' they must also knpw, haw to construct 
geometric figures not only on. paper and ,on the class blackboard but al6o 
on the groynd. For -dons tr tic t^ing alright angle in a certain plane a 
T-square ifay be used. The^ pu^i4!s^'^ knowledge of the elements of visual 
geometry will haVe value only wl)eijifaii forms cif practical projects and 
all the pupils* abilities are use^in studying geometric forms. Here 
in the 'lower' grades the studies should be conducted systematically, 
in a definite sequenoe, and should be planned for the entire school 
year. Unsystematic studies, put off until the end of the school year, 
will not produce the effiBct needed. * 

The mentality deficient child should be taugfit to distinguish a ■ 

S' . 

geometric form» to name it correctly, to find It in his environmtint , 
and to roproduce it|4n a drawing or by modelling. Only comprehensive 
study will pXi^ote better mastery of ^he geometric form and correction 



of the defect of the central nervous sytem. 'Before modelling a geo- 
metric body or drawing a geometric figure, the pupil must have an 
idea of the shape of the given geometric form, an'S- then reproduce it. 

If the child simply contemplates the square and rectangle, even 
naming thfese forms correctly, this is still insufficient for his mastery 

of' the given form. He must .be able to tell why fie thinks that this is 

f 

a rectangle and not a square. He must be able to say that the opposite 
Hides of a rectangle are equal. And he must be able to ^neasure the 

sides of a rectangle and say thati- in this figure the opposite sides are 

!^ 

equal, and hence it is a rectangle (in the presence of the other pro*- 
perties of a rectangle). Only reasoning^pn "the part bf the pupil has 
definite pedagogical ^lue: it trails him to .think and to make a de-^ 
duction^. It ia especially necessary to see tliat this occurs in the 
auxiliary school. - ^ • ^* 

Afotising curiosity in - the .ichilflljen is a very ijnportant asi^^ct of 
instruction. ^ , ^ . ' , 

Without a system of preliminary' exerc^Lses \-n the lower graces, 
the further study of "geometric material and the elaboration of n:hc 
fundamental practical Bkills will be more difficult. Preliminary 
studies of geometric material by auxiliary school pupils in the ^lower 
grades' li^ve both educational and Correctional sigjilf icance* 

^^^thod^ of H^ud^in^ G eometric Mate^'J^al in llj^ Uppe r Grades 
9L. ^^i^-^-'-Jf^OL School ' ^ ' ' ^ 

From'the fifth tu the seventli grades, studies of geometric Qiate- 
rial ara to bo conducted regularly, * * The program st4^ilateii ,i that there 
he a required .dkily lesHon throughout the whol-e school yei^. By this 
,tiific, ' the pupils should have U/definite system of knowledge of geome- 
tric forms » Tho pupils should name geometric figures aad bodies cor- - 
rectly, should be able to disLin^^uish thorn (ros^ other forms, and sliould' 
aLso be .^killed in elemt^ntary geometric drawing. Only in tliis ca<^G will 
the lessons in the study ot geometric material in the upper grades^ be' 
conchir.ted successfully and on a hi^h JjpveK . - 

Most^ pupils of the auxiliary scliool complete their , edupat ion 

* *■ ' 

4nd then go into manufacturing; herlce an elementary , geometry course \ 

' ' > ♦ * \ , • / ' '' 

should i)e somewfiat difi'er^nt from the studies of^ visual geometry in the 
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public elementary school. The course should be systematic. One must 
give the pupils a complete knowledge of the geometric Ideas and con- 
cepts accessible to them. - 

Logically and practically the study of a systematic course of 
elementary visual geometry in the upper grades of the auxiliary school 
should begin with the simplest geometric concepts. 

We fconsider it advisable tso begin the study of geometric material 
with the point. The point is a primary concept. One should not define 
a point. A model of each t>riinary concept can and should be shown. One 
must show how it is possible to set down a point and how a point should 
be designated. On the blackboard the teacher uses chalk to mark one 
point and says that he has put down a point; then he puts down another, 
and so on. Then it should be stated that it is possible to pl2t down 
, points in a notebook. Points will b& put in the book* In order to 
point out something on the ground, one makes points with the aid of 
pegs. In practical projects the pupils make points and designate them 
in their notebooks, on the blackboard, and on. the street 

The next concept that should be presented to the auxAiary school 
pupils is the concept of a line (straight, curved, and broken). \he line 
is also a primary concept; hence one should' not define a straight line. 
With a ruler the teacher draws .a straight line or^ the blackboard and 
shows it t6 the pupils. Then he sS^ws how it can be extended on both 
sides with a ruler. 

Then the pupils» draw out straight Ujies in their notebooks. The 
auxiliary school pupils should be sho^ repeatedly how straight lines 
are drawn out; as many exercises a^ possible are necessary on drawing 
out str^vlght lines, segments, and especially segments of ^ particular 
.length. To teach an auxiliary school pupil the correct use of a rulet 
is not very easy. We may encounter the most diverse difficulties. The 
teacher's problem 1^ not only to show*- how a ruler is used on the black- 
board, but also to show, each pupil, individually, how to use a riri^cr. 

One must perform a series of exorcises with th^ pupils in looking 
for straight lines in the Surroundings — in .a room^on the edges of a' 
book, on a table, on a desk, and the like, and show a straight line 
with a taut thread, with the aid of a thin wi^o, with a sm^ll stick, 
and the like. Also 'the teacher shows a bent Line and a curved line. 
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The children 4raw and label thesV, lines in their notebooks\Figure 14) . 





straight line^ broken line curved line 



Figure 14 



\ 



Then once more the pupil's attention is directed to the straight 
line and these concepts are presented: 1) straight line, 2) ray, and 
3) segment of a line. 

Until familiarity with these concepts is attained, it is nqt 
advisable to draw a line on the ground, or to copy a line with the aid 
^ of a card. It is advisable to^conduct these practical projects on 
consolidating knowledge after the pupils hAve become acquainted with 
the ray and the segment - 

For familiarisation with the ray, a line ds drawn which is bounded 
on one end by a point, designated by a letter (Figure 15) • 



^ Figure 15 

One must clarify that the ray may be continued as far as one likes. 
Then show that; a line may be bounded by points from two sides, and such 
a line is called a segment (Figure 16) . 



Figure 16 

Here, drawings of the line, the ray, and the line segment with 
appropriate names under them should be made on the blackboard and 
the pupils' notebooks (Figure 17). In the study of 'lines it Is neces' 

; 
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straight line 



A- 



ray 



line segment 



Figure 17 

to show the pupils that lines, rays and segments .may be drawn in 
different directions. Nfhe practical projects of thig section are 
'looking for straight lines in the limned iate surroundings and drawing 
lines on the blackboard with the aid of a stretched cord as carpenters 
and hous,epainter8 do; it is also necessary to conduct a series of 
studies on drawing lines in the schoolyard or in the field. 

After the pupils have bBen acquainted with straight line, ray and 
line segment, one should conduct studies in comparing segments. Here 
the pupils are presented with new concepts: 1) ^^equal segments," 
2) **greater segments,** 3) 'lesser segment.** 

Sticky provide a good means of comparing segments. Then one must 
show the difference, of segments using threads, and, after this, pass 

to comparing the segments by measuring. ITius the pupils Acquire 
a concept of the straight line; they become familiar with lines drawn 
on paper, in carpenter's or in housepainter projects, and on the 
ground . 

Further, it is necessary to acquaint the pupils with the mutual 
position of two lines, and with parallel lines. One should show the 
pupils that parallel lines do not intersect no matter how much we 
extend them. In a series of concrete examples show parallel straight 
lines: streetcar rails, a tablets edges/ a book's edges, and the like. 
In addition, ilp* is necessary to teacli the pupils to draw parallel lines 

with a ruler and set square. * ^ ^ 
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Then the pupils become acquainted with perpendicular lines • One 
must teach the pupils to draw perpendicular lines with a set square. 

In studying lines, special attention should be given to measuring 
segments. This topic is most important for the auxiliary school pupils, 
A necessary aspect is for the pupils to become acquainted with the units 
of measuring length — millimeter, centimeter, decimeter, meter, and kilo^ 
meter. A segment the length of a meter, of a decimeter, of a centi- 
meter, and of millimeter should be drawn on a paper or on the black- 
board • 

' The most Important aspect of studying geometric material Is the 
comparison- of the "Cnits of heasurement — linear, square axij. cubic. One 
must clearly differentiate among these units of , measurement . 
K The next stage of \^ork is acquainting the pupils with angles/ The 
.angle is also not defined, but is shown visually, and the teacher says 
that **This ''is at^angle/' A series of exercises is conducted demonstrat- 
ing anples> of various objects. Then the pupils are acquainted with 
elements of an angle (Figure 18) . 

i 



' vortex of 
the angle 




side 



Figure 18 



For a better mastery of the' concept .of angle it is necessary to 
have au angle on a hinge made of two sticks. A-serics pC" practical 
exercises on drawing angles is conducted with the pupil*. "^Wlth a 
moveable angle one can show an acute* angle, an obtuse angle and a right 
angle. Further, it is .^^so necessary to show acute, obtuse, and right 
angles oa various objects in the environmental situation; and to f^ro-. 
vide better mastery, it Is nectissary that the pupils find the angles 
themselves . 

A good tool is provided by angles cut out of colored paper. With , 
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the colored angles one can show the difference between acute, obtuse, 
and right angles. By comparing, the pupils should learn that an acute 
angle is less than a right angle, and an obtuse angle is greater than 
a right angle and an acute angle. 

In their notebooks the pupils should draw angles and write their^ 
names beneath them (Figure 19) . 




acute angle right -angle obtuse angle 

Figure 19 ^ 



The pupils shpuld experience the llifference between angles 
in cut-out constructions not only by sight but also by touch. 

In the future, the pupils wJ^ll often encounter right angles; hence 
the study of the right angle should be alotted more time than the 
others, and the pupils should be taught to draw a right angle with a 
set square. If there is no set square, then a right; angle is easily 
made out of papex which should be folded twice for this purpose; this 
method must also be taught to the auxiliary school pupil. 

*In the sixth grade in drawing and measuring angles, a protractor 
is use^'d; this? section follows the intial study of the circle and 
circumference. ^ 

Wlien the pup^^^ are presented with any new concept it should be 
written down on the class blackboard, and the pupils sjiould write it 
in their notebooks. This concept is repeated several , times . At first 
only the good pupils repeat the name, and then the whole class repeats 
it. In the process pf farming -new concepts and for better mastery of 
.them, the teacher must use every means at his disposal. In mastering 
new concepts it, is necassary to retu^i to the old onea, but to repeat 
them in another context so that\the pupils will not hk^ bored. 

In the fifth gra^le one should not restrict oneself only to the 
study of lines and angles, but should ^^^o review the geometric figures 
and bodies which'TTre pupils have studied in the third and fourth grades 



The review should consist of measuring the lengths of segments; 
the lengths of the sides of squares, rectangles, and triangles; the 
lengths of the edges of a cube and parallelepiped; the review also > 
should consist of looking for angles in these geometric forms, ^In 
doing this, the pupils must recall the names of these geometric forms 
and aJ^Q^'must reproduce them ^by drawing and by modelling, ptherwise 
the geometsric material which the pupils havel' learned in the fourth 
grade will be forgotten in the fifth and sixth grades • In this case 
geometric forms will be visual tools and a means of better mastery 
of the basic geometric concepts studied as designated by the program 
of the fifth grade. 

* Sixth graders begin the study of geometric material with the circle 

.and its circumference. Tlie elementary concept of the^^ircle has been 
mastered by the pup^^ls in the third and fourth grades • In the sixth 
grade this concept is broadened s:ifenif :^antly ; tHte pupils become 
"acquaSnted with the circle, with the circumference and the radius, 
with the chord and 'the arc, with the property of the radii of one 
circumference (all radii of one circumference are equal) , with the 
diameter and its property (the diameter divides the circumference . 
into two equal parts), .and with the property of the diameters of one 

' circumference (all diameters of one circumference are equal) » ^ 
To acquaint the pupils with the circle and the circumference, 
one must draw a circle on the blackboard and shade it in. In their 

"notebooks the pupils draw circumference and circle by outlining, and, 
in acjdition, the circumference is traced out with compasses, pin and 
thread, and strips of paper. Tlie pupifv^rc asked to indicate the 
line whic^h has been obtained by drawing a circle; such a line is called 
a circumference. , ^ ^ 

The auxiliary school pupils sometimes confuse the concepts of 

# circle and circiimf eirence. One must give this question the most serious 
attention. For this, one can propose the following* Draw a circle., and 
shatie it in (preferably with crayons), and write i^iside it ^'circle'' 
(Figure 20) . , . " ' 



76 



ERIC 



Figure 20 ' ( Figure 21 

Then, by one of the methods indicated above, draw the circumference, 
an^J^-^jinrite along its border' '^circumference" (Figure 21) • Draw a circum- 
ference, with crayon preferably, or with colored chalk, on the black- 
board to give the pupils a striking image. These twct drawings should^ 
be placed side by side. Then one should cut a circle out of ^paper; 
and on this model of a circle, outline the circumference with a finger. 
In addition one should make a circumference out of a wire* In drawing, 
designate the centers of the circle and the circumference. Then fold 
the circle along a diameter and compare the two semi-c.lrcLles. The 
pupils do this.*^ith their circles. Having folded. .it in .half otiji^ moire, 
show the radius of the circle and the circumference; and on this same 
paper show that a circumference has any number of radii, and that all 
the radii pf a circumference are equal. 6n two equal circles cut out 
'of'papfer show that a circumference has any number of diameters, and 
^ that all diameters of one circumference are equal. Acquaint the pupils 
with other lines of the circumlerenge and with chord and afc, of whicli 
there are arbltrai^y many in each circumference. 

The new concepts "diameter," "radius," "chord," and "arc," are 
written down at ^^approprlat^e places in the circle. The pupils make 
similar notations in their notebooks and repeat the new words miny 
times to learn them better (Figure 22) . These ^lln^ should, for better 
, mastery, sinfeled out with colored ^rayons In addition, one should 
show that diameters, radii, and chords can be dr^^ in various direc- 
tions. Arcs ma'T also be drawn ^anywhere in a circle. For the auxiliary 

' school pupils itt is especially necessary to emp^hasize this fact, for 
> •* J ^ 
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Figure 22 

4 

the pupils often draw a diameter or' a radius in the horizontal position 
only. Such a comprehensive study of geometric concepts promotes a, 
better learning of these concepts by t]ie pupils .of the auxiliary school. 

After the section on circle an* circumference, we return to angles, 
to measuring ^nd constructing them with a protractor on the basis of 
the students^ familiarity with the circle and circumference. A series 
of projects and exercises are conducted in measuring angles, drawing 
angles, and the like. . • 

One can go on in different ways, One can begin with the study of 
triangle, square, or rectangle. From our point of view it is advisable 
to begin with the study of the triangle, because, this figure is the 
simplest, consisting' ^oi—fefaxee segments , and can be -constructed with 
ruler and protractor, that is, on the basis of what has just been 

studied. ^ • * 

' The third and fourth gr^ers became acquainted only with the fonrt;^ 
of the triangle and, with this, with the triangle in general. 

Brbadening the concept of the triangle in the sixth grade, wC 
acquaint the pupils with various types of triangles, with the altitude 
of a triangle, witli its base, as well as with the simplest c^ses'of 
cdnstruct\ing triangles. In addition, in studying, this section t^e pu-- 
pils becom^ familiar with the new concept of "per I'^etei;^/* 

After the triangle has become familiar, i^ may be defined as part' 
of the plane bounded by three straight lines.. Tlie pupils should be told 
that one of the sides 1« called the base, and a perpendicular drawn 
from the vertex to the base . is called the altitude of tte triangle 
(Figure 23). All this must be visually demonstrated using triangles 
'drawn on. the blackboard, cut out of paper, or made out of sticks; and 
the pupils should write down all these concepts in their notebooks. 
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Ipase 
Figure 23 



In connection with the study of the triangle^' a series <^ practi-- 
cal projects is conducted, wl^ich consolidate a series of skills in the- 
pupils and cultivates in them accuracy in work; in fulfilling 'these 
projects the material learned earlier is*tepeated.' By measuring the 
lengths of tfie sijdes of dtfl^rent triangle^ the pupils perceive that 
one group of triangles has different sides^.that in another groupr^ each 
has two ^qual sides, and* that in a third group al^ sides of each tri- 
angle are equal. The pupils conclude that triangles come in three forms 
with Inspect to their sides 1 scalene, isosceles, and equilateral 
(Figure 24). To consolidate this material one must condU'ct a series of 
practical projects to determine the different forms of triangles by 
measuring the lengths of the sides ^ ^ 
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^ scalene 



isosceles 
Figure 24 



equilateral 



Then, measuring the angles of different* triangles , the pupils 
canclude^^ha^ triangles come 'in three forms with respect to angles: 
acute, obtuse, and right angles. In all- cases it is necessary to con- 
^ ^uct a series of practical projects in looking for the different forma 
gf triangles. These forms of triangles must be written down in tife 
notebook (Figure 25) • ^ v^^- 

In this section the knowledge, abilities, and skills acquired by 
the pupils in becomiivg acquainted with the section '*Ang'tes" are. 
reviewed and consolidated. In becoming acquainted with in obtuse 
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triangle 




obtuse 
triangle 



right triangle 



Figure 25 

triangle, spV^Wl attention must be given to drawing the altitude, - The 
auxiliary -schoolSoup lis can learn to. draw an altltiude well when the al- 
titude passes wlthinthe triangle, but sometimes they encounter difficul- 
ties when the altitude is placed outside the triangle;^ that Is, when 
it meets the extension of ' the base in an obtuse triangle • We observed 
cases In which tlie pupils ' erroneoifely draw the altitude in an obtuse 
triangle as it is*^ reproduced in Figure 26 • It is necessary to give ^ 
this problem serious attention in the auxiliary school and to teach 
the pupils to draw an altitude in an' obtuse triangle correctly-^ 




Figure 26 

Using movable models one can visually show the pupils how the altitudes^ 
are pladed in .vaUious triangles. In examining a right triangle it is 
aj-so nei:fessary to give spepial attention t* drawing the altitude. 

Alter becoming acquainted wi«t:h the basic forms of triangles, the 
'pupils arc acquainted with the simple^st ca^es of constructing triangles. 
' One must teach the pupils to construct equilateral triangles and isos-- 
cedes triangles, and also to construct triangles according lo three 
given segments (sides)*, from 'two' segments (sides) and an angle Included 
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between them, and the like. ^ ' " 

Pleasuring the sides of a triangle, the pupils determine the sum 
of th§>l^ngths of^all its sides. The sum of the lengths of tlie sides y 
of a triangle is called its perimeter ► This new word and new concept * . 
must be singled out very clearly. Tlie pupils should be taught 'to read, 
this^word ^correctly . The pupils should learn the mean ing of this con- 
cept ^^accurately » In ^ computing the areas of a square and a rectangle, 
the pupils oftfcffe confute "area" and "perimeter" and compute the peri- 



f 

meter instead of the area 



One can easily show the pertmeterj)of^.-a "^riangle composed of match- 
sticks or wire, by pulling the sides oulf into a straight line and deter- 
mining the, length of this line. Show thaj: the measured perimeter of 
such a triangle will be equal to ^ the perimeter computed by measuring 
each side separately and adding the results, of the m^surements. 

Ii^ studying the triangle, the rigidity of the form should be noted- 
Show the pupils that the form of a triangle composed of matchsticks' and 
fastened by Jointpins at the angles is ndt subject to change • But if 
one fastens a square or rectangle at its angles, the forms of these 
figures C0n be changed freely, changli^^the square into a rhombus and 
the rectangle into a parallelcj^rani»_ ' 'Q5^;^hbuld direct the pupils' 
attention to a series of ol^^Je^lS-rif^it'enec!^ Into the form of a triangle 

5r rigidity: , for ex^ample,^a brace for a shelf has a triangular form', . 
whereby gfeai:er flrmnc^ss is secured 'tor ^Vie shelf; "the board^^^^^ gater ^ 
is nailed obliquely; railway bridges are strengthened by triangles- - 
Triangular forms are used -very often, as the. simplest formv Such wide 
usage of the triangle is. based on its rigidity. So that the concept 
of a triangle's rigidity will not be formal, one raust give> the pupils 
au assignment to find in their environment different supports in the 
form of a triangle. Such a task has^practical and dorrectionalr signi- 
ficance and promotes the growth of the pupils' logical thoughts The 
pupil should find triangular supports and axpTain why they were made so. 

In the process of study^ing the triangl€^, it is necessary to conduct 
a series "of {:>ractical projects so that the learned concepts might have 
a definite correctional and educational value and the pupils might i\?e 



able to use th^ir. knowledge in practice. 
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During the previous work, the pupils have become acquainted vith 
lines and segm^nt8, ^th measuring segments, with. equal segments, and 
witji right angles. On the basis of the work performed wa can deepen^ 
the study of th^ rectangle and 'the sauare. We can give the distinctive 
features of these figures, their similarities and differences, the 
measurement of the perimeter pf^these figures, and the measurement ^of 
their areas. The study of the rectangle and^the square should he con-' 
ducted in the following way. At first these forms are. singled out from 
amon^ other forms and from among objects of the environment; ' using 
awareness ^nd perception the pupils observe trhese georaet"ric forms 
diuefctly. . . 

The pupils have* already been familiarized with the rectangle in 
the previous years of instruction. Ifi the, fourt^h gr^de, the concept 
of rectangle is m^de precise. Then the teacher v^pa^^es o^r^ t,o the 
seconci stage .of i^ork; that is,- he 'explains the fundamental pr6$^e5^(^es 
of the figure being studied and directs the pupil tcN a. cprtfeot observa- 
tion and understanding o^ the figure b^ing studied. The t^eacher directs 
the pupil^s attention to the fact that. the Matter has^inyestigated' the 
sides and angles of the reptangle and drawn appropri^ate >cpr^lusions . 
In the' process of studying • this geometric form comprehensively,^ 
\ the pupils establish the equality 9f opposite sides, the ^equality. c)!f 
all the angles, ^^pnd the fact 'that in a rectangle all the angles are ^ ^ 
right angles. The conclusions of these propositions are*'arj:ived at . 
inductively.. The pupils^-are giv^n a series of tec tangles, whose 'j " 
ang^les 'they measure. Af ter' measuring repeatedly, thfe pupils conclude , 
'that all angles of a rectangle arfe equa^l* Then^ measuring, -the sides ' 
in a series of rectangles:-, the pupils conclude that iij a rec tan^gle 
• the opposite sides are equal. In this same way the pupils find out 
tliat in a square all the angles are right angles^ arid kll the sides 
are equal . ^ , ^ . 

In the process of all this Vork, the pupil^'come to the^ co^clu-' 
sion that "a rectangle is^ a quadrilateral all of whose angles .are 
right angles and whose opposite sides are equal. , ^ 

then the pupils. draw a > Rectangle . tn ^this a strict sequence is 
observed. The more exerciges u&ed a^d ^he,more diverse they are, the 
l^etter the concept is learned. ^ At first the pupils trace out a 




rectangle from a pattern or by outliniiig the base of a rectangulai:^ 
parallelepiped; then they trace it out on squared paper without a ' 
given ^ize and with specific dimensions; and, finally, they trace * . 

out a rectangle with ruler and set tequare b^^h with and without 
specific given dinyansions. V 

'^^Tracing put a rectangle does not present great difficulties, 
^ce.the pupils already know how to draw right anglBs and segments.^. ^ *• 

et as consider certain aspects which must be emphasized to the \ 
auxiliary' school pupils. The pupils are already acquainted with the ^ 
iter from studying the triangle. In studying the rectangle and ^ 
5e square the concept of p'erlmeter once .more is recalled to the pu- ' 
^ pii^s^nd, is/consolidated in a series of examples ajid ^ercises, ^in 4 
^ arithmetic lessons.^ ^The pupils are also presented ||jjj^th the new^ con-»\. ^ ' - * 
f ' cept of the diagonal of' a rectangle and of ^a square. ^ • / ' 

All new concepts which the auxiliary school pupi;).s learn^in the , ^ 

!f process of instruction must be reviewed often. Repetition must be 

^conducted by different methods so it is not boring and monotonous and- ' ■'" / 

so that mastery will be more thorough. Difficult words like "perimeter,'' / 
"diagonal," and others must be written down on the blackboard, in note- 
, , books; and, more Often, they must ber pronounced both with individual 

pupils and with the whole class. ^ . - " 

, A necessary condition for the best mastery of the ;recl^|igle and * 
the squafe is the compari'son of these figures as they are being . studied . 
Stfch a method promotes better mastery of the foi;ms being studied as . 
^well as growth of abstxiact thought in the auxiliary school pupil. The 
me^Kod of' comparison 'must be i'lln^st^^t^d^by a figure (Figure 12) , W 

Her^ the pupils imist show which sides of a' rectangle are equal, 
and which sides of a square; they must indicate the opposite sides of \ ' . 
a rectangle, llie contljislon that "the opposlfe sides 'of a rectangle 
ariB' equal'' simplifies computing the perimeter of the rectangle , 
- • ^ In the auxiH4rj^ school practice the pupils sometimes compute ' • 

' i^alf ^he perimeter insfceaji of th^ entire perimeter; hence at first 
in tiomput^j^g the perl^meter one mus6 cotii^uct computations in the form: 
" 5 cm •+ 3,cm S cm 3 cm « 16 9m. This somewliat^'^^nger notation 
^leads the pupil^ to a more complete understanding of perimeter. At 
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first the' notation should be illustrated by a diagram (Figure 27) . 
lAter the perimeter of a figure is calculated itirLthout tjhe diagram. and 
only theA can one pass over to the second form of notation: 

5' cm X 2 -f 3 cm x 2 - 16^ cm.. * * / 

Tlie conclusion that "all sides of a. square are equal" simpli^es calcu- 
latidn of the perimeter of a square and facilltatas the transition frbm 
notation . ' / 

4 cm -f 4 cm + 4 qa^ + 4 cm 
to the notation . ^ / . * 

- . , ■ ■ / - 

0 4 cm X 4 16 cm» / ^ ^ 

To consolidate ^^hls material it is jie^sary to solve a series of 
practical problems in determining the^ perimeter of the class black- 
board, the area of Ihe floor, the £|jfcl^top, and the like. 
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Figure 28 

When tl>^'^pupils We master ed\|ie essential features of a rectangle 
and a, square and have learned to distinguish these forms fr6ta each other 
they ma./ shJ^t to the construction of a* rectangle and a square of given 
dimen^' ions 'with a ruler and set square. A problem is ^ven: ''Construct 
a ractangj^ wit^i s^des 5 cm and 3 cm." Th4 construction should be - 
/done thus: a 5 cm segment, equaS to one side of the rectangle, ts 
marked off on a' straight line. With the set square the right angles 
are* then constructed at points A and B and 3 cm segments are marked ' ^ 
off. on their sides, Tlie points obtained are joined by a line (Figt!ire 
•28).. , ■ * 
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After studying the rectangle and square, the pupils go on, 
* has 1)een ifentioned above, to the study of sc^uare measures. We post- 
pone the study of squAre meaaurestuntil the next section.* ^ ' 

Lfet us now ex^unine the study of geoxfietric material In the seventh 
^ gr^ade. ' At the beginning of the schoo^year, one m^st review the geo- 
metric material that ha^ been studied In the previous years a£. iustruc-. 
tlon» The pupils should recall everything about tile square and rec- 
tangle • One should dwell on the rectangle It* somewhat more detail, / 
note the essential features of this figure, then show a new geometric 
figure, the parallelogram, and compare it with the rectangle. By 
examining the sides and angles, we discover that the parall^log^ram also 
has four sides and that, like the rectangle, ^ its opposite yS^^Sv are 
equajl/ The parallelogram has four angles, but they -are |iot right angles. 
Here lies, the difference^ between paralTelogram and the rectangle. 

A valuable device with which one can show the chang6 of a rec- 
' tangle into ^a parallelogram is a figure composed of four iittle sticks ' 

/fastened at the end^ by-^int-pins '"X^'lgur'fe 29). In 'studying the paral- 
lelogram on^ should point out that its opposite sides(are not only equ^l 
but also parallel. Then an altitude is dra^n to the base^ Using the 
parallelogram we once more consolidate the concepts of altitude and 
base which the pup 1,1s have studied in other figures. Now it is possi- 
' ble to proceed to determining the area of the parallelogram. Altitudes 
of the parallelogram should biB drawn from different points of the base 
(Figure 30). • 
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Figure 29 ' ' .Figure 30 

Hie word- ^'parallelogram" is difficult to pronoimce and' to remember. 
The pupils must r"epeat this word often and write fit down several times 
in their notebooks and on the class blackboard. A good device is a ^ 
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parallelogram cut out of paper. We shall consider determining the are 



of the parallelogram below, in the ne^ct sec'tion.* 

^ Seventh graders are familiar with regular polygons: hexagon, 
pentagon, and octagon. The pupils find these figures among others • 
and name them, wlth a pattern the pupils trace out these figures ^.n 
their notebooks and write their names beneath them. The pupils' atten- 
^ tion should be directed to the fa£;t that polygons are named from the 
number of thefr sides. If a -figure has five sides; it is (galled a '"'^^N^ 
pentagon; if it has six sides, a heKagon; and if eight sides, an octa- 
gon. By themselves the pupils should find all these figures among- other 
forms, ' \ . 

The section following i^i -the pupils' text is calied ^ "Circumference 
and Circle; Length of the Circumf e^rence ; Relation of the Length o£ the . 
Circumference; Relation of the Length pf the Circumference to the ) 
Diameter of the Circle; Sector." It is advisable to postpone this 
Section "until the third quarter, when the pupils study multiplicatioij ' 
and division of decimal fractions,*, ' * ' 

^ We shall not dwell an the studj of ^ the form of the circle^- and cir- 
cumference; but let us consider determining the length of the clr^um- 
ference,. In the auxiliary school^ dqjtermin^ng length of a cilrcum- 
flerei^ce shouM conducted only by means o^f direct pleasuring. A 
series pf devices may be' ua^ to this end. Envelope the lateral sur- 
face of a cylinder with a wire, ^'unwind the -wire, and measure its length, 
llie circumference of a coin -may be measured by a thread or a strip of 
paper. Then draw a circumference on the ^blackboard and ask the pupils\^ 
to measure its length. The problem is not beyond/ the abilities of^.rthe 
MuxiliC^y school 'pupils/ One must emphaslz^ t^t determining the 
leilgth of^^ circumference- by winding a thread or wlre^about it is in-- 
convenient, an4 one cannot always measure the Xength' of a circumference 
'by this method. *'Aj\other way of measuring the length 'of a circumference 

must be found • * * 

One should concluct supplementary wt^rk which helps the pupils . deter-- 
. mind the length of a circumference. On several circles the pupils 
, point out the circumference and the diameter. One must remember that 
all diameters of the same circumference ar^ equal. "Rut will the length 
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of the circusif erence and the' diameter be ^equal?" If the pupils cannot 
answer this question at once, they^ Should b^asked to solve this prob- 
lem by; measuring the length of the circumference and the length of *the 
diametei^ of^a coin or of other round objects • The pupils find that the 
length of the cirAmf erence is greater -than the diameter. Then it is 
appropriate to pose tl>e question: - "How miny times greater is the length 
of the circumference ^than the length ml the diameter?** ^ . . 

All the measurements ^made. shoul!a be enterdd in the followl^ table. 
The teacher makes a table like this on the blackbo'ard, and dhildrien 
draw it in their notebooks. 

^ -1 Length 'of ^Circumf erence 

, Divided by" Diameter 
Length of the Circumf efence Diameter ' (approxtmatrely) 

^ *31.4^m 10 cm • . 3*14 

• 25.1 cm • 8 cm^ 3.14 ^ ^ 

Tl;xen the pupils measure y^^^^us ^ircles cut out of cardboatd and 
tell the teacher the results of their measurements • In this ease it 
is not even required that one? pupil carry out many measurements-^ If, 
in a class .of' thirteen to sixteen children, one measures one circumT 
Terence and one diameter^ then thirteefi to, sixteen ^sigsults are' obtain- 
ed» This is fully sufficien^l for the conclusion of the rule. Each pu- 
pul's results will be different, but ali^ays close to 3.14. Th/e calcu- - 
lation should be carxied o^t to ''the hundredths. 

Then the teacher concludaa that **The length of^ the circumference 
is approxiuiately 3.14 timgs the diamet?er.^* 

The teacher writes the conclusion down on the blackboard, and the 
pupils in their* notebooks . * ' ' ^ * 

Xt\^ pupils may be led to the solution of th^ problem in the follow- 
.ing way: ' • ' . t " ' 

Teachei;: How many times its diameter ie the, length of the circum- 
ference? • 

Pupil: 3.14 times-. ■ 

T: If one" diameter is'known, how can one determine the length of 
the circumference? • 

P: Tlie diameter must be multiplied by 3.14. / • 
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^ ♦The teacher ..^^ormulates and writes down the rule: To determine 
. i" a' * ■* •• 

the length of/the circumference it is sufficient/to multi|ily the length 

of a d±afsie%0 of th^ii circumference by 3*14^ yfhe pupils write this 
rule dowipi/in tl^^r notebooks and then solve^ a. series of practical prob-i 
lems Sort:. "Determine the length of a circumference Ij^ose- 

diame-t'.erg^i^S cm," ^ 

^^^^^ a. circumference of arbitrary radius is drawn on the black- 
boll^ ,The length of this circumference is to be Sounds The pupils 
■ould measure the diameter and multiply the number obtained by. 3, 14, 
To consolidate their knowledge the pupils conduct a series of 
practical projects^ 

The Study of Geometric Solids 

In studying the cube and ^the r^ctangulaj parallelepiped the 
seventh graders expand their ^store of elementary ideas ^nd concepts 
about geomatric solids and al^' accumulate knowledge for determining 
their surfaces and volumes, ^ ' ♦ 

In studying the cujje ar)d th^ rectangular parallelepiped one should 
observe the following secjuence: ^ " 

a) Studying the form of the cube (face, edge, ^«Ws€gt) ; construe- 
tion of a cube; de.termining the lateral and 'total surface'area of a 
cube» 

b) Studying the form of a parallelepiped (face, edge, vertex) ; 
development of a parallelepiped (face, edge, va|j±ex) ; development of a 
parallelepiped. : ^ / ' 

c) Comparing cube ^ and parallelepiped. Ox^^ ^n show l5bw to 
determine' the total surface area of a parallelepij^^ed;* but only if the 
class is good; this .section is very difficult for most pupils and may 
be omitted. 

d) Determining the volume of parallelepiped and cub^. 

From a series of j geometric bodies the pupils select a cube. For 
the most part they can coifrectly select and n^e this geometj;ic body, 
but one>s^nay encounter pupils who do not name the body ^t once or will 
give it an erroneous name. Then on a model of a cube the pupils find 
the faces, edges', and vertices. Thus tke pupils once more acquire con- 
cepts about the cube. By counting up' the number of 'faces^ edges, and 

. . • .(■■ 
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vertices the pupils establish' ttat; 

•a) a* cube has six faces; ' ' ^ 

, b) a tube has twelve edges; ^ 

- c) a cube has eight vertices. 

In measuring the face of a cube they conclude t^^^^* 
'd) a face a' cube has the form of a square. / 

Then the pupils model ^ pube from clay or plasticine. 

By outlining the faces of a cube the pupils trace out and cut-out 
a representation of the cube'and th^ glue it together to form a cube. 
Even first graders could make a representation^'of the cube after a 
demonstration. Preparing su^ a representation presented no diffi- 
cult^es for the seventh graders. ^ ' , ' , 

To broaden their spatial conceptions, the pupils should know how 
to dra:w a cube on the blackboard and in notebooks in the form repro-- 
duced in Figure 31. 




Figure 31 



Figure 32 



Similarily we examine* the rectangular parallelepiped. The pubils^ 
single' out a parallelepiped from\mong other forms, 'The word "parallele- 
piped^' is difficult both to write and to pronounce; hence this word 
should be read several times > and written on the blackboard and in the 

notebooks* ^ J < " 

After the pupils have learned the name, one should proceed to 
de^ribe this geometric body .6 We consider it advisably to begin the 
study ofi'a parallelepiped ^Ih a description, ' ai^d then go on to model^ , 
'ling. In the process of 'modelling, the pupils will get a bfetter, idea ' 
of this geometric form. Then using prepared models, the bai^ic concepts 
which have been acquired in the description process are conisolidated. 
" Describing the parallelepiped proceeds roughly in the same way as 
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• describing the cube. The pupils,! by counting, establish tjiat: 

1) . A parallelepiped- has six' faces; . 

•.'^ 2) ' A parallelepiped l^a's twelve edges; * " i 

S) A parallelepiped has eight \Eertices. 

The pupils' attention should be specially dilrected* tp one final 

( . ■ * ■ 

point. By investigating the f^ces the pupils' establish that: 

^ 4) THfe faaes iq^f a parallelepiped may all be rectangles, or 

V 

four faces ^may be rectangles and two faces squares, or, as a particular 
^* case, all square's* ^ ' 

The pu^>ils should become f amillanr'N^ith parallelepipeds of the mos^. 
diverse fofms,- and only after* this proceed to preparing a model of the 



parallelepiped in clay. 



The pupils should be taught to draw a parallelepiped in tlie form 



reproduced in *^igurfe 32.^ - 

In studying^^jjie parallelepiped' the pupilS have a great choice of 
devices and inexhaustible possibilities ' in conducting practical measiir- 
ing projects. Matchboxes a pencil case, th^ classroom, books, cup- 
bbaVds, and things similar to them hdve the ^ form of a parallelepiped. 
This form is often encdunterecf in everyday life in their surroundings. 
As mi^ph time as possible stould be gi^ven to the pupils* practical pro- 
Meets in studying the foA o^ the' parallelep^ipedV v 

^ An Impoi^ant aspect of studying the cube* and parallelepiped is ^ * 
cdmpar-ison of the^e geometric forms-. Comparison may be conducted according to 
the scheme represented i^ Figure 13^. 

• It is especially ftecessary ijto emphasize to the ''au^^iliary ^school 
pupils the differenced and simllatities of a cube and of a parallele- 
piped. In this cfbnnection it is useful to conduct exercises in which 
one introduces to the pupils parallelepipeds close to- a cube in their 
dimensions,- ajid the pupils are asked to name the given geometric body. , 
^ As a rule the pupils will call this geometric body a cube*. Then one 

.should ask them to'^rove that this is avoube. ^This can be done by • , 

measuring the faces of the geojnetric body. Such an exercise, acdord- 
ing to the ability of the pupils, also plays a gre^ correctional role* 
One must strive to show that it Is necessary to consider how to prove 

90 , . ■ ■ « . 
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something in all work with the auxiliary school pupils • 
^ When the work oh studying^ g.eotn^feric forms has been completed, one, 
can^ Ijegiu determlAing, the areas the surf a<;esi^^and th^ volumes of 
the bodies. We shall postpone determining the surfaces and volumes 

4 

until* the next section. ] . x , ^ 

Next we acquaint the pupils with the cylinder; this can be done * 
u6ing the following plan. .Introduce a cylinder: and ask the pupils to , 
name this geometric body. Some will$*name it correctly. 'Then the 
teacher writes down the word "cylinder** on the blackboard and reads 
'this word several times with the pupils, ^rom «a collection the pupils 
pick out cylindexvs pf various sizes. Small cylinders are distributed 
to the children, ^ ^ \ ' • ' ^ 

The teacher describes the cylinder and poihts outs its base and 
•its ^l-a^ieral surface; the pupils point out the same on their cylinders. 
Then the pupils model a cylinder out of clay or {plasticine, first . . 
having felt: the sur£ace of the cylinder ' with^ their hands. Then, they, 
are aske^ to wrap the Ikteral surface .of tiie cylinder* in paper^and 

^ trim off th^ excess paper accufately. Th,en they outline the .two bases.. 
Tlie pupils' Attention must be directed to the figures which they have 
obtained in the cons true t^on» The lateral ^surface of a cylinder has 
the form of a' rectangle'. . To determine the later^^surface area of a 
cylinder one must -multiply the base of the ^cylinder by its height. The 

' base of the lateral surface of a cylinder is §qual to th^ length :of^ the 
clrcumf erenbe of the base multiplied by the* height of -the cylinder; the 

• length of the circumference may be Computed by multiplying the. diameter 
of the bise of the cylinder by 3.f4. The' pupils are already familiar 
with computing the length of a circil$jiSerence, and with the new material 
.they only xleepen their understanditi^, The pupils must b6 acq,uainted 



with devices for measuring the^ cylinder : . with calipers, sliding cali- 
pers, » and int^ior calipers. A aeries of practical projects should be 
'conducted in measuring the diameter of a cylinder; one should also ask 
*the pOpils to name objects *hav:^g the form./rof a cylinder, and, finally, 

_ — i_ 4 ' 

* For brevity, in the future we shall say ^'determination of the 
lateral surfaces*^ instead 'of ^'determiRation of the areas of the lateral 
, sprf a^ce." ^ ' * ^ 

it .91 ' 
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reiterat^ all that the pupils have learned about the cylinder, 
y -The pupils are acquainted with pyramid > cone, and ball Uy models. 
They ^ind these geometrlQ .bodies among other geometric forms, model 
them out of. silay or plasticine, and find objects having these geometric 
''forms in the environment,'^^ Modelling geometric bodiaB is a necessary 
means of instructing the .'pupils of the auxiliary schpor", since in the 
modelling process the pupils not only learn the studied material bette 
but also coordinate better the movement of .their hands, "ihey develop 
-estimation by sight. In the ^j?^cess of modelling they ^earn a*bett^« . 
sense o^ form and develop spatial imagination, which it is necessary to 
develop to high degree in the a,uxlliary school pupils^ 

Correctly organized studies of geometric material/ promote a better 
\' masteify of geometric forms and promote .the general develppment of the 
^ personality ^of the auJiiliary school pupil. ' 

P^da^o^ical >iethods in Auxiliary School^ Pupils ' ' 



i 



' Study of Square and Cubic' Measures 

The study of square and cubic measure is. on4 of the basic consider 

^tions in the instruction of auxiliary ^school pupils in visual geofiietry 

The puptt^ls m^ter therse sections well 1^ they master the elementary con 

cepts of-are^, volume, .and units t»f measurement well, in additipn, a 

kaowledge i^ required' of the 'basic concepts of > the geoiaetric form Vhose 
* •* ^ 

^ are^ or volume is to be determined.* ' ^ 

The -pnpdls .must' learn such concepts as base^ and- altitude , length, 
f J' ' * * * 

and width, and, for g£,ometric bodies, length, width and height. Be- 

fore prd'ceeding to the stucJy of square and cubic measures, all these 

concepts must be solidly learned by ^ the children. . 

^ ^ / ' 6 ^ ^ 

^ 1* , The Study of " Square Measur e I - ' , % 

After We acquaint the pupils witiii the elen^entary concepts of squar 
and rectangle^, the next stage of work is aqi^uainting them with the 

_______ ^ , y 

11 ♦ . 

The pupils were already* familiarized with the ball at preschool 
a45e and in, the loweu" gjadfes^ In the *upper graces they only recall and 
deepen their understanding of what has p^ssed^ef ore . 
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concept, of bi;^. The measurement pf ateas, should Tsegin with the reQ- 
taagle since the/p^ils^earn £he area pi a jecjjfeagle ifiore easily ; 
Mqreover, de^J^^^njiltig the area of a.s^ukre is n special case p-f deter- 
mining the ^rea of % ifee^t^ngle* ^ ' * ' V , ' ' 
^^First 'we show . thg^uplls two rectaagles of different colors, wher'e 



one 



of then^is place^ within the^other. 

Teacher :f IJhat is*thi6 figure calle4? 

Pupil: ^' A reftan^^^^^. 
^ T: ' And ia thi^^ figure 'calledf 

P: Also a rectangle • / , '^^ , . ^ 



^ Whi-th of these two -rectangles ^is' larger? ^ / 

ft " Th^ pupils'point out the larger reptangle, . » ^ . * 

T: .And how can thi^^be "^rov^n?. ^ * >; 

P: Place .one on top of thtf other. ' ' ' ' ^if^ 

Then they* compare the larger rectangle with -another one whose aifea * 
' is greater still, and the pupils dotivince themselves thait the new rec- ' , ^ 
► tangle has an area greater than thkt of the giv|n one, an/ that t|fe 



' - given one's' area is less than the new one's area. And, finally, eqoal^ 
rectangles are shown t6 the pupils. ' * * 

comparing the two different redtanglts one can show that rec- 
. tan^^les can be cqua^ or dif f erent . V At Jthe frrst stage "larger,^' 
**smaller, ".or "equal," can be shown only on figures whose difference 
or equality can be shown by superj^sitrion. 'The pupils learn that v 
figures ntay* be equal'or different. 
, , Then we take two different rectang:^es, oiie of them \^th an area 
^"^twic'e that of the. 0ther, and we ask the pupils *'which figure is larger?" 
The 'pupils I ind the answer to this ^question by superimposing the -fig- 
ures*. . * \ ' ' 

"But can we determine hpw many tl,mes orle rectangle is larger than 
•the other Among the rectangles, we i:hoose three or four of the same 
^ sije as t)ie smaller. ' Two pupils p^ace the rectangles on the giv en Qnea-, 
by superimposing, they (determine that xhe area of one of ^tKem is twix;e^ 
the area of the oVher, for two equal rectangles fit i^i*^ it. , 

Then th^ same figure's are shown again, and thp^ question is changed 
to "Which rectangles are equal, l*rger, or small^^tjR^ The cpncept of 

' • 93 • 
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the atea of* a squara is presented in tile same way.>- _ / 

-Then the pupils are' aslted to determine the difference betweeii 
thejappas of ^ rectangle, an4 a -square, .when* the length pf the rec- * 
taxigle'ls twice tl^e lenferh the side'^^xl 



^ the square,. and its width - 4^ 
half, the^slde of the square • ^ 

/*%Ihich thesa-^igures has the greater area?" ^ ^ 

Thp pu^ls hav$, difficultjf ix} answering. ■ . , 

. Xhen /the ^teacher , by foidihg^^he rectangle/ sqii^re in half and 
tut ting* along- the line of the fqld changes , the rectangle/ square into *" ^ 
§ square/ rectangle S3 f -equal size. Through'' this demonstration the 
^ te&cheri'^slioj&S^tjhi^t di^ffer^ht figures .may^ have equal^ areas, ' i\ ' 

^T^ien *tHe te^chef , with'^ cdncreffe examples, fitityg^s the ,area: of ' 
dif f ere^t' ^i:m6j ^ the %rea of the floor,, of a ^airfcase, of a corridor, ' ^' 
'i, of a yard, and of a^garden. .By ' superimposing;, the magnitudes^ of the 
• areas ara compared. , T . ■ . * - \ . ' * 

Then the pi^ils are asked to- compare the areajs of two figures which ' ' 
cannot be compared by supeximposihg . A new question arises: Is^t 
possible to first measure the areas of the>» figures and then to compare 
these areas? Thus we lead the pupils to the neces6ity> of j aeasAiring 
area^- ' , 

' After^this st^ it is apgropriate to review the units used in 
measuring lengt^ The pupils determine in their practical projects % 
the length and width of a rectangle and a square, the perimeter of 
these figures, and the perimeter of a triangle.' The pupils are shown 
a table -with , linear measures*^ and repeat the practical measuring of 
segments once more. They co^iclude that the length of a segment or of 
a line is measured in linear measure. 

Tlie pupils are given various units of measure; measures of 
weight, of angles, and af length. The pupils should understand that 
different measurements have their own particular units of measu^ng. 
One shoulo »show that areas cannot be measured in same units used to 
measure leiigth, weight, or angle size. 

Area is measu-red by areas\ It is most convenient to measure 
tfie area by squares One adopts square measures for measuring areas. 
These are special squares. Here one should review about squares 

■94 • ... 



ERIC ^ 



in general, then -from. among them' j single, out squares with sides* ^ 
of one centimeter, one decimeter, ; one millimeter, and s€^ fprth* Such 
8xiuar^» ajre, drawn in the class notebooks and fbelow them fLs .vritten 
8y> cm ,^ sq/ dm , and mm , e{k:. ' ' • • # 

The pupils shbuld be ,v±|ually^ shown rthe difference between linear 
ai^d square measures. In the 'auxiliary school It frequently _i^i^e^' 
•that pupils mkasure area with, linear measur^es. . This *ig bec^iuse of th^ir 
inadcutate ideas of square, qiea^ures. ' ' < ^ 

In their notebooks the. pupils silould have a tab^e like Figure 





r — ' 

Unit of measure 
for length 


— ^- — , ^ — 

Utiit of T3»easure 
y for area ^ 


1 

4 


• 

• 1 ima % 


* ' * ' P 
' 1 sqf«.-mm 




4 ' 






1 cm. ' ' . . 






* 1 sq; cm 



Figure 33 

In our investigation we frequentl;}^ observed' c?as^s in which the 
pupils wrote down linear uni^ when measuring areas; most serious 
attention should given to* t^^^roblem in the auxiliary school* 

A square meter is \drawn •'^^lyfc^^ac^kboard . The square centi^ 
meters contained in the square meter should be shaded in. The p>ipils 
should understand that 1-^ centime teV an^ 1 square centimeter^ are not 
the same thing. ^ ■ . ^ 

(k square meter should he pasted together from paper or made fiut 
of st^ks. The square meters should be drawn- into square decimeters, 
and the square decimeter^ into square centimeters. One should count 
how many square centimeters there are in one square deciineter and how 
majiy square decimeters are in one square meter,,'^A large number of 
squares the size of each square unit^ should be cut out of cardboard • 
Tlius, the puptls will haye visual ideag of square measures. ^ 

After acquaint/ng the pupils with square units, one should begin 
measuring the area of a rectangle. At first the area of a rectangle 
is'* measured by superimposing square units* Here one should conduct a 
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series of practical projects in computing ^he areas of rectangular 
figures by superiii/osing. The iieacher measures the^areas'o/ figures/ 
bef orehahd ^so that thfe square units fit Exactly on the surface of the 

figure being ensured. The area of a tabldf! a desk, a book, and/the^ 

* -/ * 

like are measured; on'fe should also measure a large rectangle cvfi out 

of paper. Decimeter squares arfe pat next to each other, arid ^hen 

their number is counted' and written^wn as: the area of the tabl^« 

80 sq, dm. The inconvenience^ of this method of . measuring is pointed 

out £b the ^upiJjS,,and it is prpposed ^that they determin^^^ the area by 

another method. ^ ' / ' 

■ * \ / ■ 

A rectangle isrtraced out. By covering it with square decimeters, 

pne divides ^t into a series of squares. These are then cotinted. In 
this case the "teacher points out to the pupils that it is -possible to 
measure the area of a rectangle using only one square unit of measure- 
ment. * , ' ' 



/ 



Figure 34 



After the rectangle has been divided up into squares >(Figure 34), 
its area is determined by directly' counting the squares c^tained; then 
the teachet states that it Is possible to determine the area of a ^ 
rectangle in another way, and the fpllowing dialogue is cotidufcted. 

Teacher: \ How many square decimeters fit into the lower row? 

Pupil; 5 &q dm. (This is determined by counting directly). 

T: How many fit into the second row? 

P: 5 sq, dm. ' And so on. . , • 

T: How many euch rows of 5 sq*. dm each are there? 

P: Four rows. 
. T: Then how many squares are there altogether? 



2i One must take 5 sq. dm 4 times. 
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T:» This can be written*as:* - ' . 

P: Area of the rectangle - 5 square decimeters x 4 - 20 
square decimeters • . 

» ' ' J' * ' 

1 One ma/- conduct a lessofi on determining the area ot the rectangle' 

according to the following plan: 

Sumiaary of a Geometry Lesson in the Sixth Grade of an Auxiliary School 

To p ic; ** 'Measuring jite Area of a Rectangle" 

" ' - ' ^ \ ■ * * 

Lesson Plan: ** ' * . . ' % ■ 

ii;/ Reviewing the material i|p the rectangle. i . * 

% . . ^ ~ , * f - ' 

,2. ^Familiarization wit^;i the unit^- of 'jmeasuring area. 

3» *Drawing a square decimeter, ^square centimeter, and a 

rectangle in notebooks.,* ^ , ' 

# ■ 

4. Measuring the area of a rectangle by covering one with^. 
square decimeters on the blackboard and with square 
centimeters in the notebooks • 

-.5. >lea^uring the area of . a rectangle by measuring the ba^e 
and the .altitude • ' ' f 

6. Formulation and notation of the conclusion. 

7. Problem solving. ; 

'8* homework ^ I ^ '/ - * ^ 

Equipment for the Lesson; / ^ 

Cardboard squares the size of sqiiare meter, square decimeters, 

square centimeters; rulers, set squares, and paper. 

Course of the Lesson : 

Teacher": What is the figure called? 

Pupil: A rectangle. 

T: What kind of figu^ is a rectangle? ^ 

P: A rectangle is a/quadrilateral in which the opposite 
sides are equal, and the jungles are right angles. 

T: Point out the /base and the altitude. 

^ The pupil pointB^ out the base and the altitude. 

P: One of the/sides iS' taken as the base, and the side perpendi- 
cular to /t is taken as the altitude* 

/ . 



12 V ' 

The lessen was conducted in the Ulianovsk Auxiliary School No 

39 by teacher A. Golubchikova* 
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T: Today >»e will measure' the area pf a rectangle. To measure 
the area^ of a rectangle one must know Kow many units of 
' measureiadnt fit into this area,^ With what units of measure- 
njent pan. one measure the area of a rectangle? (The pupils 
are already familiar with the units of measuring arfias.) 

Ps With square meters, square centimeters^ and square decimeters. 

The taapher shows the linits of measuring^^eas , cut out of paper. 

T; Show a square meter, "^a square decimeter, and a square centi- 
meter. ' . ' ■ . 

A girl indicates all the units of measuretaent correctly, 

T: ' Wliy do you thj-nk this is a sq\iare m^kter? 

*P: (measures a side of the square): .Because this is a square 
. with a feide^6f one meter. • ^ ^ 

Another girl measures the side of a square' decimeter • 

T: 'Why Is this figure called a square decimeter? # ^ 

P: Because a side of this square gquajl^s- 10 centimeters or 
1 decimeter* ' ' * *^ 

The pupils measure the sides gjf squ^e decimeters' and centimeters 



||: squ^e 
out th\- 



which are on their desks aud .point out th^- square decimeters and the 
square centimeters. ' ^ 
T 



Once again name the units of measuring area. 

Ps: Square kilo|Qet^r, square meter, square decimeter, square 

centlmQtej:^' and square millimejier. 
« * 

T:^ JExamind how square measures are designated. Let us* write 
/ them down on the blackboard: sq. km ; sq. m ; sq. dm ; 
^ sq. cm ; sq. mm. ^ 

A pup^l reads ^these square units of measurement. 

T: A^d now m^sure the side of a small square. What is the length 
of a side of this square? 

Ps: One centimeter • \ 
T: What is such a square called? 

Ps : 'A square centimeter. ' , , 

T: (calling one of the pupils to the blackboard): Write down 
.the" notation for a square decimeter. Pay attention to how 
a square decimeter is written. In yo^ir notebooks draw 
square decimeters- and square centimeters. And now every- 
body wrtte down in yo\jr notebooks the topic of today 
lesson. . ^ 

The pupils write the topic of the lesson in their notebooks. 
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On the blaclcb6ard a rectangular' she^t of paper Is fastened on 
which a rectailgle Is Brawtt (Figure 35)// . ' 




i^igure 35 




T5 We must measure the area of rectangle i^CDJ, WlthCjjhat- 
kind of units, can we measure, thi^ rectangld? 

With the square decimeter* 

To measure the area of ^the rectangle on* must find out 



how 



y times a square decimetet fits. In this area. 
* The teaqJier shows how the area to be measured is covered by 
square decimeters, and two square dedimeters are outlined • Then one 
J^pil is called up; she sections the area of the rectangle by super- 
imposing and outlining the square decimeter (Figure 36). 



4 



Figure 36 



.n 

Ps: 
T: 
Ps; 



T: 

Ps: 

T: 



And now count and' tell us how many square decimeters 
fit into this rectangle. 

15 i^uare decimeters were fitted into this rectangle. 

Wliat Is the area of this rectangle? • 

The ar^a of the rectariglc equals 15 square decimeters. 
Tills may be written down asi The area of rectangle ABCD " 
15 square decimeters. ^ 

With what measures can one measure -the area of the floor? 



With scfuarfe Meters • 

And how shall we measure it? 

We lay out square measure^ on the floor. 
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T; ^But Is it conveni'ent to measure it thus?' 

Ps: No, it is liot convenient. The tables and desk^will 
hinder us. ' 

T: And if one had tP measure the area of a forest or a 
field, with what uni^s cduld one^measure thean? . ^ 

Ps: With square kilometers. xv 

T: T&ut would it be convenient to measure by covering? 

Ps: No. ^: . J ' ■ 

T; And now draw in your notebooks a rectangle with ^ides 
of I 5 cm and* 3 cm. What ^ is the l^rigth of the base 
of this rectangle? ' * " * * • 



Fsi 'The base^of the .rectAii^le equals 5 cm 
* T: How nany square centimeters 
' 5 square centimeters. 
T:'^ What is the height of the 'rectangle? 



^it/on the base? 



Ps: The benight equals 3 centimeters. ^ ^ ^ \ 

T: • How many times ddes 5 square centimeters fit into, 
. 'this rectangle? ^ ' 

Ps; Three times. . ' • . 

T: How can this be v^itt^n down?- '^'^^Si^ 

Ps: 5 square centimeters x' 3 « 15 square centimeters. _ 

T: ^What is the area of/ the rectangle? •> 

Ps: 15 square centimeters. g 

T: How can one writ^^ this down? , 

Ps: Area of the rectangle « 5 sq. cm x 3 15 sq. cm, 

T: How can one measure the area of the^ec tafigle in 
another way? • 

Ps: One should measure the base and the altitude (the' . ♦ 

length ^nd the width) and multiply the numbers obtained. 

T: How can one measure the area of the floor now? 

Ps: One should measure the lenglil^and t>he width of the floor 
and"^ultiply the -numbers obtaih«d. 

The teacher calls on a pupil to measure the length-^ and the width 
of the floor and computdMts area. " * . 

Let us solve this problem: Determine the area of a rectangle 
whose base is 15 centimeters and whose height is 3 centimeters. 

fs: The area of the rectangle ° 15 sq. era x 3 45 sq. cm. 

T: How can one determine the area of a rectangle? 



LOO 



ERIC 



Ps: To determittS' the area of rectangle one should 

measure* the base and the height (the length 
% * the wldiih) and multiply Jthe numbers obtained. 

The. pupils write down the conclusiojTin the notebooks.' 

Homewgrk : ^ , . ^ ' 

Measure, the length and \icidth of a room and determine -its areata 
. After t^# pupilff are. given an initial, acqimintance with th^ measur- 
ing of areA, oiie assigns a series- practical jprojects in computing. * 
^ th»e areas of rectangles covering the^ f i^re wi,th square unit^ of ; 
measurfement * thereby dividing* Che given figure into square Ainits# Then' 
the areas of rectangular figures arf^ compuJ^eH only by dividing them 
into. square units. But .t*he t;eacher should measure the length tend width 
of 'the rectangular forms beforehand to make sure it is 'pcJssiblc *to 
measure the areas by division into squares • 
,0 In studying square measures in the auxiliary school, this stage of 
vork is very imj^rtant although it takejs much time. In determining the 
axe^il of rectangles and squares the auxiliary school pupils bften mech^n 
ica'fly multiply the length by the width and de not understand the sense 
of determiig^g areas; they will understand it only when they discover, 
through practical projects, ^that to measure an area means to find out 
how inany square units^ f it into tfee givefi area.* 

If we omit this stage df ) determining areas in the auxiliary school, 
the later projects on the topic of ^uare measures will bear a formal 
character, and will not 'have cci;rrectional and educational significance. 
One should also measure areas in the *field, determining the area of a 
rectangular Ipt. Instead of dividing the jLot into squares, one should 
merely' drive in pegs and count the squarei^ formed with each peg ser/^ 
ing as a vertex. * • * 

'Only after' this work is it possible to lead the puj^ils to the 
dis'covery that there anotl^r, easier method for determining the 
areas of figures. Before the pupils are arhown this methoH, many 
examples of the inconvenience of the first and second methods should 
be pointed out. For this purpose one shoi^d propose to measure the 
area of a rectangle or of an object having a rectangular form on which 
a' whole number of units of measurement d(S not fit, or propose to 



• 101 



lie 



i 



measure t^e area of the classroom. The tables, desk^, and cupboardsi 
will be obstacles which, to a sigAificWt extent, will make it dif<fi^ 
cult to determine the area o£ the classroom. 

Emphasize to the pupils' that it is sometimes even impossible td 
measure' an area by this method, ^ For example,, one cannot measu^ large 
areas of ground by the method of covering. Tlie pupils canxiot lay down 
and pick up such uni«t^s. of m^sureu^t as the square kilometer, hectare, 
or acre. In measuriji^, one encounters villages | forests, lakes, or 
swamp^s'yithin or on the border 6f a' lot, so that one cannot de^eniiine 
tlie areas of " x^ctangular lots ^y the- device of covering^. " ^ * ' 

In the) class the teacher then s^iSis 6n the ^blackboard how ta d%er- 
min^ the'area^of a rectangle by tli^ usual metljpd* *the bladkboard Is 
divided ijjto two partis and on both sn^i^. rectangles of equal si|^^t'e 
traced out and the areas of these figures determined by 1:116 two methods 
(Figure 37): * . / * ^ . H 




B 



(a) 




. . Figure 37 

(a) This rectangle is divided into 'squares and, on tlie basis of . 
reasoning, the area of the rectangle is written down as: ' 'f,^-'- 

"The area of the rectangle equals 4 sq* dm x 3 dm 12 sq, dm.'* / 

(b) This rectang^le is not divided into squares, and the line^of 
reasonlnp is : 



What is the length of ^ the rectanp,!^? 
4 decimeters. 

How niany decimeters fit into the length? 
4 square decimeters, 
What is the height of the rectangle? 
3 decimeters. 
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T: How many rows 4 square decimete^rs loSg» will fit into< , . 
the rectangle 2\ 

P; Three rows. ^ * 

T: How many square decimeters fit intq the whole area? 

P: 4 square decimeters x 3 * 12 square decimeters. 

T: What ^d we do to determine the area of the rpctangjle? 

P: We measured the *leng^h^ and the width and mul^tiplied^^ 
* the numbers obtained. The area of 'the rectangle = ^ 
. * '4 sq* dm x 3 = 12* sq. dm. , ' ^ \ 

• T: i^hat auswefr did. we get in the first case? , 

P: 12 square decimeters. * , . # i 

T; And what answer xiid we get in the second- case? 

* , ' ' • / ' ' ' ' 
P: 12 square decimeters. » 

After this another pair of rectangles ^ho^li^ ^^be measured in the 
same way. » *' • ' 

In determining'^ the area -of a rectangle in the auxiliary school^ 
such 'a parallel exercise must ,be conducted* Then the pupils conduct 
a series of exercises in determining the areas of rectangular figures ' 
by measuring the width and the length (the base and the height), 
i * Now the pupils can compare the areas of two figures by measuring, 
^and can solve the problem they cQAild not solve before* > 

In the auxiliar;y school we shall not teach the method of computing 
areas in the form presented in Figure 38, 



Figure 38 

Such a method will create an incorrect geometric image, and in 
determinijig the area of a rectangle, the pupils may compute the peri- 
meter in -square units, as happened in our investigation, -fhe in^^orrect- 
ness^of this method is pointed out by P. A. Kompaniits: ^ 
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This jnethod ds .completely Inadmissible, ^slnce it gives an 
incorrect geometric in^age. T^e above-mentioned Answer of a 
pupil J'The length should be mult%lied by the width," giving, 
as an explanation, "For one 'should find put how much they are ^ 
together" is explained by the use of this method in the instiruc- \ 
tion [fe:55]. * ' ^ # , ^ 

We consider that in the auxiliary school only one form of notation 
• should be used in computing the areajof a rectangle, and this is: ^ 

Area^f Rectangle ^ 4 scjuare decimeters x'^S *^ 12 square decimeters • 

This 'form w*ll be quite sufficient for the pupils* solution of 
all possible problems in computing areas. 

There, is another form of notation, 4 dm x 3 dm "^12 sq. 'dm , 
^which is unacceptable in the Auxiliary school. The meaning of t^±s . 
notation is not uuderstandable to mentally deficient children. They 
cannot understand why, when multiplying linear measures by linear ' 
measures, they obtain square units of ^measurement • This form of no-^ 
tation more often leads the pupils in,to errors, and th^ pupils write 
down the solutio'n of a prcfclem iti^the most diverse ways: 
. a) 4 dm X 3 - 12 dm ; 
b) 4 dm X 3 dm. - 12 dm ; 
3) 4 dm X 3 " 12 sq, dm. 

We observed this form of notation in our investigation. In this 
form the solution of the problem loses its meaning. 

When the pupils use only one form of notation, without excess 
units, and when the final result must be in square unitJ, they always 
solve the given problems correqtl^y. 

Wlien the computation of thej^reas of rectangles has been learned 
well, one must pass on to soling practical problems; hereN^n^^^should 
conduct a series of practical projects in calculating areas, not ^nly 
v^jrom^iven dimensions, but, for the most part, also from given forms. 
.In the auxiliary school, special attention must be given to- computing 
the areas of rectangles when their forms are given. In our invest!- 
gfiition we discovered that the most difficult problems are problems in 
computing* the areas of given forms. Here it dLs necessary fir-st to 
determine the dimensions, and then ^ the area. Then one should gg on to 
solvlnp nrob.lp.mR in domputing are^ . 
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Computing t^^e at^ea ofi a square Is done in the same w^y^as comput- 
ing the area of a rectai\gle; 'llere one must not neglect the^work con- 
ducted in calculating the 'area of a rectangle, siAce lt"i6 important 
for the pupils td understand the meanings of compulsing tAe areks not 
,t)nly of rectangular .forms but '^Iso of square of^. In^^ur investi-^ 
gations we'-obser>^ed that in-calculating the ^ea bf a square the pupils'^ 

encountered more difficulties than in detemllning the area -of a rfec- ^ 

^ ' ' ' \ 

tangly. In determining the-area of a square one should points out ^ that 

the length ^nd hei^t of a ,squar# are equalj anc^ that to determin^ the 

.area of a square one should multiply the base of a square by it8el';E» 

'When wording on practical projects, the pupils had t,o be showtt'the 

measures of ground areas: are and hectare. To jacquaint'^-the pupiis 

with the* are and the hectare one should conduct a lesson in the, field' 

(outside the city) or somewhere in a park. The pupils become visually 

acquainted with a square whose side is 10 meters long. Sucn a 

square is called ap. '^a,re" or, *in general usage, a sotka (hundredth 

part of a hectare) » . In constructing a square on the ground with a 

side of 140 m , tht pupils come to know the hectare* "f" 

The pupils will have a cotnplete and accurate idea of square $ 
measures and the measurements of areas only when they have become ac-^ 
quainted with the various ''unit me^Lsures and the various methods of 
measuring them. In calculating the areas of a rectang and of a 
square, one should give special attention to the difference between 
computing the area and computing the perimeter of a given figure. The, 
auxiliary school pupils often do not distinguish accurately enough 
between the concept of d^termiulng the area and that of determining 
the perimeter. It is necessary t"D show that these are not the same. 

We can indicate the following basic stages in studying square 
measures and measuring areas: 

a. v giving the pupils an accurate concept of area as the space 
contained within a figure; 

b. giving the pupils visual acquaintance with square measures: 
square millimeters; square centimeters;' square meters; are and hectare; 

c. measuring the area »of a rectangle (square) by completely 
coveting it with square units ;^ 
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d)jHfeurin^' the ^ea df a rectangle (square) by ^iviHing it into 
^qua^Bpts:/^by^ dividir^g, wl^j^.unit square asi a stfccessi<\re e^Y^r;^ 

by outiin^^ by df^^fng .into 'Squ§re units. with a xfulert ^nd > 
by cpn^tructin§ .squa^i|^s' within tha figure; . ^ 

• e) determining the a^k^ of .a' rectan|l^ (square) by measuring len 
and width "(b^s^ and height)' a^d multiplying the numbers obtained;^ 

consolidating the conclusion obtained in detefmir^ing the atea 
of a rec^ngle ("To determine the area of a rectangle one should 
measure lei^th and widti] and mi^t^ply^ 'the lAl^ers obtained'*) J2!y 
condiicting' a sefies- of practical prdjects iA computing ^ai^eas of. ^ec- ^ ^ 
tangles and of squares. - ' ^ \ 

^ 'In tfhe auxiliary school one' ^fiould give attention to 'de.;fe^^^uirig 
the area of alright triangle and that of a *parallelogfani.^ - The area of 
a rieht triangle is determtirSd as hfalf the area of the' r&^tangl^ having 
base and height equal to. those of the- triangle. ^ _ , ^ 

We should* like to^ note one more ex^rcfs^ which is not included in 

J - • r t 

the auxiliary schoolYcurricAlum'-- showing the pupils that every triangle 
can be turned into H^o right triangl^^ whose 'a^eas can be determined. 

The area'^of a parallelogram Is determined thus*: The pa^lAelogfram 
iff changed 'intp a rectangle of equal si^e, and the area of the reff tangle 
is determined'. Thus 'the ^rea of a parallelogram is defined as the pro- 
duct of the base and the height, • ^ ' . / 

The aibility to calculate the area of-^a right .triangle and of . a 
parallelogram, is consolidated by a serie.s.^of pj^^tic^. exercises. • 
Det^^rmining the surfa^ area of a cube reduces t^ determiuing the areas 
of squares. Each face of the cube ^^^^^ divided into scp^re units 
of' measurement and the areas of the separate faces are computed; then 
the full or lateral surface area of the cube is computed. 

The surface area df a cube can. be determined by measuring the edges 
of the faces. Since all faces of a cube are equal, it is sufficient to 
determine the area of only one face and to multiply by six to determine 
the complete surface area and by four ^ determine . the lateral surface 
area of the cube. By this same method one determines the complete 
and lateral surface areas of a rectangular parallelepiped, in which ^it, 
is necessary to consider that the opposite faces of^ parallelepiped 
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I are equal. In Ull cases, when determining the areas of figures, one 
^ust give very serious attention to the form of notation. 

The practical use of^^uare measures must he conducted in the ^ 
school yard and in .thg field so that one /can not^only cansolidate thi^ 
sedbion but also review linear measures and orecall the construction of 



geometric figures^ in the vicinity. * 

2. The S^tudy of Cjixb^c Mqasures^ 

Before showing them jhoW- to measure ^olximes i^ is necessary to pre- 
sent to the pupils the concept of ' the volume of a body. For this pur-V 
pose the preliminary^ Work described below- is conducted^ The pupils 
already have elementary, ideasc and -concepts of geometric bodies One. 
must recall t^;i>theip that every body occupies a position .in space. *^ 
Different l>odies occupy different positions in ,space. If a, geometric 
body is empty in'slde, then has a definite capacity. -^'^ 

To visually show the capacities of bodies, one must display ^several 
different tin or cardboard Soxes wifh an u?pen face. For this purpose ^ 

it is good to use a set of children's blocks > each of which fits inside 

^ f . * * 

the one of the next larger size. One can point out which cube is 

* ** 

greater (i.e., occupies more ^pace) ; the part of space which a given 
geometric body occupies is callQ^ the volume of this body. Or, to put 
it another way, the capacity of a given geometric body is called its 
, volume. 

With the differerit ,cubes one can show which body hafe the greater 
volume. At first this can be shown by putting one geometric body 
inside another. If one cube is greater than a second, the volume of 
the first will be greater than the volume^f the second • Then one can 
fill the cubes and parallelepipeds with any substance, Fpr example, 
oti'e can pour water in or fill them with sand. In this way one can 
show the pupils that different bodies have different volumes, arid that 
, there are geometric bodies which have equal volumes. 

When the pupils have been visually acquainted with the volumes 
of bodies and with their capacities, atfd have a visual idea of the- 
volume of a body as its capacity, one can learn the units by which one 
measures volumes. Before naming the units for measuring volumes, one 
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should recall the linear and square unit* of measurement. The pupils 
name and draw on a blackboard the linear and square units of measure- 
ment. «> 
In studying the cube one should consider cubes whose edges' are 
. one centimeter, one decimeter, one meter, and one millimeter. These will 

■ be special cubes. 

After ^the pupils have named the linear and^square units,, the teacher 
'^limself explains that for measuring volumes corresponding measures are 
used: one cubic meter, one cubic centimeter, 1 cubic decimeter, 
ind 1 cubic kllimeter. One may ask the pupils beforehand whether thi 
volumes of a cube and of a parallelepiped can be measured in linear or 
square units. From the v^ery beginning the pupils shpuld learn that^ 
the volumes of bodies are measured with cubic units of measurement. 
These units of measurement must be shown to the pupils visually. 

One cubic centimeter and one cubic decimetei; are in the arithmetic 
box* (or it is easy to constrtict them out of cardboar^) . A cubic meter 
can be made from -plywood or from six pieces of cardboard, each the size 
of a square meter, with sticks attached around tham. Fastyen these to- 
gether with loops of wire. " • „ ^ 

The pupils must be given a visual idea of the cubic meter. It is 
somewhat more difficult to make a cubic millimeter. An approximate 
idea- of the cubic millimeter may be given to the pupils by cutting one 
out of plasticine. To give the pupils a more accurate idea of the cubic 
units of measurement, one should construct a table of measures on the 
wall_ having a form like Figure 39. 

"^Such a table may be made by the pupils themselves. A square milli- 
meter, square centimeter and square decimeter should be colored In, but 
a cubic millimeter, cubic, centimeter^x^nd cubic centimeter should be 
modelled out, of wood or out of clay or plasticine and attached to the 
cardboard by wire or a thin cord. So that the p'upils migHt have a 
realistic idea of the units of measuring length, area, and volume,^ 
these units should be represented in the table at their natural size. 
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Unit Measure 


A £s a 
AX/ c a 

IJnit Mea^iir^ 


Volume 
Unit Measure 


*i • 


f * ft 

1 sq.mm 


1 


cub • QU^l 












1 cm 


1 sq. cm 


1 


cub , cm 


• 

Figure 39 



Such visual representation of the units of measurement promotes more 
accurate mastery of square and cubic measures. 

The^ pupils should learn clearly that one can measure volumes only 
with cubic units. After the pupils have been a^cquainted with the 
units of measuring volumes , one should begin measuring the volume of 
a rectangular parallelepiped. At first the volume of a parallelepiped 
is measured by a complete insertion of blocks the size of the units of 
measurement into the given geometric fornix For this- purpose it is 
necessary to have the pupils bivU-d, in the workshop, a plywod or a 
woodenr (be sure to use thin boards) box of these dimensions: length, 
4 de^cimeteri^; width, 3 decimeters ; .and height, 2 decimeters. Or they 
can make a parallelepipe^of dimengions 3 decimeters, 2 decimeters, 
and 4 decimeters with the front face open. They shguld also cut 24 
cubes; each should be the siz^ of a cubic decimeter. Tli^se can be 
painted any color. 

The volume of the 'parallelepiped is determined thus* At jfirst 
decimeter cubes are set out along the length. 

Teacher: How many cubic decimeters fit along the length? 

Pupil: Four cubic decimeters. 

Then three such rows with 4 cubic decimeters in ea^h are set out. 
T: And how many such roWs fit onto the bottom of the box? 
T: Three rows. 
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Tr How many cubic decimeters fit into each raw? 

. P: 4 cubip deciaeters each. *^ 

T: How many cubic decimeters fit into the* first layer? 

P: One mus^'^smiltiplj^ 4 cubic decimeters by 3 . 

T: How can .this be written down? 

P: 4 cubic decimeters x 3 12 cubic decimeters. * 

Then another such layer is set out. 

T: And how many vauch layets are there? 

P: Two. 

T: How many cubic decimeters fit into each layer? 

P: 12 cubic decimeters each. 



• 



T: And how many cubic decimeters fit into the rectangular 
parallelepiped? ^ 

P: It must be 12 cubic decimeters x 2 » 24' cubic decimeters.. 

T: How else can this be written down? 

P: 4 culsic decimeters x 3 x 2 « 24 cubic decimeters. 

T: Because 4 cubic decimeters fit into each row on the bottom 
^ of the box, there are three such rows which fill up the 

bottom of the box, and there are two such layers. Then what 
is the volume of the parallelepiped? 

*. P: The volume of the paral^i^lej^ed equals 4 cubic decimeters X 
3 X 2^ « 24 cubic deci[ne^:ers . 

Tlie- pupils can measure the volumes of small boxes by filling them 
with cubic units of measurement. We propose that one determine the 
volume of a parallelepiped or a cube only by#filling it completely with 
cubes the size o^ the units of measurement, and then begin determining 
the volume of a cube by directly measuring the length, width, atid 
height and multiplying these numbers*^' 

After acquainting^ the pupils with finding the volume of a paralle- 
piped or a cube by filling a model of it Vith cubic units oT measure- 
ment, one should note that such a method of determining the volume of 
*a^cube or parallelepiped . cannot always be used. For example, to 

determine the volume of a classroom by this method does not seem possi- 
^ble, since one cannot empty the classroom of furniture and make cubic 
jmeters especially for this purpose; and if a pupil tias to measure a 
solid parallelepiped rather than a hollow one, then its volume cannot 
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be 'measured at alL'by this method. There are simpler, more 'Convenient 

method's. To lead the pitpils to such a method of determining volumes it 

is necessary to conduct a coaversation of this nature with them; 

Teacher: How many cubic decimeters fit along the length of 
the box? 

Pupil: 4 cubic decimeters • 

T: And what is the length of the parallelepiped? 
P: A decimeters. 

T: How many such rows of 4 cubic decimeters eact\ will fit onto 
the bottom of the box? , 

P: . Three rows, 

/ T: tAat is the width of the cube? if^ 

P: 3 decimeters. , * • ^ 

T: How many cubic decimeters are there in all? 
« 

P: 4 cub^c decimeters x 3 « 12 cubic decimeters. 

T:, How many such layer^ of 12 cubic decimeters each are there? 

P: Two layers. ^ ^ -* 

T: What is the height of the parallelepiped? 

P: 2 decimeters. 

T: How many cubic decimeters fit into the box altogether? 
P: )12 cubic decimeters x 2 * 24 cubic decimeters. 
T: How else can this be written down? 
P: 4 cufcic decimeters x 3 x 2 « 24 cubic decimeters. 
T: What is the length of the parallelepiped? 
P: 4 decimeters. . • ' ^ 

T: 'What is the wid^h of the parallelepiped? 
P:' 3 decimeters, 

T: Wliat is the height of the parallelepiped? 
P: 2 decimeters. 

J: What should be done to find out the volume of the 
parallelepiped? 

P: It is sufficient to find out the length, width, and freight 
of the parallelaj>iped and to multiply the numbers obtained. 
This can be written as: - 

4 cubic decimeters x 3 x .2 = 24 cubic decimeters. j 
The pupils formulate and write down t\ie rule for calculating the 
volume of a parallelepiped: *'To calculate the volume of a rectangular 
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parallelepiped it is sufficient to measure the lengthy the width, and 
the height and to multiply the numbers obtained." After this, this 
rule is implemented in a series of problems. Then, when the pupils 
liave solidly mastered determining the volume of a rectangular parallele- 
piped, one should pass on to the volume 'of a cube. 

In determining the volume of a cube, one should also measure its 
volume by filling it completely and by directly measuring the length, 
width, and height. In determining the volume of a cube one shoi^d 
point out that in ^a cube the length, width, and height have the s^me 
measurement; ^ence to determine the volume of a cube it suffices to 
measure only the length of an edge and to repeat the number obtained 
as a multiplier three times. -'Onel&an go on to this only after the pu- 
pils have thoroughly understood the measuring of the volume of a cube. 
Otherwise ^he pupils may multiply the length of an edge by three. 

One may cpnduct a lesson in determining the volume of a parallele- 

13 

piped according to the following plan: 

i'Summary of a Geometry Lesson in the Seventh Grade of an Auxiliary School 

Topic for the Lesson : The volume of a parallelepiped 

> 

Equipment £or the Lesson : 

A model of a ^parallelepiped without a front face, and twelve ^ 
cubic decimeters, cubic meters, and cubic altimeters . 
Lesson Plan; 



1. Review of the previous material on the parallelepiped. 

2. Explanation of the new material. 

3. Consolidation , of the conclusion by solving problems. 

4. Homework, 
Course of the Lesson: 




Teacher: Point out a parallelepiped and tell all that you know 
abai>t it. 

Pupils: A para^lleleplped has six faces, eight vertices, and 
twelve edges* ^Each face of a parallelepiped has the 
form of a rectangle* 



' The Wesson was conducted in the seventh grade of the Ul'yanovsk 
''Auxiliary School by Z. M. Kazanskaya. 
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Pupil Danilova pointed out a parallelepiped, indicated its faces, 
« 

edges, and vertices, and told everything about a parallelepiped • 
T: Point out a cube and tell all that you know about It. 
["Note: The model of the parallelepip^ and the cubic ^^^ecimeters 

were prepared by the seventh graders In the -school workshop.] 

Ps: A cube has six faces, eightf^ertices, and twelv'^ edges. An 
edge of a cube has a square form* 

A pupil picked out a cube from among geometric bodies and told 

everything about the cube^ - 

T: What is similar about a cube and a parall^epiped? 

Ps: Both the cube and the parallelepiped have six faces, eight 
vertices, and twelve edges. 

T: What distinguishes a parallelepiped from a cube? 

P^: In a cube all the faces are equal, but in a parallelepiped 
the opposite faces are equal, and they are rectangles • 

The teatliher repeats the similarity and difference between a cube 

and a parallelepiped. 

T: Now let us determine the volume qf the patallelepiped. What 
units of measuring length do you know? * 

Ps : Meters, centimeters, decimeters, kilometers, and^, millimeters. 

T: What units of measuring area do you know? 

Ps: Square meters, square decimeters, sqUjSre centimeters, square 
millimeters , square kilometers, ares, and hectares. 

T: And can one use linear or square measures to measure volui^es? 

^s: No. Volumes are meastn^d in cubic measures. 

T: With what ^measures can or^e measure the length of the classroom? 
Ps : With a meter . 

Pupil Sellverstova took a meter from the tabl^ and measured the 
length of the classroom. She wrote down on the blackboard: 
I length of the classroom « 5 meters. 

T: And with what measures is the area of the classroom measured? 

Ps : With square measures. ' ^ 

T:^ How can one measure tl^^ area of the classroom? 

Ps: One should measure the length and the width' and multiply the 
numbers obtained. Or it could be measured by covering it with square 
maters . 
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T: When we measure tli^ length of the classroom what else should 
, be measured? ' v 

V 

Ps: The vidth of the clasb^, 

Seliverstova measured the \vi'dt^ of ^ the cl&ssToom and wrote: 

Wifdth of the class * 4 ^tel!^. 
T: What is the area of the cf^^sroom? 

Ps: The area of the classroom * 5(j sqtaare meters x 4 « 20 square 
meters . V> ^ « 



And now let us measure the volum^ of a parallelepiped, 
what units of measurement is voluiae measured? 



With 



Ps: With cubic *nits. 

T: We shall measure the volume of this parallelepiped • 
The teacher, shows the box witsh the front face open. We shall 
measure it by filling it with cubic units (Figure^^^O) ♦ 




Xs ! 


1 





Figure 40 Figure 41 

Along the length of the parallelepiped, they pack 3 cubic dec!-- 
meters. 

T: What is the length of the parallelepipedT? 
Ps : Three decimeters. 

T: How many cubic decimeters did we fit along the length? 

Ps: 3 cubic decimeters. 

T: How many rows did we fit? 

Ps: One row. 

T: Let us put down another row of 3 cubic decimeters. Ndw 
how many rows fit on the bottom of^ the parallelepiped? 

Ps: IVd rows of 3 cubic decimeters each (Figure 41). 

T: \^?hat is the width of the parallelepiped? 

Ps: Two decimeters* 
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T: Why could we fit two rows? 

Ps: Because the width of the parallelepiped equarls two 
decimeters . 

T: How many cubic decimeters are there in each row? 
Ps; Three cubic decimeters each* 

T: Why could we fit three cubic decimeters ^to each row? 

Ps: Because the length of the parallelepiped equal^ three 
decimeters • 

T: ,Has the whole volume been filled with cubic decimeters? 

Ps: No, not all of it. 

T: How many layers did we put? 

Ps: One layer • ^ 

T: How many such layers- remain to be fitted? ^j^^ 

Ps: One layer more, . 

T: Let us put one layer more* How many cubic decimeters 
are there in each layer? 

Ps: It must be 3 cubic decimeters ,x 2 6 cubic decimeters. 

.T: How many layers of h cubic decimeters each fitted into 
the parallelepiped? 

Ps: Two layers. 

T:' Wliy two^ layers? 

'Ps: Because the height of the parallelepiped is 2 dectmetets. 

T: How many cubic decimeters fit ted ii:kto this parallelepiped? 

Ps: 3 cubic decimeters x 2 x 2 « 24 cubic a^cimeters, 

T: What is the volume of the parallelepiped? 

Ps: Tlie volume .of the parallelepiped equals 24 cubic decimeters. 

T: What form does the classroom have? 

Ps: The classrpom has the form of a parallelepiped, 

T: Can we determine the volume of the classroom? 

Ps: Yes. 

T: With what measures? 

Ps: With cubic meters. One would have to fill the class with 
cubic meters. 

f 

T: Is it convenient to determine the volume of the classraom 
this way? 

Ps: No; the desks, table, and cupboard would er us . 
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. T; Is it possible to measure the volume of a parallelepiped 
by another method? When we mea^sured the i)arallelepiped» 
we put cubic <!ecimeter8 along the length, width, and height. 
Then we' multiplied these numbers. How do we determine the 
area of a rectangle? 
Ps: We measure the length >rfnd the width and multiply the numbers 
obtained . 

T: How can we ^measure the volume of the parallelepiped? 

' * Ps: One should measure the length, the width, and the height and 
multiply the numbers obtained* 
T: Danilov, measure the height of the .classroom. 
Danilov measures the height of the classroom, which is 3 meters. ^ 

P: The height of the classroom is 3 meters. 

* • ' ■ 

Ts And now let us compute the volume of the classroom. The 

volume of the classroom is 'equal to 5 cubic meters x 4 x 3 - 

60 cubic meters. And now write down in your notebooks the 

rule for determining the volume of a parallaiepiped . 

^ TcTdetermine the vblume of a parallalepiped one should measure the 
lengtht^vidth, and height and multiply the nuibers obtained. The rulp 
was formulated by the pupils themselves. ^ , ' * 

V T- Let us 'solve the problem: "A room is 5 meters long, 4 meters^ 
wide and 3.5 meters high. Compute the room's air capacity. 

Plan and Solution ; 

T: What is the air capacity of .the room? 

Ps: 5 cubic meters x 4*x 3.5 - 70 cubic meters. ^ 
T: What have we found out today?' 

Ps:* Today we have learned how to compute the volume of a paralle- 
lepiped. 

T: By what methods can one compute the volume of a parallelepiped? 

Ps- The volume of a parallelepiped can be computed by filling -it 
completely with cubic units of measure or by determining the 
length, width, and height and multiplying the numbers obtained. 

» Homework: 

T: Every pupil should measure the volume of his room. How will 

you measure the volume of a room? ^ 
Ps: We will determine the length, width, and height and multiply 

the numbers obtained. 
^When studying cubic measures in the auxiliary school it is espec- 
ially' necessary to give serious attention to the form of notation. In 
solving practical problems in the auxiliary school one may encounter 
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very diverse forms of notation Just as we found in our investigation. 

4 

We recoaanend that in the auxiliary school only one form of nota- 
tion ba used: 

5 cubic decimeters x 4 x 3 60 cubic decimeters. 
The computation may be done separately'' in a form like: 

5 X A - 20, 
20 X 3 - 60. 

The form of notation *'5 decimeters x 4 decimeters x 3 decimeters * 
60 cubic decimeters'* in general should not be introduced in the auxil^ 
iary school since, by its structure, it is not understandable to the 
mentally retarded child and produces a series of imprecisions and mis- 
takes in solving a problem. The pupils may write it down as deci- 
meters^ x 4 decimeters x 3 decimeters « 60 decimeters,*^ or may introduce 
other incorrect^ forms of ^notation. 

In our practice we encountered cases in which the pupils deter- 
mined the -volume of a parallelepiped in partial calculations* First 
*^^y determined the arek of the base and then they multiplied the result 
obtained by the height of the parallelepiped* The notation was in a 
form like: 

5 decimeters x 4 ^t^imeters - 20 square decime^ters; 

20 square decimeters \c 3 decimeters ■ 60 cubic decimeters . 
These pupils had come to tKe auxiliary school after the fourth 
grade of the public school. In c^ie public school they had been 
inptructed in such a form of notation, atid these pupils continued to 
use this method in the auxiliary school. For the pupils of the axixil- 
iary school such a form of notation is also inadmissible, since deter- 
mining the volume in a given case is carried out mechanically, and the 
pupils do not understand] t^he logical essence of this notation. As a 
result of this notation, phe pupils made more mistakes. This notation 
is introduced only in the>\ipper grades of the public school. 

After the pupils have been acquainted with computing the volumes 
of the parallelepiped and of the cuj^e by these two methods, one should 
conduct as many practical studies as possible to consolidate skills 
and abilities in determining the volumes of geometric bodies. Ttie 
practical projects may be very diverse: determining the volume of the 

117 ' y 



ERIC 



^32 



classroom, of a rooiD, measuring the volume of wood, the volume of a. \ 
pit, and the like^ ^ ' 

In measuring the^air capacity of a classroom, ^f *a room, and of 
similar things, the pupils should be told what-* air capacity is and 
visually shown with what units one should .measure. For *this purpose 
it is good to use a cubic meter with the front face open* 

With these pyplls it is especially necessary to solve problems 
in determining the Volumes of cubes and parallelepipeds from a model^. 
In this case the pupils solve the problem creatively. For the pupils 
of the auxiliary school, determining the volume of a cube is more 
difficult than determining the volume of a parallelepiped . Ih deter- 
mining the volume of a cube, the pupils often determine the full surface 
area, or ^hey even multiply the length of an edge by the number of 

fac^. ' \ ■ 

In determining volumes the pupils^ should understand that to deter- 
mine the volume means to find out how many cubic units of measurement 
the given volume contains. When the pupils master this proposition, 
they wilX not write a final result in the form "A8 centimeters" or 
"48 square centimeters" but rather "48 cubic centimeters J' 

Determining the volumes of geometric bodies should be conducted 
in the following basic stages: 

a) .acquaintance with the concept of the volume of a geometric 
body — the pupils convince themselves that a volume is the portion of 
space occupied by a given body or the capacity of a given body; 

b) ^acquaintance with the units of measuring volumes. One 
should show '-the pupils* the difference between linear, square, and 
cubic measures; 

c) measurement of the volume of. a rectangular parallelepiped 
and a cube by filling a model completely with unit cubes and by ^ 
directly measuring the length, width, and -height and multiplying the 
numbers obtained; -» 

d) in the process of measuring volumes, designation of a pre- 
cise form of notation: 

5 cubic decimeters x 4 x 3 = 50 cubic decimeters; 
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e) attention to determining the volume of a cube; * ' 

f) consolidation .of the conclusion obtained (To determine the 
volume of a parallelepiped one should measure the length, width, and » 
height and multiply the nunjbers obtained) in the pupils^ memory by 
their solving practical problems in computing volumes. 

On the basis of our experimental investigation and of the. com- 
prehensive study of the pedagogical process, we gave, in a definite 
sequence, certain methodological instructions for the study of geo^ 
metric material in the auxiliary, school. 

Co nclusion 

As a result of ^ur investigation we come to the following conclu- 
sions : 

1) Tli^ Russian elementary scliool lias a rich literature on the 
problem of teaching visual geometry. The conception of th^ idea of 
teaching visual geometry ("children's geometry") for us in Russia goes 
back to the end of the 18th and the beginning of the 19th centuries. 
This is independent of foreign authors. An attempt to introduce visual 
geoi3ietry in the school course took place in the 6th decade of the 19th 
century • 

2) Tlie educational programs of visual geometry were rather 
numerous and proceeded from various methods of teaching: 

a) ' At the basis of ^ the program by V. 'A. Evtushenko% M. 0. 
Kosinskii, A, Gel 'man, and others lay the examination of geometric * 
bodies* In the examination of geometric bodies the concepts of geo- 
metric body, surface, and figure, and similar concepts were brought 
out by the pupils themselves. A group of these methodologists 
emphasized certain didactic principles as visualization, independent 
activity, and active participation. 

b) At the basis of P. van der Vliet^s program was the prin- 
ciple of ground measurement. The basic geometric concepts were elabo-- 
rated in visual form in the solution of practical problepis ^ measur- 
ing the ground, 

c) E. Volkov and >U Boryshkevich based their programs on 
the principle of the pupils^ individually constructing the figure 
being studied. After such concrete study they passed on to geometric 
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abstractions. The authors of these programs considered that the mere 
contemplation of geometric forms was insufficient. In the latter two 
systems the process of >studying visual geometry was construpted through 
the pupils' active participation. The independent activity motivated 
the child. The pupils traced out geoineti;ic figures and tried to formu- 
late appropriate conclusions. The study of geometric forms was begun 
with the line as the simplest geometric form and concept. 

3) T\\e basic aspect uniting all these programs was the fact that 
in the study of geometric material all these authors proceeded from 
models, independent activity, interest?, and the pupils' active parti- 
cipation. 

Thus the basic didactic principles of the best pedagogs — D. 
Ushinskii, N. I. Pirogov, L. N. Tolstoi—have been reflected in instruc- 
tion in geometry. 

4) In the prerevolutionary school, lessons in visual geometry 
•^were of an episodic character. The teaching of visual geometry was 

worked out according to the initiative of individual me the do legists 
and practicing teachers. The necessity of introducing visual geome- 
try into the school course was not determined. s 

5) Only the Soviet school positively determined -the necessity of 
introducing visual geometry into the school course. In the Soviet 
school of the twenties there were two trends in the teaching of visual 
geometry; some methodologists proposed to begin the study of geometric 
material with geometric bodies, others^ with the line. 

6) Visual geometry is the basis of the study of geometric mater-- 
ial in the auxiliary school. The prerevolutionary auxiliary school 

did not includeOthe stud^^of visual geometry In its curriculum and took 
as its /basis the curriculum requirements of the public elementary schoo! 
Begl^jtning in 1927, the auxiliary school began to adopt its own curri- 
dulum, ^and the study of visual material was conducted. The basis 
Uiis curriculum was the curriciAa of the elementary school, with 
consideration of the work experience of the Moscow and Leningrad Auxil- 
iary Schools. ^ 

. After the historical Resolution of the Central Committee "Pedago^ 
gical Distortions in the Commissariat of Education," when the auxil- 
iary school began to assume its true individuality, the curriculum 
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requirements began to suit the abilities of the auxiliary school pu- 
pils. . ' . . " 

7) The study of visual geometry in the auxiliary school should 
be conduc ten only in the upper grades (S--?) ; in'-the lower grades (1-4) 
preliminary studies should be conducted. THe goal of these studies is 
to sharpen and widen the store of elementary geometric ideas and con- 
cepts and to prepare the pupils for the study of visual- geometry in the 
uppet grades. ' ^ ^ 

8) The pupils of the lower grades of the auxiliary school should 
be^pnresented with elementary ideas and concepts about geometric forms: 
th^ sphere, 'cube, parallelepiped, circle, triangle, square, ai^d rec- 
tangle • * » 

9) With the pupils of the upper grades one should 'conduct syste- 
matic lessons to widen a!^ deepen the geometric concepts about these 
same geometric forms; the pupils should also be acquainted with the 
parallelepiped, cylinder, cone, and pyramid. Moreover, one should pre- 
sent -a definite system of knowledge about square and cubic measures. 
The latter section is especially necessary for the 'mentally retarded, 
schoolchildren, since it has wide use in practical activity. 

~10) The study of geometric material in the first and second 
grades should be conducted according to a plan. The students should 
learn to : ' ' 

a) sjplect geometric figures, and bodies according to a model; 

b) select geometric figures and bodies according to name; 

c) name geometric figures and bodies. 

It is advisable to begin the selection of geometric forms with * the 
geometric bodies which are most easily learned by the mentally retarrded 
children; ^it ' is advisable to begih the initial exercises with the ball 
as the simplest geometific body and the one most familiar to the chil- 
dren. Then one should conduct the selection of geometric^f iguras . It 
is advisable to begin choosing the circle as the simplest geometric 
figure and the one most familiar to the children. ^ 

11) In the third and* fourth grades the elemeSary geometric con- 
cepts are broadened] studies should be conducted along two lines: 
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a) comparing geometric figures and bodies (ball and circle, 
cube and square, parallelepiped and rectangle); 

* b)^ comparing similar geometric figures (rectangle and square) 
and geometric bodies (parallelepiped and cube) * * 

In t^e process of these s*tudies the p^ils look for similarities 
in ^versity and diversity' in similarity,^ Such studies enrich the pro- 
cess of becoming acquainted with geometric forms and promote the develop- 
ment of the child's abstract logical thought, * 

12) In the upper grades (5-7) the study 6f geometric material 
should begin^with the simplest geometric concepts, and the teaching 
should be conducted so that what follows- is biased on previously known 
material . 

In studying Square and cubic measures special attention -Should be 
given to the form of notation, 'to the order of presenting the educa- 
tional material and to ^he units of measuring length, area* and* volume. 

It is necessary first to acquaint the pupils with the concepts of 
length, area, and volume and^-then to acquaint . them with the Mnits of 
measuring length, area* and volume. 

Th'e studies on measuring areas should be conducted thus: 

*a) by covering completely with square units of -measur^ent; 

b) by' dividing up the area of ^^ectangle or square using 
o^e unit of measurement; . » 

c) by dividing into- square units with a ruler and counting the 
number of squares directly; 

d) by determining the length and the width (base and height) 
of a rectangle or a square and multiplying the nu^mbers obtained. 

The studies on measuring volumes should be conducted thugj^iw 
a) by filling completely with the units of measurement and 
counting them directly; ^ ^ 

* b) by determining the length, width, and height and multiply- 
ing the numbers obtained. 

With mentally deficient children it is especially necessary to 
conduct more studies* on determining the "kreas of geometric figures and 
the volume of ^ecK^etric bodies using models. Such studies promote the 
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develapm^t of the creative abilities of the auxiliary school pupil. ^ 

13) In the study of gec^metfic material in the auxiliary school 
it is necessary to use visualization, active participation, and an 
individual approach to the pupil. In 1:he lower grades it is necessaVy 
in the study of geometric form§ to use" ^tensive visual and auditory* . 
Stimulation, and to work with modelling geometric bodies and tracing 
geometric figures • In the upper grades both in the study of geometric " ' 
forms and In trfe study of square and cubic measure, It 1% necessary 

to u:fe^ extensive visualization, modelling, tracing, and surveying. 
Mastery of geometric material by the auxiliary school pupils will take 
place only if the solution of vital? practical prc|blems irf* conducted 
during instruction, 

14) Our investigation has shown that the auxiliary school pupils 
display individual differences in their development; hence, an 
individualized approach in visual geometric* instruction in the auxll- 
iary school is of great Importance. 
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ual and Verbal Means in Preparatory Exercises in 
Teaching Arithmetic Problem Solving* 

N. F. Kuz\ldna-^SyTomyatnikOYa 

Introduction i 

Describing the cerebral hemispheres a^ "a special instrument of 
associations and connections > also having higher reactivity," Pavlov 
indicates that "any disorder In one place must- make Itself known, 
affecting the entire instrument, or' at least many individual points 
or parts." The Imperfect work of the " special" instrument of asso*" 
ciatlons and connections" of a. mentally retarded schoolchlld also 
appears in the process Of his cognitive academic activity. The teacher 
will continually notice that in mentally retarded chlldr'J^ the for- 
mation of new associations Is difficult, the shallowest analysis is 
imperfect and. at times, without special teaching methods, is impossi- 
ble. The thinking of ^ teacher-def ectologist in such a case is 
naturally directed toward the peculiarities and difficulties he en- 
counter^ in 'teaching the mentally retarded child, and those which he 
must overcome by special measures* 

First of all, it should be pointed out that In all areas of the 
mentally retarded schoolchlld ' s cognitive activity, more or less pro- 
nounced dissociations are observed, in the activity of the fljrst and 
second signal systems. It thus becomes* clear how essential it is in 
schoolwork to organize the coordinated activity of both signal systems 
In. order to provide a more successful assimllatl^pu qf^Jcubvledge. in 
this outline we will tty^ to examine some of thfii ptb^lems of teaching 
mentally retai'ded' children how to solve arithmetic problems. 



— ^ 
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We begin by pointing out that productive activity by mentally 
retarded schoolchildren in solving arithmetic problems is realised as 
a result of prolonged, systematic, and, we propose, special;^zed instruc- 
tion. Like Pavlov, we understand school instruction in this connection 
to be the formation of a ''long series of conditioned reflexes. 5*1^ 
• Teaching mentally retarded^ children 'how to solve arithmetic prob- 
lems, despite all the attention te^achers have giv^ this task, often 
does not produce the nece&sary effect. Many mentally retarded , school- 
children do arithmetic problems poorly, and in the process of instruc- 
tion do not acquire the knowledge, skills, or habits necessary for 
practical work. 

A lack of research into the specj/fic features of problems con- 

fron^ted by mentally retarded childreh in mastering arithmet^ material, 

research whi^h could serve as a guide for teachers, must be considered 

one reason for this. Such work Segan to appear only in the last decade.^ 
• • 

Compilation of data characterizing features ^pf problems which mentally 
retarded auxiliary school students experience with arithmetic material 
had only been recently begun, and there weVe still no general theore- 
tical positions upon which a scientific analysis of previously gathered 
material could be made. This situation was changed after Stalin's work, 
"Marxism and Linguistics Problems*' appeared, and a session was held 
dedicated to the physiological teachings of Pavlov. Since then, exam- 
ination of problems in mastering schoolwork — and, as a result, of prob- 
lems in teaching — has changed in principle* The method of examining 
data related to pathology has become afiparent. 

A comparative appraisal of facts obtained while- investigating nor- 
mal and anomalous pre-schoolers is still timely; however, today a solu-- 
tiou of. p^TQblems concerning a system of pedagogical, and, further, 
methodological modes of Leaching children with anomalies of develops 
ment is not intendeci to adapt the methods of teaching the normal child 

"''Dissertations of K. A- Mikhalskii, P. G. Tishin, T. V. Khanutinai 
articles and investigations into the question of mastery of arithmetic 
> material by auxiliary school pupils by F. Kuzmina, M. E. Kuzmitska^ 
K. A. Miklialskii; from psychological works, an article by E. H. Solovev. 
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to the instruction of the mentally retarded, but rather to develop a 
system of method^suited to the mentally retarded. This is necessary 
because the analytic-synthetic activity *'of a mentally retarded school- 

/^ild, <^h4.ch results in the solution of any arithmetic assignment, is 
highly distinctive. 

In teaching arithmetic, problems may be presented in one of two 
forms, visual-verbal or verbal alone* Generalizations that the school- 
* child meets in solving an arithmetic problem, and wlrLch are necessary 
for solving this problem, ^pear before him in definite wotds and word 
combinations. Numbers, the conventional representatives for concrete 

quantities, enter into certain correlations only under the (J^rect luflu- 

ft 

ence of the verbal part of the problem. The solution of each arithmetic 
problem, even if It reflects a real counting situation (measuring oir 
weighing), becomes possible only as a result of knowing how to verbal- 
ize certain general laws. 

Methods intended to develop speaking and thinking in the mentally 
retarded schoolchild always lead the teacher to the question of the 
relationship between visual and verbal means of instruction. Beyond 
doubt, ^T^a^ic laws, established in the work of the first Signal system, 
must also govern the second, because thi^ is the work of the same nerve 
tissue." Isolating the second signal system from the first can "distort 
our attitudes toward reality [3:722] J' Thus, only coordinated activity 
of both signal systems ensures correct understanding of objects and 
phenomena of surrounding reality such as relationships among nuiubers ^ 
in.^n arithmetic problem* ^' 

We arfe assuming that to pr^pvide coordinated work of the first and 
second signal systems of a mentally retarded child, particularly in 
teaching him to solve arithmetic problems, it is necessary to find 
special modes of utilizing visual and verbal methods of instruction. 
In this work we are examining only a certain part of the problem of 
visual and verbal methods; and we are doin^g this using only a system 
of prepar ed exerci ses in teaching how to solve arithmetic problems. 
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The Influence of Previous Experlencie 
on Solving NeV Arithmetic Problems 

In doing any assignment, the pupil is always to some extent 
guided by his experience. And the richer and more varied, and, in 
particular, the more organized this experience, the easier It Is to 
do the assignment. Ivanov-Smolenskii's statement timt a cMld can 
solve an Initially unsolvable problem "by appropriate experimental 
organization of his past experience [2:19]" is completely valid for > 
the teacher who uses the system of school assignments in teaching. 
In constructing each new ass^nment the teacher must inevitably be^ 
guided by the exact level of his students* knowledge and by their abll^ 
ity to draw on this knowledge in solving new assignments and exercises • 
Furthermore, a teacher in an auxiliary school should kno>sr and consider 
the characteristics of his students when referring to and applying his 
experience in overcoming new difficulties. 

*The Student *s previous experience is always to some degree re- 
flected during the course of completing a new assignment, as well as 
in the results obtained. In* some cases this influence is positive; 
in others, reference to past experience alters the assignment and leads 
to a wrong solution, and is therefore negative ► ^ 

When the pupil's experience is too limited and- fixed by monotonous 
exercises, solving new problems is difficult. This is especiaily strik- 
ing in the work of mentally' retarded students and even of juveniles who 
have finished auxiliary school. - The system of temporary ties that was 
fo^!^A|Jj|S ^he cortex during instruction in schocl is retained and in 
new^.actrviti^s often appears only in the form fixed by the exercises 
repeated, in school. New efforts and neyr exercises are i^gaded to lead 
the mentally retarded student to the solution of new problems. 

Our pedagogical investigations convince us that children can solve 
a new problem most often when, besides oral instruction, they are given 
an example of a concrete activity from their past in the presence of 
some visual teaching device'. When verbal and visual means are not 
properly combined, instruction does not provide the students with the 
necessary knowledge and, still more important, does not provide the 
necessary and productive independent activity need«d by the child or 
adolescent in solving various new problems. The younger the child the 
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more visible tils helplessness in a new situation* 
Let us present some examples. 

Felix L,, 11 years old, first grade. Studying under several sue-- 
cessive tutors, the boy learned to count. Frequent repetition of ^ the 
numbers from one to ten and back again brought him to the point where 
the problem of counting objects^ drawings, points of a number figure, 
and other things he ha4 not already counted during instruction, left 
him at a dead end. Not only was he unable to determine the number of 
objects in a given group, but he saw no need to determine this. Count- 
ing meant naming words, it meant reciting all the words — the numbers 
from ona to ten and ten to one^ 

Yana M . , 10-1/2 years old, first grade. Having learned as a result 
of frequent repetition that a cat has two front paws knd two hind paws, 
she could still^not answer when asked how many pawS a cat has in all. 
Furthermore, she asserted that the question itself is impoS€|lble. 

'Vhat are you asking? What were you thinkin;? Don*t you kilow, a 
cat doesn't have *all* paws. It has two front atp two hind ones.",. 

And e'^fen after directly counting a cat's paws Yana still didn't . 
agree, and stretching a rubber cat, maintained, 'Vhy do you need to 
count like that? Here they are — two front and two back." 

Yura L, , 11 years old, second grade* In solving a two-operation 
arithmetic problem (augmentation by several units and finding the sum) , 
Yura, whenever he had trouble, resorted to visual representations of 
the problem which had been used In his previous schoolwork. Solving an 
orally presented problem, he changed his solution several times, getting 
It wrdng every time until the investigator let him count the groups of 
obJec1:s. Twice Yura read the problem. Then he rec 

Text of problem Yura's interpretation of problem 

A hen had 12 yellow chicks, A hen had 12 yellow chicks, and 

and 4 more black chicks than 4 more black ones than that. How 

yellow ones. How many black many black ones? 
chicks did the hen have? 

Yura^s solutlony His explanation i 



II. 12 : 2 = 6. 



X. 4 T 2 ■* 2. So there are yellow' ones and 

black ones, and 4 of, them. There 
were 12, they wqre black and yfel- 
low. You have to divide into 
equal parts. 
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Wlien asked, '*Why divide when they say in the problem there are 4 
more black ones tlian yellow ones?^* .^Yura replied, "But we^re learning 
how to divided* Classwork experience was applied to solving a new 
problem which had nothing to do with division into equal parts. By 
sketching the problem, Yura saw how to solve it and carried out the 
solution Correctly^ He tnet willingly the suggestion that h^ sketch 
the problem, and his interest in it was heightened. 

**Wliat should I draw f irst?**|asked Yura, The investigator sug-- 
ges ted that he examine the problem by himself^ Work proceeded ih an 
exceedingly interesting manner* Yura drew and wrote, continually con- 
sulting the text of the problem. ',Ve have 12 chicks.'* (He writes the 
number 12 and draws 12 sticks.) || ^ 

"Here they are all in a line. Wliat kind are they? 12 yellow 
ones, but I don^t have a crayon. But so wh'at^ I know and you^ll under 
stand. Look, these are the 12 yellow ones. And there are 4 more black 
ones. Uow many?" (He reads, "4 more black ones than yellow ones.") 

"There must be 4 more. Gee, how long the line will be with 12 ' 
and then 4." (He draws only 4 sticks.) 

"Here are the 4. The 4 more. The first 12 are yellow, aW these* 
are black: 12, 13, 14, 15, 16." (He reads and writes 12 -f 4 16 on 
the right and the number 16 on the left [see Figure 1].) He was very 
happy that the problem was solved. 
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Figure 1 

The assignment was complicated* The taacher said, ''And what if 
the problem were, ^ There are 12 yellow chieks and 16 black^ones* How 
many chicks does the^hen have in all?J"' 

Tlie boy looked at his drawing and talked and pointed, "That's 
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easy now. Only you have to say this first (draws a Roman numeral I, by 
his sketch) and this will be the second problem." U$ writes the Roman 
numeral II, then 12 -f 16 next to it, and begins to solve. *He writes 
the answer 18 (Figur^^) • 

1 I I ' I.I I I I i I ' ' ^iZ 4 /4j 
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Figure 2 

Yura's answer was not accepted. ""It's right, no, it's right. 
12 and 6 are 18,** asserted Yura. ^ And when it w as po:p ited out that he 
had to add 12 and 16, not 12 and 6, he answered calmly, ^'But we don't 
know how. We l#iow how to do 6." 

He was then given help in solving the problem. 

Teacher: Can you add 10 and 10? 

Yura: Yes. 20. 

T: And 2 and 6? 

Y: Yes. 8. t 

T: And 20 and 8? " 

Y: We can't. We haven't learned yet. 

T: And what if I help you? 'I will give you 20 kbpeks 
and then 8 more • 

Y: We know that. . 28 kopeks. 

T: It^s the same here. 

Y: No, 'this isn^t kopeks, this is chicks* 
T: And have thej^ solved the problem? 
Y: They don't know; we know. 

Yura did not limit himself to one solution. On a scrap of paper 
he drew two circles, and in each he wrote '^10 kopeks^^ and calculated: 
"10 kopeks and 10 kopeks are 20 kopeks, and 2 and 6 are 8." Writing, 
he says, '^20 kopeks plus 8 more will be 28 kopeks in all • Tliat was ^ 
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easy, and we'll write 28. We must cross out 18." (Figure 3), 
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J Figure 3 

Yura tx>re up the scrap of paper with the auxiliary drawing, saying, 
"This was for us," As to my facetious question whether we would tell - 
the chicks that we had counted kopeks and found out how many chicks there 
were, Yura understood perfectly and answered, 'kopeks are easy, but there 
are no chicks here; they're in the numbers." ^ 

Yura solved the following problems independently, making drawings 
for each one. In class at this time they were solving problems by 
dividing by 2^. We gav^ Yura division problems, not division by 2 but 
by 3. Until he had made a drawing of it, Yura solved the first prob- 
lem by dividing by 2 (instead of 3). Only after illustrating it, in a 
drawing did he get the correct solution. The units in this problem 
were needles that had to be distributed into three packs. 

In solving the next problem Yura* not finding the answer immediately, 
started sketching. The units in this ^oblemVere nuts which were*" to ^ 
be distributed into ^ boxes, Yura beg^n,^ draw needles. He stopped. 
*^I am drawing needles ^d I should be drawing nuts." He .drew 12 little 
circles (nuts) and 3 quadrilaterals (boxes) • Then he started solving 
the problem, "We must have boxes. If each has 3, there will be 9, and 
there have to be 2," He drew 3 circles in each quadrilateral and • 
crossed out 9 circles ♦ "There are still 3 nuts. There is one for each," 
and added a "nut" to each "box." He wrote down 12 :- 3 = 4? iFigure 4), 
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Figure 4 

For one of the following assignments Yura was to solve a problem 
difficult tX represent. The problem was taken froin a second grade 
text. Even after reading the problem twice, Yura could neither .solve 
n6r repeat It. 

Problem Yura^s Interpretation 

Five identical loaves bf Five loaves of identical kHo- 

bread were baked from 10 kilo- grams were baked from flour. How 
grams of flour ♦ How many kilo- much flour was used for the 
grams of flour were used for loaves? 
each loaf? 

His solution 



10 ^ 5 ■ 5» And 5 loaves were left* 

t 

■ Yura did not obtain the necessary solution even after analyzing 
the problem, since he had no understanding of the kilogram as a unit 
of weight. ^ / 

" Yura asked for permission to draw' the 'problem. "Then lUl see it 
and solve it/' In ^drawing and sol^^|fe the problem j Yura resorted to 
his previous practical experience: "With 3 kilograms in each, we 
bought 2 packages, and here^s 10." He drew 3 quadrilaterals (package^) 
and wrote the *f igure 3 in each one. "In 3 there are 9 kilograms, and 
we nee* 10. There's still a little^ one left J' He drew and wrote a 
small number 1. He looked at the drawing for a long time and came to 
the conclusiotr^^^'ere can't be 5 loaves, we have"4 kilograms." 

He looked at the problem., "We have to draw 10," and he draws 10 

4 

squares. Again he >5ef erred to the text of the problem. "And we must 
have 5 more loaves •^" He drew 5j*bricks." ^Ve must put flour on the 
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brick." He drew a little quadrilateral in each "brick," He crossed 
out 5 of the 10 squares (kilograms) . He then drew anothe^ quadri- 
lateral in each "brick" and scratched out the remaining 5 squares 
'(kilograms). "There will be 2 in each brick." (Figure 5) 
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Figure 5 

\ He was asked to explain terms of the problem ^ing the draw- 
ing*' Now liis interpretation of the problem was much more complete: 
"There were 10 packages with kilograms of ^ flour- They baked 5 bricks 
of bread. How much flour is needed for each loaf?" The solution 
10 ~> 5 = 2 was correct, although this solution was expressed in the 
form of an arithmetic sentence without correspoi^ding units. When re-- 



quested to explain the problem in writing, Yura obtained the correct 
answer "2 kilograms for one loaf." 

j 

Elena M., having finished auxiliary school and having started ' 
night school in the fifth grade, came to us complaining about the diffi- 
culty of her ^ajd^tlimetic lessons. It was particularly hard for her to 

solve aritlunetic problems • Numerous difficulties were explained in 

- { 

class > but her basic problem was an inability to apply what she had 
learned^^in school to new and unfamiliar * conditions . The slightest 

variation from .the usual way of doing a problem left her at a dead end. 

* ■' ^ 

She partially understbod the assignment to count by groups Eleana 
reproduced the numbers from 1 to 20 successively. \ 

An assignment to count by fiVes^with the example "5, 10, 
Elena did this ^ay: she named in succession all the numbers in the^ 
series, 1-20, raising her' voice on 5, 10, 15, and ^0. She qpunted by,, 
2's the same way.'. She did it correctly only after a concrete example 
of counting by groups was given* She was asked to recall h^w change ^ 
is counted out by pairs of kopeks. ^ 
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Teacher: "How would you count, if I put down two kopek coins 
in front of you?" and further: '*How would you count if I put down 
f^ive kopek coir^^ef ore you?" * * 

It is interestingly that solutions wereSfealized only as an imi- 

> 0 

tation of a concrete activity, that is, counting coins* 

She carried out an assignment in counting by numbers larger than 
five by reproducing the lines of a multiplication table. Elena did 
not gra'sp the model of counting by sixes — 6, 12, 18.. • "No, We must 
do it like 'this: 6 taken twice is 12, 6 taken 3 times is 18, ... she 
sdid, reporting every line of the table. When asked to write the . 
answers she had obtained, she wrote aritlimetic lines from a multipli- 
ca£ion table. . 

When asked to count by sixes by marking t^em of?H<^e after .the 
other and writing Sown the answers, she used addition signs and equal 
signs^ that is, she translated the assignment Into an arithmetic 
example. The new, conventional form of writing was not acceptable to 
the examinee even when It was suggested that she so Iv e^ the^ assignment 
with multiplication, E^^i^ry 'line of writing underwent a ciiange; the 
figures were joined by opera4:ion signs and without fal> an equals sign 
was put into eVery line* 

Genai;alizing the exampleaf {\iven here we can conclude that students 
of the luwe^ grades' of the auxiliary school often try to apply their 
previous experience to new problems without any modification. They 
find ways*of solving a n^ problem by relyinp, on visual aids which 
they used before in solving similar or identical problems. Older pu- 
pils also had to rely on past experience. But concrete exabpl^es (kopeks 
in counting chicks with Yura, coins in counting by groups with Elena) 
are not always needed for this group; more often this a pattern of 
the usual way of v^Tritiag. For example, Elena inserted addition signs, 
multiplication signs, and equals signs to carry out the assignment oi 
counting by groups. • ' " 

We find an explanation of this fact in one of Ivanov-Smolenskli ' s 
works. He writes: 

V 
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with frequent repetition or, exceptional intensity of 
ceriadn conditional situations, structures of relationships 
tSmch frequently dominate and, because of brake induction, ' 
suppress other -cortical"* activity, are cr^at^i'in the large 
cerebral hemiapheres^of Tnan [1:403]. 



The Influence of the Verbal Stereotype ^ in Solving Arithmetic Problems 

Knowing how to solve complicated aritlmetic problems presupposes 
a knowledge of fiow to solve simple problems, .which enter into any 
complex prot>lem as parts in certain interrelations • However, solving 
even a simple, arithmetic problem requires varied abilities of the child* 
he must discaver the relations among/numerical facts dependent upon 
the problem ''s question^ But' mentally retarded schoolchildren, unless 
provided with^pecial exercises, can not figure out the function of 
the qu»8tioij(( and approach it, influenced sometimes by their last 

r 

experience, and, in other cases, guided by their reliance on individual 
elements of the problem.- In both cases an incorrect application of 
past experience is the cause of erroneous solutions* 

One. can notice, even in firaet graders, a tendency to be guided^by , 
external elements which causes them to choose the requisite arithmetic ' 
operation* ^Examples of tljese external element* are frequently, re-n . 
peated "supporting*' words in the problem as *'the total will be"; "there 

, were In all" (stipulating a solution by addition) ; and "will remain" 
(indicating su.ixtractlon^ . 

A child's experience, obtained as a result of solving jiumerous 
problems on finding sums or remainders, causes him to choose the 
correct arithmetic ^ operation. But Uhfs experience is inadequate and 
the problem is solved , Incorrectly if the customary supporting word is 
missing from the text of the problem. In this case the child's exper- 
ience serves as a^'^guide, but has qo direct relationship to the essence 
of the ^problem~fts content. The. child solves the problem by manipu- 

' lating numbers. He Is used to seeing that for subtraction the larger 
number comes first • He knows that he is supposed to take the smaller 
number away from the larger. - 

In the terms of thp problem, the larger number is first, therefore 
one can and must solve .by subtracting. Tlie reverse sequence impels the 
child toward a solution by addition. IVo identical problems with 
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different nuoiber sequences and arrangements were shown td the students* 

1. A boy had 5 kopeks* His brother gave him 3 kopeks. 
How much money did the bc3y have in all? 

^ 2 • How muctt money does a 'bby* have if he had 3 kopeks 
and -ills brother gavS him ^5?^^- 

The first problem was solved. The second caused some difficulty. 
The pupils concentrated on the numbers here. The second problem was 
not solved because there were no words that definitely elicited a choice^ 
of the necessary ^arithmetic operation — no "than he had'* or "he had in 
all." 

Children consider it quite legitimate to answer the prjoblemia-^'^ues- 
tion by repeating the terms of the problem: "He had 3 kopeks and 5 
kopeks"; '^he ^oy had 3 kopeks and got 5 kopeks from hisy brother 

Comparing the terms of. the two problems, the chil^en did not agree 
when it was pointed out that the problems were the same. They contended 
that in the first one, "They ask how much he had in all," therefore, 
"you must add," Supporting words had caused them to add. The familiar ^ 
words, "he had in all," sery^d as directions whose result was the I 
correct solution. , ♦ 

The absence of supporting words which organize the usual activity 
of the mentally retarded schoolchild leads to air incorrect solution 
of the second problem. The main point of .the problem is understood \ 
correctly when coins figure in its terms or when a problem is accompanied 
' by visual explanations, that is, when the situation in the problem is 
made concrete. J 

In the second grade, problems about differences were solved. m 
individual assignments the children were given, one after the other, 
the following two problems* Terms of the problems were read b/ the 
children. ' ^ 

1. ITiere are 11 white rabbits and -9 gray rabbits in a 
rabbit hutch. How many more white rabbits than 
gray ones are there? 

2, A hen has 11 white chicks and 9 gray chicks. How many 
chicka are there in all? 
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The students solved both problems the same way (11 - 9 « 2, 
there are 2 more rabbits, 2 more chicks) . Furthermore, previous 
connections supported by the first pi;;oblem were found stronger/ 

These same problems wer*wglven to the students to solve a second 

time* However, the con ionM of the problem involved a different 

color. The children felt a need to compare tables, A question arose: 

'*Why are they alike (the first parts of the problems) here, but here 

they're colored differently?" (the questions of the problems) . The 

questions were reread. But rereading the questions did not lead to 

the correct solution either. Certain children, noticing the colors 

in the construction of the problems, did not discover their essential 

i 

difference, "since there are rabbits here and chicks there, and 
solved the problem the same as before* Others noticed the difference 
' and explained correctly: "Ilere'it^s *how many in all?' but here it's 
'how many more white rabbits than gray ones?*" In spite ^ this, ^ they 
repeated the erroneous solution: "Stfll everything's the same here 
[the problem's numbers]/' 

For certain children, consistency, in the number arrangement was 
decisive in choosing the arithmetic operation: "Yoti take away, since 
11 ip bigger than 9*" A problem similar in the ^text with the same 
numbers in reverse sequence (9 gray and 11 white) vjas solved by adcll 
tion. V 

A single word in a problem's condl'^ions or question can cause a 
mistaken solution.. For example, the students solved two problems with 
identical solutions differently simply because one contained the word 
"more'^ and the other ''fewer." 

1. There are 9 short nails and 6 long nails in a box* 
How 'many more short nails than long uails are there?, 

2. There aro 9 short and 6 long nails in a box. How 
many fewer .long nails than short nails ai:e there? 

.' f ■ . 

They solved the first one by addition, the "Second by subtraction* 

Expanding the text of the problem In words which focus attention 

on quantity relations (which kind of rabbits are there more of, and 

how many more?) improves things • Having established that the quanti • 

'^ties were unequal, the children nonetheless did not seek a new, 

correct solution, and^ the situation remained as before. 
♦ 
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Only after each problem had been made concrete by examples of cal- 
culation (cardboard chicks, nails), and after the children looked at 
and compared the unequal quantities while getting direct oral "Instruc- 
tion. from the teacher, did they go on to the correct solution. 

It should be noted that the children^who did not receive instruc- 
tion did not get the right results, but not because the concrete 
examples distracted the children* No» The children acted purpose- 
fully. Each stroKj^e to solve the problem. But in any case, the indi- 
ckted problem with concrete objects was solved without the teacher's 
instruction by isolating the extra objects and counting them (hdw many 
more) . Putting 9 short nails in a row and a row of long nails right 
under tlie^h, the child immediately d^^rmlAed that there^were more short 
nails. It was not necessary to ask 'Vhaft kind of nails were there 
more of?'' Tlie followi»g^ questions wei^e absolutely necessary • Here 
one may proceed in one of two ways, a) Ask the child to answer the 
teacher's question, or b^refef him to the problem, tli^t is, tell him 
to read tlie problem himself and answer it* 

The second way is better since the, child is not distracted from 

the text of the problem. Solving the' problem this way he still is 

directed by verbal instructions; but independent activity — reading 

the question and relating it to th^ visual way of grouping extras, 

recounting the extra objects—all this facilitates problem solving^ 

f 

The child gives the right answer: **There are 3 more short nails 

The words, '^than longer ones , most often are not part of tha child^s 

answer. \ 

y 

In this case the child did not understand the essence of difference 
relationships, and visual aids did not help; furthermore, the given 
situation prompted the child to isolate the extra three and not sub- 
tract six from nine. This possibility could only be discovered by . 
uniting verbal and object activity. Tlie teacher definitely played 
the leading role here. He directed the chiid^s activity with his 
assignmnnts and questions • 

Teacher: What kind of nails were in the box? 

Pupil: Long ones and sliort ones. 
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T: How many short nails were in the box? Look at 
the problem and answer • * 

P: [The pupil finds the corresponding part o£ the 
problem and reads it*] 

T: Put the short nails in a row. 

P: [He does so;] 

T: How many are there? Count them and tell me* 
P: [The^t^sk is carried out.] 

T: How many long nails were-^n the box? Take the 
necessary number of long nkils and arrange them 
in. another row under the short ones. Explain 
the problem and point c^uT everything you talk 
about . 

P: [The task is carried out.] 
T: What does the problem as^? 
P: [Tlie pupil reads the problej|i^ questipn.] 
• T: Repeat the question and point out everything , * 
that's asked. ^ 
P; How many more short nails [points] than long 

nails [points] are there? 
After this he was told to write out the solution. He didn't know 
how, but he no longer indicated addition as a means of -solving. 

A picture of the protein makes hljn thoughtful and qi^stions arise. 
"How? And how many more? Three more, maybe?" All this tells us that- 
his thought has awakened. Slowly but definitely he began to free- him- 
self from the word-stereotype which -controlled him ahd was a hindrance 
t/ solving the foregoing problem. Subsequent activity was always 
directed by -the teacher's assignments and questions. It was concluded 
when the student gave a verbal account, interpreting the problem's 
conditions while pointing o'ut each group in the sample problem, tell- 
g how. to solve, and giving the full answer.. - ' / 



The Guiding Role of the Wotd in Visual Instruction 
in Solving Arithmetic Problems , 

The employment of visual aids in teaching auxiliary school pupils 
is imperative only when the'lr use makes it possible to reveal the 
essence of some assignment, the, essence of tbe question being resolved. 
When organizing school activity around visual aids, the teacher should 
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ensure attentive guidance until the pupil is able to consciously uti- 
lize them independently. In teaching schoolchildren to use visual 
means, the word, ,the teacher^s speech, relying on personal ^demonstr a- 
tion, describing beforehand, and organizing t^lie pupil's demonstration 
plays the leading roles, ' ^ 

Incomplete fonns of the activity of the mentally retarded school- 
child in general and his academic activity in particular are often 
observed by the teacher. In implementing a system of exercises and in 
organizing the academic activity of the pupils of this^school, it Ist" - 
especially necessary for the teacher to protect ^he pupils from in- 
correctly completing assignments. 

Pavlov, revealing the essence of intelligence, dgSfines it as 
"thought in action," and as "a series, of associations ^that derive 
partly from past exEeyirence, partly right now, before your eyes, and 
before your veiry eyes are combined or added intb a positive whole, or, 
conversely, are gradually impeded, leading to failure [4:430]/' 

The pupils* mistakes in completing arithmetic exercises stem 
very often from the fact that the"^ teacher did not check to see which 
associations — correct or incorrect — and in which combinations- — correct 
or incorrect — are consolidated itt the child with the initial demonstra- 
tions £^d explanations of the study^ material • Organization of the pu- ' 
plls^ school activity around visual aids plays, not tfie least important 
role here. Failure in arithmetic instruction is often the result^ of 
the teacher's giving his pupil some aid or another, but neglecting to 
teach him to use it and neglecting to watch the pupil until he finishes 
working. He does not replace one aid with anothei:;^^ at the right time* 
He does not seriously consider his own instructions when teaching th^ , 
child to work with an aid, i,e., he explains with^Words alone, or only 
demonstrates how to work. A one-time demotes tratlon — and^a personal 
demonstration in general — is insufficient. The teach^ must v/atch how 
tfie child himself begins to work indepeiSently with the aid and use 
the instructions as a guide* The teacher must hear out tha^child^s 
story of how he works with the visual aid. «n 

To illustrate:^ Vitya E. , a second grader of the auxiliary school, 
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was described to us as incapable of being taught arithmetic. The 
notes in his notebooks would be proof of that. Indeed, an examination 
of his notebook could lead one to Conclude that the boy had not master- 
ed the study material. All solutions were incorrect. Moreover, more 
profound- examination of the mistakes did npt reveal any underlying 
regularity. The results of repeated solutions of one and the same 
problem were different, almost random. There were no incorrectly 
consolidated devices for counting. ^Naturally, we had to. see bow the 
boy counted, ^ 

In solving each problem given him, Vitya resorted to his fingers, 
but what he did was not counting on his fingers. It w'^s only sorting ' , 
out his fingers — not counting. Not one quantity coincided with a num- 
"^er* It was ascertained that the boy could not us.f - other devices for 
counting either. ' ' ' 

■ In indivicfual lessons with Vitya we^ depided not to give him any- 
thing which would cause incorrect , solutions . We began the work using 
.dominoes. Vitya knew these numerical configurations because, as we 
learned in conversation, he 'often sat with his friends and watchefi them 
play. He correctly named all numerical figures^ However, >e flaltly^ 
refused to make up a problem on addition using a domino with two quan-- 
titles .of dots. But when told that he was not released from the assign- 
ment and had to do it, Vitya, ignoring the ifls true t ions , began to count 
up all^poj^ts on the dominc . A repeated instruction, supported by the 
solution and notation of a problem on numerical groups of dominoes, 
was listened to and the proqess of the notation procedure was followed.^ 
After thi§ Vitya asked that it be repeated. He listened and followed 
the demonstration accompanying the- explanation very attentively. He 
said that he understood the assignment. He wrote down a problem and 
did not count the dots In each figure.^ The solution occurred after he ^ 
counted all the dots, from first ;;o last, ^^en asked what had to be 
done, he answered, using a demonstration, problem must be made. How 
much all ..together, three here and two here.** And only after the ques- 
tions and demonstration accompanying them did he give the conditions 
of the problem: ''We have to find out how many dots- in all, In, the first 
one there are three dbts, and in the second, two dots.'V 

142 



After joyfully composing a gI)lution of three more problems, he 
set about working independently on composing and solving arithmetic 
problems. Eight problems were composed and solved with no mistakes. 
For the boy, success was unexpected* He'voiced the^ desire "to solve 
another whole column." And another eight. problems were soWed with-- 
' out error* "So that^s howl And with my fingers it was all mistakes. 
I've learned with dots/^ 

The assignment was made more complicated. He was asked to compose 
an addition problem, given groups of three numbers • At first two 
^dominoes were given him, then three. Until the assignment had been 
consolidated with a demonstration and arithmetical notation, the boy's 
^ activity did not commence » Oral Instructions without an accompanying 
visual form of the assignment were rejected* "I don't know, I'm 
afraid there will be a mistake." However, after a demonstration and 
an explanation of the assignment, the work was completed successfully. ' 
As the work progressed, one domino ^was replaced by another again and 
again, and Vitya quietly solved each new problem (the firs^ and second 
assignments Were alternated). The child's activity wa's wholly conscious. 
However, his ability to recognize the assignment (with two or three 
quantities) "was impaired as soon as a blan^ domino ya& put in place of 
a domino with quantities. Tlie boy did not tl^row it, out, he did not 
refuse to compose and solve a problem, but from the empty field he 
gave the example 2 1 = 3. Wlien asked "How's this? Wiere's 2 and 
where's'l?" he calmly answered "Tl:iere was a domino like that, maybe*"* 
Wlien given a domino with one numerical group of - dots, Vitya gave no 
example. He firmly exclaimed: "There can be no problem because there's 
only one number; you liave to substitute something.'* 

We we^t on to play a game. Before composing a problem, he l^uid to 
find whether a slim could be obtained. Dominoes with one, two, and 
three quantities 'and blank ones were put before the child. There was 
no definite order in which they were showii to him. Tlxe^boy worked with 
interest • At first the work procet^ded very animatedly, 

"No, no J" Vitya shouted happily. "You can't — there'^; no number. 
Two numbers. Here is a problem. There is no probLein — only one num- 
"ber is here." 
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The composition and solution of problems ptoceeded totally 
consciously. Otv^y consciousness could lead to those correct answers 
which the boy gave to questions of the possibility and impossibility 
of composing an arithmetic problem. (*%?ithout numbers you can*t; with 
one number you. caa>*t; you have to have two numbers, and maybe more.'*) 
*The .child's newly obtained experience allowed him to make these 
generalizations. But the boy could not transfer these generalizations 
to the solution of a slightly expanded problem. To coisipose a problem, 
"yo^ have to have two numbers, and maybe even more," says the boy. 
When the experimenter . said "And even more?\^ the child responded correct- 
ly, "You can have three, numbers^' He composes these problems with two 
and three items. Thfe question of the possibility of composing a prob- 
lem with four items remains unsolved: "I don't know,^ they didn't show 
me." And when We placed before him a domino with two quantities, or 
four dominoes Vith oye qiiantity, each, or three dominoes,' one having two 
■ quantities and the others having each .one quantity, Vity^ came to a, 
solution of the possibility of such a problem: "You can do it, but 
' -"Tor^me it*s hard to count." He gives the correct notation and refuses 
to solve it, fearing to err.^ Again the solution of the problem had to 
be facilitated orally ai\d visually. 

•The boy firmly answered all questions cDncerning the possibility 
and impossibility of forming an arithmetic problem, but in the actual 
Z&olution he was still far/from independent. The boy's helplessnesa 
was clearly evident whenever he had to pick out the dominoes with whose 
-help composition and solution of a problem would be possible. The boy 
was always requesting? that he be given only the requisite dominoes: 
"It's hard ''for me, t;he teacher must give them to me." » 

The aasignment^ to compose and solve a problem f*rom foux dominoes- 
one was blank, onp Iiad ^ne quantity of dot^s, and two were^ full— was 
completed only aft;er hesitation. The ^ child sorted the dominoes into a 
row. He looked, at them for a long time and moved them around. 

"Oh, I've failed! Co away. There ^ a nothing on it. You can't do 
it without; numbers." He takes the blank domino from the row. He looks 
for a long time, takes the domino with one quantity and puts it beside 
the blank one. 
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'^You can't do it with one quantity." But he still w&s not satis- 
fied with this. *^ybe there* lit be another one. Did we have them with 
one? Impossible with one. But we had them." He puts the domino aside. 

He begins the notation and solution of the problems. He gives two 
problems with two items (each with quantities from one domino) . He writes 
down the solution of a problem with four items. He counts them. He 
counts the 4*»cis in the first examples. iVhat Itiid I leave fimt? 1 don^J 
know what I left out." He wavers. He takes the blank donfino h^ h"ac 
set aside. "Impossible with one. But did we have such?" 

A positive answer makes him thinks "impossible with one- Where 
should I put^it?" He puts it by the blank o^e. He takes it away, ^e 
puts it besidfe two^ full dominoes. ^'Many like this." He counts the 
groups. "Oh! So many! We ^didn't learn^abou^ these!*' , ^ 

He reselects the dominoes. He moves the right-hand one (the one 
with one quantity) away. He moves it back again. "It doesn't ^ork. 
Impossible with one." • . ' . ' 

Advice is given: "Take awayi either the left one or the middlfe 
one." He moves away the one on the right then moves it back. "Take 
which one? Tlie left or the middle? Which one?" He moves the lef^ one 
away* For a long time he looks at the two remaining ones and is silent- 
I ask hi$ to take a pencil and write out the solution. "But'^is there 
one? He writes sluggishly. 

After writing down the two numbers > he inserts a "plus sign and 
very joyfully shouts: "It's possible." He writes and adds the items.' 

can do it with thr^e grougs." He i solves the problem. 

When the work was concluded he ^wanted to be assured that ^11 
assignments were done correctly; and when he wt.s given approval, he 
went away happy. 

At one of th^^ollowing lessons, Vitya was asked the already famil- 
iar questions: "Can one compose a problem without numbers, with one 
number, with two or three numbers?" He answered all the questions 
correctly • He undertakes the solution of new problems. Vitya asks 

permission to use the dominoes "so can count right." The process 

f 

of the work follo\^ ' 
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I. A problem with two numbers is given.' Vitya ig asked: 

1) to repeat the conditions' of the problem without using ^the 
dominoes; * 

2) to repeat the conditions of the problem by first taking from 
^among several dominoes the domino having two quantities of dots corres- 
ponding to the numbers of t^e. problem; 

3) to tell the path of solution and solve the problem orally. 

^ ^ 

Although in the first case Vitya was most often unable to cope 

* with the assigned task, in the second, using the group of numbers as a 

support, he was more successful at repeating ' the conditions of the prob- 

lem. But^here too the teacher 'ar guiding word was neCessary: '%Je will 

,/ . count ducks • Hiese dots arQ.>£he ducks." Or:,»"We must count kopeks; 

^ V . r 

your dots are kopeks*" The boy, accepts these conditions and solves"^"" 

the problem. Suppo'Vt from Ifumerical groufis (dots) promotes both the 

repetit^ion of the conditions of the problem awi its solution. 

« II, A problem without .numbers is given. Vitya, listening to the ^ 

problem, turns to the dominoes and, finding a blank, goes back to review 

the conditions; only after this does he firmly and confidently announce 

.that it is impossible to solve the problem because there are no numbers. 

III. A problem with one number is given. > Vitya. again singles 
out one of ^the dominoes with one quantity of dots, refuses to r^yifew ' 
^ the problem, and says that.it cannot be solved; ^'It^s impossible, 

there* s only one number/* , ^ 

.In the examples cited, verbal insti^uction alone did not promote^ 
solution of the problem* Wlienever Vitya was given a n^ assignment, 
he needed to rely pn the experience of a previous activity,^ on the 
visual image of a number whicl^ was expressed by a numerical group of 
dots. Even when a numberless problem was given, a statement of its 
. ' impossibility came only after he had held and seen the blank domino. 

One must not overlook the fact that a conclusion was drawn only 
#• as a result of the guiding role of the oral instructions and not as a 

consequence of merely presenting dominoes to the student. 

The first help usually given to the pupils ih' arithmetic lessons 
are in the form of concrete objects. Tliis is quite correct, since any 
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integral set can be formed only through uniting objects that can be 
counted. ' j 

The concept of number originated in the real world, in surround- 
ing reality. Numerical groups in all cases are some combination of a 
quantity of actual objects. Hence, objects must be used to teach 
children to count. Only on this condition can one present the con- 
cepts that 1) any quantity is formed as a result of the unification of 
concrete objects of counting into one group; 2) various objects may 
be counted into each* of the quantities; 3) a quantity, no^matter what 
objects of counting 'it may formed from, is constant, i.e., it always 
contains a specific number of objects. 

When children are forced to wolrk for a long while with thQ same 
objects of counting, their experience is restricted, and the children's 
development is retarded. ThiV does not promote, the understanding that' 
counting ai^ arithmetic operations are possible only with homogepeous 
objects. The data of out observations confirmed by the materials of 
N. A. Solomin's dissertation study speak very convincingly of this. 

'Let us cite' an example. Pupils with different teachers in two 
first grade classes solved the assignment, which was^to dra^ a quan-- 
tity of objects, in different ways, correiiporiding to each numeral shown 
to them. Where the counting material was constant (the teacher used 
colored circles and numerical figures^ again consisting of circles) the 
children solved all the proposed problems in the same way. Under each 
numbei: the pupil drew the corresponding quantity of circles. The 
explanation thal^one may draw different objects and that these pbjects 
must be the same only within each group was not understood by the chil- 
dren. The solution again followed that same path^Xaniiliar to them* 
Whenever the childri^n tried a new approach to solving the problem, the 
solutions went against the hasiq requirements. Tlie quantity of objects 
which the children drew corresponded to the indicated number, but the 
principle of the homogeneity of objects vas distorted. Under the 
numeral _2 they drew a fir tr^^e and a mushroom, a star and a gir-l. Under 
3, a house, a' ladder, and a flag; a window, a ball, a house; etc. 
Although the explanation of the solution of the assignment was, repeated 
several times, the children solved it in their ow^ way. The children 
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did'ndt understand that., in counting, only homogeneous objects can.be 
included in each of the quantities. 

The verbal instructions alone, ev£n if repeated several times, 
were essentially of no help. The children's previous -experience came 
to the forefront, characterizing definite forms of instruction. The 
child understood the problem only if it was presented through a demon- 
stration and An Ixplanation of what was required of him. 

— Snt even in those cases in which the children understood the 
problem, its proper solution yas possible only under direct ' Influence 
. of instruction. As soon as the teacher was silent, her control over 
the pupils' independent activity disappeared. They again gave incorrect 
solutions • 01*iginal explanations or explanations not reinforced by 
exercises were few» Previous experience influenced the child, \and his' 
activity remained stereotyped, despite the new instruction. Mono- 
tonous verbal repetitions * and monotonous activity with the' same visual 
aids influence formation of a stubborn verbal stereotype. The mentally 
retarded schoolchild, just begj|fming his education, caimot^^ter hi^bit- ' 
u^l operations independently, despite new instructions. \ \ 

Selection of visual means of instruction should not be based solely 
on the suggestions that the teacher finds^ in the methodological hand-- 
books on the relevant section of the school curriculum. The teacher 
must always provide for the selection of an aid in accordance with 
the specific problem presented by the instruction. Each time he must 
^ evaluate the level ^of the pupils' knowledge, an(^ he must be aware, of 
the difficulties experienced by each of them in studying the material. 
One must also know how the selected visual device can contribute to 
overcoming these dif f ici^ties '^and to the pupils' best mastery of know- 
ledge. In using manfpulatlve aids early in instruction, one must 
very cjLcal of their selection, taking into account the concrete 
foble^^t5 be solved with them. 



If we look at initial instruction in counting, we cannot help 
noting t>^tmp much time is devoted to work with separate objects, 
each which appears as a unit of counting. Group counting is post- 
poned, a delay which restrains devclopinent . In individual cases, 
counting by units is unnecessarily extended; the pupils, becoming 
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&ults, refuse 'to count on their fingers or with sticks,^ even 
though' they know no other aids and de^y^Lces. for counting. 

The Influence of Knowledge of Arithmetic 
I ^ ' in Solving Arithmeti c Problems 

Our pedagogical investigations, organized as indijj^dual lessons, 
were conducted with below average, lagging^ pupils who often lacked 
abilities for learning arithmetic. 

In all cases we preliminarily establishe^^the extent to which the 
* pupil was able 1) to read, to repeat without questions, and, using 
questions of the conditions of the problem, to tell the method of s6l~ 
ving the problem after, analyzing it, and, finally, 'to $olve the prob- 
lem without using visual aids; and 2) to do the samft th!^n^ employing 
various visual aids* and visual devices of graphic notation.^ 

Before beginning the \70rk, we carefully ascertained the state of 
each pupil's skills in calculation technique, since the absence of 
these skills or Incorrectness in ijiethods of calculating al\^ys leads 
to incorrect solutions of the arithmetic problem^ 

In most of the 'children who could not solve the arithmetic prob- 
lems, there were also other difficulties in arithmetic instruction. , 
Very often the weak ability to .^if f ^^^ntiate and the weak analytic- 

« 

synthetic activity of the mentally aetarded child w^s only slightly 
considered by^he teachers. As a result, many j^upils^^wer^ unable to 
master the principle of decimal calculation and, therefore, could not 
giye an analysis of the decimal composition of a number; i.e/, they , 
could not break it down into series, 

^ The explanations which the tAacher usualFy gave the whole class 
when studying numeration, the j^emonstration, and even the work con-- 
ducted 'for a while with visual aids left no firm traces /in individual " 
children. And this caused their helplessness in completing the cal,'- 
culation exercises. 

We did not attempt ''to rete'ach such pupils in individual classes. 
Having ascertained the basic difficulties, we offered the pupils a 
series^ of devices for making visual graphic notation, which promotes 
independent work, on whose basl^ the solution of the problem was made 
possible. 



We present some examples » 

1. Ralsa Sh >y age 12, Third ^ader in the auxiliary school. She 
correctly analyzes a two-digit nunlbe^, detemining the quantity of tens 
and units in e^c^ parf. She knows the digit's place in the series. 
In analyzing the number 29 /she says ^'•429' Is two torrid and nine units. 
IVo^teps ^because it is written in the" second place, and nine ^nits be- 
cause they are in the first place/' Sjlie cannot add a two-digit number 
and a one-digit ^number. Tliere is no clarity in the order of addition; 
the unit^^ number is sometimes added with the units and sometimes with 
the tens of" the first item* Information that aids other children in 
their work just confuses her. , 

Raisa knows that ''It's easier when you f irst. havjs to add a little 
number to a big rjumber/' Raisa solves the problem 31 4- '6 thus : ''You • 
have to add one to six because one is smaller it's easier.*' She 
obtain;^73. "To six- add three tens because three is smaller, and if 
you add on to three it's very hard." She obtains 91. 

Raisa also knows that in addition^a larger number is obtained, and 
in subtraction a' smaller number results. "27 + 2 « 29. Why does It' 
have to be 29? You have to add 2 to 27. Indeed, 2 and 2 will be 4. 
^ I§ this true? And we still have 7, which makes ^7." And again: "Add 
2 to 27.. We have seven units and another two little units, nine in 
all, and you have to write dovfri another 2* You get nine tens and jiwo 
units." \^hen asked why she obtained that, Raisa answered: "Becajise 
you have to add ur^its to units and tens to tens." When told that the 
solution was incorrect, Raisa began to argue and presented a proof: 
"You can check it. if we add, the answer will be bigger,, and if we 
take away, smaller, so 27 and 2 give '92. Which is larger? We got a 
larger number, and every one we had was smaller [indicates th^e numbers 
27, \ 2, and 92], Correct I" 

An attempt to give her visual aids evoked a protest: ♦"I*m in the 
third grade. In the first grade I got fed up with sticks and blocks, 
and T won't count on an akicus, I did it in second, but I'm in third 

n©w, I understand everything." New visual devices had to be sought. 

I' 

Raisa- was 'given written work. 
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1) Numbers in theTproblems were written with pencils of diff- 
erent colors: tens in one color, units in another. Before the prob- 
lem was solved, Ratea analyzed it.. **27 — there are two tens and seven 
units in this numbtr. And this 2 is two units, there are no tens here^ 
You have to addj^its to units [demonstrates] — which is nine and two 
t^ns. You getr29.*' In this way she solved several problems: 27 + 1^, 
36 4- 23, 15 + 5, and others. Raisa makes the no taction of the number 
obtained in the results with the two colors—tens in one color, unit^ 
iu another. 

2) Numbers in the problems were written in one color. Before 
solving, Raisa was asked to indicate the order of addition with colored 
areas. Raisa asked to be given the directions again and to be shown 
how she must work. After this she told and showed everything herself.. 
When told she was right, she began to work. She described everything 
she did. After she had solved several problems, the arrows were re- 

^^laced by brackets. Raisa looked attentively at tj^fe notation and con- 
cluded that ''This is like with the arrows." She Jorked assiduously and 
for a long time- She asked to be given more new problems. When she 
receivefl ^on^, she asked us to hear it and look at it, to check that 
everything was cqrrectly marked. 

Models of Notation 

* 

Assignment Completion 



27 + 2 = 



27~+ I = 29 



36 + 21 = 36 + 21 = 57 

15 + , 4 = iW 4 = 19 

12 + 45 = • 12 + 4^ = 57 



44 +■ 32 = 44 +>32-= 76 • 

35 + 4 = 3m =,39 

In solving the problems on addition involving regrouping, indivi- 
dual instruction was again required. Using colored notation again, we 
utiliztid iu all cases "open," detailed notation.- 
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Models' o£ Notation 
sigiimeat Solution 

37 + 45 - 30 ^ 7 4- 40 5 - 70 -f 12 - 82 

56 + 17 ^ 50 + 10 + 6 + 7 « 60 + 13 « 73 

29 + 26 - io + 20 + 9 + 6 - loTls - 55 
• 0 »~- f • • 

Ralsa gradually made the transition from the detailed notation to 
tlie usual notation, but she still used colored arrows and brackets. 
This facilitated the correctness of her solutions. 

Later, in studying addition and subtraction with three-^igit num- 
bers, supplementary lessons were again required. The first examples 
were solved again by using colored and detailed notation. 

In columnar notation, the columns of , numbers denoting units, tens, 
and hundreds were separated from each other by a colored line* A de- 
tailed notation was also required. 

300 + 80 ^ 1 

» 

400 + 10 + 7 

* ■• " — — — ■ ■ ■■ — ~ 

700 +90+8 - 798 

2. Rita B., age 12 1/2. Third grader in the ^xiliary school. 
She is an averkge pupil in this grade, but her posit?ion in arithg^etic 
is very weak. She gets D grades in all her assignments. Despite this, 
Rita works systematically, obstinately, and persistently. She solves 
problems in class and at home. She is af^raid and does not want to 
remain in third grade for a second year. She does extra studying will- 
ingly. 

It cannot be sa'id that Rita knows nothing of aritlimetic. On the 

contrary, if her grades are compared with the scope of her arithmetic 

concepts and knowledge, the evaluation of her knowledge seems wrong. 

Rita reads all numbers from 11 to 20 correctly. She knows the table 

of the sums and differences of numbers nup to ten. She knows the multi- 

I* 

plication ami division table quite well. She understands the essence, 
of each arithmetic operation. Nevertheless, she cannot cope with 
assignments within the abilities of the rest of the class. 

In experimental lessons wi,th the girl, it was established that 
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she could not give a decimal analysis of numbers. This was the basic 
cause of errors she made in her arithmetic assignnjents . The direction 
of Rita's work in solving arithmetic problems is extremely interesting. 
She is convivial and friendly until she encounters difficulty. Then 
the girl changes radically. Her voice becomes quieter, she lowers her 
eyes • We cite an excerpt from one of the lesson records. 

Rita was asked to solve a problem on subtracting • two numbers: 
.42 - 20. 

Teacher: Wliat must be done? / 

Vupil: I must solve the ^^^roblem. 

T: What problem? 

P: To take 20 from 42. 

T: What is thfe arithmetic operation? 

P: 42" take away 20. 

T: How many numbers in this problem? 
P: Two^ 

T: What do you Ixave to do? 
P: Take 20 from 42. 

Wliich of these two numbers Is bigger? 
P: 42; 20 is smaller. 

T; Wlilch number do you take away from, if one Is larger . 
and the other is smaller? 

P: From 42; it's bigger, and 20 is smaller. 

T: liow will this be done? 

P: LsilenceJ 

T: Tell me how you will take 20 away from 42. 

P: [she silently solves the problem, becoming confused, 
and whispers something to herself.] 

T: Please say louder how you are solving it. 

P: Lshe is silent and continues tot work on the solution 
, LThe solution is correct.] 

I remark that the answer is correct. Rita becomes more lively 
and answers fr^iely and rapidly when asked to tell how she solved the 
problem. 

153 



"From 42 I must take away 20. You take two from four and get 
two, and from two units you ^ke away zero, and get two. The total is 
22." . * 

The second time this same problem is solved differently: **Take 
two from two, that gives zero> and four remains. The total is 40." 

When asked to solve this same problem repeatedly, new incorrect 
SQlutibns are obtained: '^Take away 4 from 20^ that gives 16, and we 
have '2 left. That will be 18." Or: "Take away 4 from 20, it gives 
16.'^ She could not go further, "I don't know where to put the 2." 

VHien. asked to break down each of the numbers into tens and units, 
she first refused, saying, "I don't know how," Then she made an 
attempt (with our guidance): the number 42 is taken first. She 
counts the tens: 10,, 20, 30, 40, and then makes this notation: 

42 - 20 = 22 64 --41-23 



, 10, 10, 2 10 10, 4 - 1 - 1 



57 - 35 - 22 33 - 12 ^ 21 

iO^^e-^ 10 10 . 7-5 = 2. Ki 10 10;- 3-2*1, 

84 - 62 = 22 

la 16-^ 10 10 1 0 10. 1P_3 4 ' 2 = 2_ 
100 75 = 25 

5 

irO 10 iO^^i^-^^-^ 10_1.XQ - 5 = 25 

This step was the transition to solving simple problems on 
adding and subtracting two-digit numbers. She was continually success^ 
ful after being asked to designate the numbers showing the quantity of 
tens with a dot, or to join them with a bracket. 
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40 + 36 = 



Rita's Notation of the Solution 
of Problems 



55 



My illustration: 



! 1 

40 + 36 



76 




86 - 42 = 44 



54 - 30 = 24 



In solving complex problems on addition (without regrouping) the 
work was done correctly, but at a slower rate. Of twenty cases, none 
contained any mistakes in solution. These were of the type 

43 + 21 + 35 - 99 

• * a 

16 + 31 -1^ 42 - 89 . - 

• * • 

30 + 24 + 43^97. 

• • • 

However, in the solution of complex problems in which addition al- 
ternated with subtraction, difficulties again arose. The usual tech- 
nique of the school methoJ&ic^y (to write out the first result over a 
line) had been mastered by Rita, but the work went very slowly, since 
the four elements marked with dots prevented her from br,^(^ing down 
two numbers necessary for the second arittimetic operation, Rita was 
shown a notation separating the first operation from the second with 
a line, and thig made it possible for her to obtain correct solutions. 

A model of the notation separating the problem's parts is: 



88 



96 



73 + 15 
f > 



10 



84 + 12 
i > 



- 30 



6^ 



78 



42 + 36 
4 



50 = 28 



The girl was also shown the form of sequential linear notation of 
a solution, which she easily mastered. Subsequent work was very pro- 
ductive. 
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A model of^sequential linear notation of solution is: 
41 + 27 - 30 r i8 - 30 - 38 

The same sequential notation was utilized in the solution of 
complex examples on multiplication and addition or subtraction, on 
divisioijp^nd addition oli. subtraction* 

We cite the- notations of the solution of problems which, with .the 
hel^ of dots, was fully mastered by Rita: 

^ ' ^ \ 

8 X 8 30 - 64 - 30 » 34 
» ■ 

^ 7 X 6 - 20 - 42 - 20 * 22 

7 X 7 + 50 - 49+50-99 

6x6 -'20 »■ 36 - 20 = 16 . 

• * * 

In completing aritlimetic operations including regrouping, the 
same technique was used with the indispensable aid of detailed notation: 

27 + 35 - 50 + 7 + 5 « 50 + 12 = 62 

• * • • 

This technique was effective because Rita^s attention was con- 
stantly fixed to the problem being solved. The sequence of the elements 
of the solution, designated by colored dots, became visual/ 

We applied this same method in the -process of teaching the solu^ 
tion of atithmetic problems to othfer pupils of the au3c,iliary school as 
well* , In organizing the exercises, our basic proposition was the 
necessity of analyzing and combining the work of each pupil. 

The conc^luding stage in the completion of each exercise was the 
oral account given by each pupil. This was not supposed to form an^ 
pAX^cular rule for completing an operaH^j but, supported by the 
notation of the solution, was to determine the course of the solution 
of the assignment. Thus, the preliminary plan and the possibility 
for constant independent checking of the completion of the assignment, 
and the subsequent oral account, promoted, understanding of the solution/ 
completed by the pupil.. The control dot^ the pupil placed below the 
digits or the control arrows with which M designated the necessary 
elements of the various numbers occasipually had to be replaced by 



detailed notation. This protected the pupil from the unconscious 
repetition of the exercises and consolidation of a sluggish stereotype 
of operation. This was also the aim of changing the exercises, 
/essentially homogeneous, but differing in the numerical compoiaents . 
An essential and significant element of the indicated study 
activity was, the pupil's interest, which was increased with each visi- 
ble success—the problems were solved without those continual erxors 
which had previously plagued the pupils'^ work. The very process of 
their activity not only became visual, but also was intimately combined 
with the explanations • This combination of visual and oral means pro- 
tected the child's thinking from deviations and errors in his comple- ^ 
tion of the exercises ♦ 

^ After it had been established that calculation could not be the 
source of errors in solving a^ problem, we attempted to ascertain the 
difficulties encountered by the poorer pupils when reproducing the 
conditions of a problem. 

Re producing the Conditions of an Arithmetic 
Problem on a_ Visual Basis 

In school^^actice, reproduction of an arithmetic problem^s con- 
ditions is thejN^onstant element preceding its solution. Most often 
the teacher asks the pupils to repeat a problem's conditions after 

he has read or ^ told them to the pupil^ once or twice. Imagining that 

* 

this repetition serves as a means promoting solution of the given prob- 
lem. In this the reading of the problem's conditions is not accompanieid 
by notation of the numbers, or illustrated in some form (model, sketch, 
drawing) • In this case the teacher uses verbal means and requires a- 
verbal answer from the pupils. It is supposed that s»uch an assign- 
ment ;Ls completely within the pupils' capabllitieH at any stage of 
their school instruction, for the assignment itself was chosen accord- 
ingly (smaller numbers and fewer words in the problem 1^ conditions for 
the lower grades, Increasing them for later years of inst rue tion) . 
The data of our pedagogical investigation did not confirm the 



correctness of this widespread technique of instruction. What is 
correct is the central premise that the solution of an arithmetic 
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problem is influenced by the mastery of the conditions and their repro-. 
duction by the pupils. However, this reproduction is necessary and 
useful only -when it is given correctly by the pupils, although not " 
ned^M|Larily verfaatUm * Whenever the |onditions are distorted in repro^ 
ductf^lP^ the necessary solution cannot be given. The solution is^ 

dtUer correctly or incorrectly. This holds true with respect 
the sorCrtions of problems by pupils of various gradis (grades 2-4 
in our data) . . ' . 

This is especially apparent with pupils whose intellectual ability 
is most limited. We present selected comparative numerical, data (by 
grades) from the materials of our investigation, illustrating and 
supporting them with cases from individual lessons conducted with 
pupils as control investigations. 

Grade II (special). 15 pupils in the class.. The teacher has 
special training. There is good di<scipline in the class* Tlie children 
work at their lessons systematically and with interest, 
y-*^ On the day before the liBsson, we conducted individual lessons 
with each pupil. The aim of these studies was: 
* 1. To ascertain the pupils-' ability to reproduce the conditions 
of an arithmetic problem. 

2. To disclose the interdependence between the reproduction and 
the solution of arithmetic problem. J 

3. To construct a plan for an experimental lesson after analyzing 
the observations made. 

The pupils were given this problem: ^'Someone bought biscuits and 
donuts. The biscuits cost 7 rubles, the donuts 4 rubles. How much 
was the total purchase?'' 

As a result of the Individual lessons, the pupils were required to 
reproduce the problem's conditions after it had been stated twice. Of 
the 15 cases, 7 were unsuccessful. In no case was there a solution. 

In three cases onlyrtfie first, Introductory, statement was re- 
tained: ''Someone boiigla hlKcuit« and donutn," "Someone bouglit biscuits 
and bought some donuts," '^R^scuits and donuts were bougiit in a store.** 
Even in these -cases no solution to the problem was ^rthcoinlng. There 
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was a girl who could reproduce only three words: ' '^Someone bought 

biscuits." She also did not solve the problem. 

In two cases the reproduction retained the first or only a part 

of the second element and the last element ^o"^^!^ conditions: "How 

much was ^the purchase?" or "Someone bought biscuits. How much did 

they cost?" Of course, these reproductions did not give the necessary 

result — the children could not solve the problem. In reproducing the 

-problem's conditions, one pupil remembered one of the numbers, which 
f 

caused him to introduce th;^ number in the answer* From his point of 
view, this was the result — the solution of the problem^. "Someone 
bought biscuits for 7 rubles. How m^eh did it cosi:?" After' he had 
communicated the conditions in this way, he gave the answer, "7 tubles," 
This is no solution* Only in one of the 15 cases was an approximate 
reproduction of the problem's conditions given, resulting in a solu- 
tion of the problem, which, however, was incorrect. 



Reproduction S olution 



Someone bought something for 
^ rubles and something else for 7 - 4 3» 3 was necessary. 

4 rubles. How much in a^l was 
^igcessary? ' 

llie teacher's guiding questions did not help the situation, 'phe 
solution war not changed. Statements like "From 7 one can take 4, 
giving 3" and "correct, because they solved 7-4=3" were advanced 
as grounds for substantiating this solution/ 

Thus, the overall results are clearly unsatisfactory. Ifwas 
impossible for any pupil In the class to reproduce the problem's con- 
ditions. Each of these pupils had been in school not less ttian three 
years and during his arithmetic lessons (with very few exceptions) a 
teacher has had the pupi^ls repeat the conditions of some problem every 
day. An ability to repft>duce the text of a probj^em's condit:ions has 
not^been cultivated. A significant number of the pupils displayed 
total helplessness^ when trying to reprqduce a prohlem^s conditions-- 
--they quit. But oven the children who, set about completing the given 
assignnlent were^ unable to realiiie it. In the conditions of problems 
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reproduced by the pupils there were no nuinbers, necessary for any 
arithmetic problems. Even in those rare cases when numbers were 
remembered, the problem was\iot understood, and the solution did not 
occur • ^ 

Following an analysis of the facts obtained* as a result of indivi- 
dual studies, a plan for an experimental lesson was^ worked out. Accord- 
ing to this plan, .a lesson was given in two second grades and one third 
grade. The children of one of the grades were not given individual 
lessons. In this grade the lesson was begun with a statement of the 
conditioni^ of the problem and a request that they be repeated. This 
was not done in the other classes, since we already knew the pupils^ 
capabilities in reproducing a problem. 

s^e curricular-methodologica l aim of the lesson was to lead the 
^pils ftom the solution of a simple arithmetic problem to the solution 
of a complex problem. 

Tlie exper imental aim of the lesson was 1) to check the effective- 
ness of pupils V activity In solving an arithmetic problem vfhen shown 
the problem's conditions in different forms, verbal and verbal-visual; 
2) to disclose the^ relationship between the reproduction of the condi- 
tions and the solution of the arithmetic problem. 



I* 
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Successive course of the lesson 



1. Direction of the pufl-ls' attention to tRe first assign- 
ment of the lesson: to listen carefully, try to remember 
and repeat the problem's conditions. 

2. Problem's conditions stated twice. 

3. Tlie pupils are questioned. (A good, average, and poor 
pupil are questioned. Tlie teacher writes out their 
answers . ) 

4. Solution of problems (with notation in the notebooks, 
then on the blackboard) . 



1* Presentation of the prdkblem*s conditions in visual- 
verbal form. 

2» Pupils' reproduction of the problem's conditions using a 
sketch and' the teacher's questions. 



1, 
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III. 



IV, 



3* Reproduction of the problem's conditions using only 
a sketch. 

4. Solution of the problem with notation ia the notebooks 
and then on the class blackboard. 



5-. ^Transformation of a simple problem into a cckjplex one 
(sketching a supplementary element of the problem, / 
analysis, and repetition of the problem's conditions, 
using a drawing and the teacher's questions). 

2. Pupils^ reproduction of the problem's conditions, using 
visually illustrative^ notation on the blackboard (the 
elemen^LS of this ngxation are sequentially indicated 

by the teacher) . 

3. Reproduction of the problem's Conditions using a notation 
made on the class blackboard (without the teacher's indi- 
cating the individual elements) . 

4. Solution of the problem and subsequent notation in the 
children's notebooks and on the blackboard,. 



•Supplement to the lesson plan (or its fourth part). In 
case both parts of the problem are solved and the outlined 
plan is fulfilled, another complex problem is* offered for 
^ solution. In this problem the objects purchased and their 

cost remain as before, as does the sum of the money involved, 
The problem Is expanded by the additioti of a new element — 
another object is purchased. ' Otherwise this part IV is used 
as material for a subsequent lesson. 

Problems and Models of Their Notation on the Blackboard 



Texts 



Problem 1 (simple ) 



Someone bought biscuits and 
donuts. nie biscuits cost 7 
rubles, the donuts 4 rubles. 

How much was the whole 
purchase? 

7 rubles 4-. 4 rubles = 11 rubles 

Tlie purchase was for 11 
rubles . 



Forms of the Notationyof 
the Conditions and 
Solutions 








Figure 6 
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Problem 2_ ( comp lex) ?. . 

Someone bought biscuits and 
donuts. Hie bis\:uits cost 7 rubles, 
the donuts 4 rubles. He gave the 
cashier 20 rubles. 

How much change did he receive? 

1) 7 rubles 4- 4 rubles = 11 rubles 

2) 20 rubles 11 rubles - 9 rubles 
He received 9 rubles in change. 

Problem 3^ ( complex ) 

Soraeoiae bought biscuits, donuts, 
and candy^^^ He paid 20 rubles for 
the whole purchase. The biscuits 
cost 7 rifbles, the donuts 4 rubles • 

How much 'did the candy cost? 

1) 7 rubles + 4 ifubles = 11 rubles 

2) 20 rubles - 11 rubles = 9 rubles 
The candy cost 9 rubles. i^'igure a 

The problems are given in succession, one after another.. The 
teacher relates the conditions and simultaneously draws on the black- 
board, always addressing the class. 

, Wliat was bought? (Biscuits.) A box of biscuits are drawn. 

And what else? (Donuts.) A'' box of donuts is drawn. 

So, what was bought? (Biscuits and donuts were bought.) 

And what was paid? (Money) 

How much were the biscuits? (Tlie l^iscuits cost 7 rubles.) The 
cost of the biscuits is written down. 

•How much were the donuts? (The donuts cost 4 rubles.) The cost 
of the do^nuts is written down. 

' Now let^s look at the drawing and tell what was bought and how 
much money was paid.* 

The teacher indicates each element. Pupils answer individually 
(two or three pupils of varying arithmetical ability answer). ' 

Wliat is the question of t^e problem? Wliat is asked in the prob- 
lem? 

The teacher collects several answers to this question and obtains 
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the one best in form (UHow much did the whole purchase cost?") . 

jt 

Having selected the best answer, the teacher asks the pupils to 
establish the numb^ of words in the problem* s question. There^re 7» 
With the teacher, the children recite the question word fo^ word and 
tap their liands on the table for each word-: first, '^iow,*I second,. • • 
"much," etc. In the rectangle, where the question of the problem should 
be written a pupil draws seven vertical lines and puts a question-mark. \ 
The teacher asks, the pupils to rape^i^ the problem's question (two or 
three times) , and then relate the whole protlem. Tlie teacher indicates 
parts of the drawing, and the children rept"oduce the text of the prob-- 
lem's conditious. Then solutioVi of the problem is proposed. The pu- 
pils tell the teacher the results of their solutions, indicating the 
arithmetical notation or only the final part of it (the answer) , which 
each pupil ma^e in hisllfwn notelfe"ok» After all the children's work has 
beeJTi examj^ned, .the solution of the problem is written by one of the 
pupils on the blackboard/ Two pupils are called Lp; one relates the 
conditions anc3 then the solution of the problem; me other accompanies 
^the narration by indicating th^e pgxts of the problem. 
^ The other problems are analyzed in approximately the same wa"^. 

Following tli^ lesion the puj?ils are questioned^individually in 

* 

order to ascertain what was mastered at the lesson. (Verbal repro- 
duction of the first and each subsequent problem was required. Wlien* 
this was unsuccessful, a drawing was shown.) V 

llie results of reproduct|lon of the* conditions , and depending on 
" this, of the solution of the problem, were strikingly different from 
those obtained the first time, i.e., after the problem had i^een given 
'only ve^rbally. W * ^ ^ ^ 

Mos<\ importantly, not one pupil gave up. In reproduclnfl^he first 
problem, two pupils omitted numbers (both numbers in one case, and the 
second number in tl\e' other case)'. In the solution the numbers were 
f^not named,, but a final result ^as given. A request to write out the 
solution was complied with, and the lines of t^ notation were precL^ie, 
In reproduction of the second problem, the results were somewhat i]ffer- 
ior, but iacoraparably better than what we obtained the firsX time^., .In 
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these reproductlous thei^e were the following flaws:' * ^ * . 

l- In 4 cases the Bum of money given the cashier was changed (to 
"200, aO, 29, and 27 rubles). , . / 

* ' 2. In 7 cases the word "change** was not u§ed. Here the prbb-* ^ • 
lem's question was formui^ted thus; ' • * 

How much money did he obtain? (Two ariaifers.) 
How much diid the cashier return?- (Three answers*) 
How much did he have left? • ' ^ 

How much more could be bouglit? . ^ , 

In all thpse c^es one may speak of imprecise ^formulations^ but 

logical mistakes in the question, , / 
The solution of problems was incorrectA^ five* cases, but only 
one of those cases in which the total sum of money had been changed, 
fh^ sum of '200 rubles, named by one* In the conditiorls, did not. figure 
in his arithmetic operations- ^'Here all numbers corresponded precisely 
to thfe problem's conditions, The sums of* 29 and 27 rubles were not 
used either, -These numbers were included in the problem' s *conditi,ons, 
but the ^um of 20 rubles were given in the solutions, "Thus, the solu- 
tions did not reflect the changes brought into the conditions of the 
problem when they were repeated* A pupil' included the sum of 10 rubles 
in the salution too. The problem in this case ;|.ncorrectly solved in 
■%t^ secc^nd part* Ttie pupil wrote: 10 rubles^- 11 rubles f 9 rubles. 
But when his attention u^s called to this mistake, he did not correct 
the whole feolutioii, but merely crossed out the 9 and put a 1 in its 
place. ' In his first solution the 9 had '.been taken from the problem's 
final answer and placed to the ri»ght of t\\^ equals sign on the arith- 
metic line* The unit was obtained by subtracting the minuend from 
the subtrahend,, since the latter was greater than the formei:. He ^ 
did i\pt return to this solution after he related the problem's condi- 
titans using a drawlng'-^-he then solved the problem correctly- -xln two 



solntipns df a^singl^ problem, the pupil did not sp.e the total and 
t^at alteration which he himself had introduced. correlation'of the 
two solutions was impossible, /There wer^ no connectit^ns between the 
first and second assignment; eich of them appe^ed independently. 

A ' 
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Mistak'es<5;in all other solutions (four caseS) occurred 'la the 
second pai;t fl£ the problem aud consisted of the follos^ing: * 

11 rufcles were subtracted from 20 kopeks ^ resulting in 9 
rubles * * . 

Notation of the numbers was made without'designation of the 
units in the answer: 9 kopeks. 

3. In subtracting 11 rubles from"^^ rubles, one girl obtained 
7 rubles . ' 

A reverse se(ju,§nce of numbers in the subtraction was given: 
11 rubles - 20 rubles » 9 rubles. The number obtained in solving the 
first part w^s taken as the starting point of the second part* 

Reproduction of the third problem's conditions (this problem'^^l^ 
solved at the lesson), as we ascertained from the general questioning, 
.was very difficult for most of the pupils in the class* Only two of 
the 15 pup*i-ls gave more^ or less verbatim texts of the conditions and 
complete solutions. . * ^ ' 

Someone bought biscuits and cjonuts. The biscuit^ cost 

7 rubles, and the donuts 4 rubles. The person gave the 

cashier 20 rubles. How much did the. pandy, cost? . 

* 

Retained in this case were those elements which were repeated 
several times in the solutions of the first two problems, and^ which ^• 
^re constituent parts of the third problem's conditions, although 
in a somewhat different sequence. 

Tlie second pupil reproduction of the text was: ^ , * ' 

lomeone bought bfscuir^ ^nd donuts. *The biscuits cost 
7 rubles, «;ind the donuts 4. 'ije^ave 20^ Rubles * How much ^ 
did the cancl^ cost? He gave^t^e cashier 20 rubles and 
received no change. How mucfTdid all the candy cost? 

Here too one can see the same regularity, I.e., the elements of 
the. problem which were constituent pap^s ^pf all* the previous problems 
were not forgotten. The problem's question was' given twice, s.ince 
after the supplements to the initial given conditions of Ctie problem, 

' One ruble equals 100 kopekv^ (Trans*) ► 
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the text of the problem was unusual and incomplete. The en4ing in the 
form of a question made the conditions usual, and thq^ transition to the 
solution was more substantiated. 

In two cases the text of this thi^rd problem's conditions was com- 
posed of elements of the first two witli only one word, "candy, added: 

Someone bought biscuits, donuts, and c?andy. The biscuits 
cost 7 rubles, the donuts'4 rubles, and the candy. He gave the 
cashier 20 rubles and obtained change^ How much change did he 
receive? , 

Someone bought biscuit^ , donuts , and candy. The biscuits • 1^ 
cost 7, rubles, the c^nuts 4 rubles. He aid 20 rubles. How 
nluch change did he receive? 

The solutions -i»f these problems were identical to those of th^ 
second problem. The cost of the pandy was not determined, although 
candy was entered into^ the number ofNsi>urcha^es . ^P, ' 

• In /the remaining cases^ the >:hildren either ^id no^ S'^-^e^ the condi- 
tions of the third problem (they *^forgot'*) or g^Ve only the ^irst sen-' 
tence or the first sentence and the 4u^^t:ioa pf the problemA Only when 
"^asked" the supplementary questioci **Were there numbers in the froblem?'' 
did each of the children name all. thraa numbers. But even after this, * 
the problem^s condition^ ^ere not coustructed* The solution was - re-- 
plaeed bV the final answer of i^he ^second or third problein: rubles 

change,*' rubles should be the change*^ (in seven Cases); '^The candy 

^ if" 
cost 9 rubles,** ^*He paid 9 rubles fo^^ the candy**' (In four cases), * 

It is too difficult for tiie children to discern' the fine ^stlnc- 

tion in* the elements of the latter two problems, since the children are 

not yet accusLomed to juxtaposing' and comparing tfexts oK\conditlons and 

soliiLlons of— firlttunetic problems. Only In later lessoiiaf were they able 

to 'obtain the necessary results, ' , 

^ The following conditions were decisive in the su<:ceBH|»s achieved: 

first, the possibility of help from pic.ture^i^' of the objects purchased,. 

from tlic visually perceptible 'correlation of the cost of each of them, 

from the clearly and visually designated guestion of the problcijj; second 

t!ie repeated review of the indlvlduil parts ot 4,he probliMii's conditiuns, 

once again accompanied by visible unification of thes'e parts into an 

integral unit . . ' , - , - . ^ 
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In the general questioning, each pupil was .oriented so that he 
would consciously come to the problem's question, either by watching 
a demonstration, or by indicating the elements of the conditions him- 
self- Tills demonstration produced goal-oriented activity according 
to a clear plan. The text of the problem's conditions, before it was 
reproduced as a whole, was composed of parts, each of which, when 
^singled out, was understood by the pupil. The visual pian for his 
analytic and synthetic mental activity protected the child's speech 
against accidental introduction of extraneous material and digressions 
froil the main course. 

First we should note a decrease in the number o£ pupils^ refusals 
to reproduce the problem, for reasons like forgot," "I don't 
remember, "1 can't" in grades two and three, Secon^ graders of the 
special (weaker) class gave up in 33.3% of the cases, regular second- 
graders gave up in 23.5% of tlie cases, and third graders, 16,6% of the 
cases ^ . ' - 

In an examination of the texts of the problem's conditions which 
-had been 'reproduced by the pupils, some definite order w^s disclosed: 
the first part of the problem's conditions, which contained tha^ names 
of the objects purchased (i.e., the five vords "Someone bought biscuits 
and doriuts") , was expressed best in the reprobations of the pupils of 
all classes. Tlie last part (th^prohlem^s question, "Hqw much did the 
whole purchase cost?") was significantly less well expressed, and the 
most poorly expressed was the main part of 'the conditions, containing 
the data of the cost of the objects purchased (the bispuits cost 7 
riiblc^s, the -donuls 4 rubles). 

We present a summary table of the results of the reproduction of 
each part of the problem (See Table 1). 

Although these results do reflect a positive Influence from the 
instruction, they ba^cally illustrate the' poor potential of the 
mentally retarded schoolchildren i'or understanding the couditlonR of 
the arithmetic problem presented in purely verbal form. P^ven some of 
the third graders, who had already had some e^pTh^lence in solving . 
arithmetic problems, did not know that the problem must necessarily 
have numerical data. Of 50 pupils in all three grades, 14 persons 
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.TAB^ 1 

PERCENT 'OF fUPILS IN EACH GRADE WHO REPRODUCED 
PARTS OF THE PROBLEM 



tm 

Grade 


P a r/t 


of the T 


ex t 


Someone bought 
bisci^ts and 
- donuts . 


The biscuits cost 
7 rubles, the 
donuts 4 rubles 


Hov much did 
the whole pur- 
chase cost? 


2 (special) 

2 

3 


40.0 
66*. 1 
73.3 


\ 5.7 . 
24.4 

31,7 


13.3 
35.3 
45.8 



(28%) failed to give both numbers in their reproduction of the conditions, 
and in one instance only one number was named. The larger part of all 
cases occurred in the special ^second grade (one and one half times great- 
er than in each of the other two grades) . 

The lessons we developed on the b^sis of data obtained as a result 
of individual studies conducted in the second* and third grades bf several 
auxiliary schools (in Moscow, Riga, Noginsk) confirm that children re- 
produce the texts of aritlimetic problems mucji more successfully todien 
they have the opportunity, during the reproduction process, of relying 
on the basic visual elements of the text, corresponding to the teacher's 
speech. This occurred whenever we presented new study material or a 
new, still familiar aritlimetic problem whose solution required collect- 
ing all one's previous experience in order to select from it everything 
useful tor understanding and solving the problem. ^ 

We gave the third and fourth graders a simple arithmetic problem 
unlike those they had solved in school, but one which was freely and 
easily solved by second and third graders of^the general public school.- 
After the teacher had read the text of the problem twice, the children 
were a^ke.d to solve the problem* No correct solution.^ resulted. The 
children's attempts to reproduce the text of the condition^ which were 
necessary for solving* the. problem, did n'ot give the result required and 
did no t^ foster completion oi the assignment. , 




Text of the Problem 

It is 10 kilometeifs from a kolkhoz to a forest, and from 
the kolkhoz to a mill on the same road it is 4 kilometers. 
How many kilometers from the mill to the forest? 

In the problem text there are 34 words [22 words in the Russian] 
Not one pupil reproduced the text of the conditions precisely and com- 
pletely. * Titer e were occasional approximate reproductions in the third 
grade. This increased somewhat in the fourth grade. 

St 

It is 10 kilometers from a kolkhoz to a forest, and to 
a mill it's 4 kilometers less. How much to the forest from 
the mill? 10 kilometers - 4 kilometers * 6 kilometers. To 
the mill it's 4 kilometers and to the forest, 6, (Third 
grade) ^ 

It is 10 kilometers from a kolkhoz to a forest, and to a 
mill on the same road from the kolkhoz it -is 4 kilometers. 
' How many kilomet5^rs from the mill to the kolkhoz? No. To 
the forest? 10 kilometers - 4 kilometers « 6 kilometers. 
Because 4 kilometers to the mill are already travelled, and we 
still don't know how many to the forest, but there were 10, 
so we take away, (Fourth grade) 

These are the best reproductions and solutions. A* significant 
number of third graders understood the words "on the same road" as 
an additional route. 

It is 10 kilometers from a kolkhoz to a forest and on ^ . 
the same road 4 kilometers to a mill. How many kilometers 
altogether to the forest? 

10 kilometars -f 4 14 kilometers. 

He has to go 10' kilometers from the kolklioz to the forest, 
and 4 more kl.lometers to a mill on the same road- How far 
altogether does*he have to go? . 

10 + 4 = 14 kilometers. 

It Is 10 kilometers from a kolkhoz to a forest, and to a 
mill It is 4 kilometers. Ik^ has to go along the same road 
so -as not to get lost» 14 kilometers in all. He has to go 
far- — 10 kilometers and another 4 kilometers. It would be^ 
10 kilometers from the fore.Ht to the kolkhoz. 

The fourth graders made this same mistake, although less frequentl 
In reproducing the conditions, mahy pupils changed the problem's 
question. uiS formulation'^oftGn tlld not coincide with the conditions.'* 
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Third graders said: "How far must one travel in all?". "How far did 
the kolkhozniks go into the forest?" "How far in all tothe mill?" 

Of 15 third graders, six did not give a question at all.^ The 
text of the conditions is transformed into the solution. All these 
pupils had incorrect answers'. 

In the fourth gradf the conditions were not completed by the 
question in four of the 15 cases. An incorrect solution resulted ^in 
all these cases, "How far remained to the mill?** "How far to the 
forest?" 

On a positive note; in all the reproductions of the conditions, 
the numbers wejje remembered. And when the text of the problem's condi- 
tions was accompanied by a graphic demonstration, - the ^results of both 
the reproduction an4 the solution were noticeably better. " The weakest 
pupils were' drawn to the sequential demonstration (analysis) of the 
drawing"' s l^asic elements. 

The child's speech became more sure and confusion disappeared. 
^Tlie task was completed with a correct solution. Four third graders 
and tliree fourth graders required a second reproduction of the dpndi- 
tions using a drawing bef^e each apuld go on to the solution (Figure 
9). Tfie solutions were <^R:ect. . 



1^ 



Figure 9 



In the experimental lesaous ^md the Individual Les we made 

S 4 

with the children of the different classes, we were able to determine 

the necessity of cp?<fretc^ objects or drawings of the concilMons or an * 

4 f 

ariths^etlc problem for Its reproduction and subsequent solutio»n. 

It is interesting tlwit, tlie ability to single out the essential and 
main features of each aritlimetic problem i,n tli^e practice of school 
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instruction is cultivated^ very slowly. The dat^a we obtained from 
our experimental lessons in the fourth grades of several* auxiliary 
schools (in Moscow, Leningrad, Noginsk) also confirm this. 

We^ present here some excerpts from records of these lessons. 

On the class blackboard are presented incomplete conditions f<rom 
two identical arithmetic problems (without the questions); several 
numbers determining the cost of objects purchased are missing. The 
pupils* attention is called tb the conditions of the first problem. 

1. They bought 4 kg af sugar 2. They bought 4 kg of 
at rubles for 1 kg and 4 sugar at rublSfcor 1 

J kg of granulated sugar at kg and 4 kg of granulated 

rubles for 1 kg. - . sugar at rubles for 1 kg. 

The teacher asks the pupils to read these^conflitions and answer 
the question: "Can the problem be ^solved?*' Of 10 classes in which 
this lesson was conducted, there was not a single one .in which the 
;pupils fully recognized the impossibility of solving the problem. In 
all, classes the opinions were divided (with small vacillations in either 
direction). A significant number of children co-nsidered the solution 
possible. And only after asked to begin solving .the problem,^ after 
the children liad picked up their pens and were ready to begin writing, 
did doubts arise. "It can't be solved, there are no numbers," "You 
can^t solve it because we don*t krtow how much the sugar costs,'* "It's ^ 
xiQt known how much the sugar costs." In those classes in which the 
word o_rie_ was placed before the -word kilogram in these conditions, the 
answers were more precise: "it can^t be solved; it's not said how much 
one kilogram of^sugar costs" (the same for the gra^nulated sugar)* 

When the necessary numbers were inserted, the 'children again were 
asked: "(!an the problem be solved now?" And again there were quite 
a few positive answers. We cannot help noticing that* these answers 
were given lc?.ss hastily than in the first case. The suggestion to 
begin the' solution, ^iven only to those pupils ^who had stated that a 
solution was' possible,' evoked vacil lal ion. Those vacillations occurred 
in both groups of children who began the solution very amicably. Some 
who had just stated tha't the problem could be soi\^d did. not begin 
working, while^others who had sp^okdS of the impossibility 6f any 
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solution leaned over their desks and began working. After a while 
those solving the problem stopped working and announced that a ssdu- 
tion was impossible. "There is no question;" "It is not known whit 
is aske^/' "The problem *s question has to be asked." A quea^tion was 
adtied without trouble: "How much did the whole purchase cost?" There 
^weiNS ao incorrect formulations of the problem, although in individual 
cases tfi^ formulations were not so smooth:^ "How much do they have to 
pay for all the purclxases?" "How much did they spend for sugar and ^ 
granulated sugar?" After a question had been stated, a solution of the 
problem resulted in all casesv^ 

' Tlie children's attention was switched to reading the text of the 

second problem. Numbers were inserted—the same ^numbers which had been 
appropriately substantiated before: ''We liave identical price? every- 
where," "If the prices are decreased, they are decreased all over the 
county." Several pupils even ifeiew t^at "we have ^tate prices*"^ 

^ Immediately all pupils, without exception, announced that the 
question of the problem could not be answered. However, statement of* 
£he question was difficult. -Almost all pupils in all classes offered 
tlia same question with which they had solved the first problem. And 
when this question \^s not accepted, since a problem with the same 
question had just been solved, many pupils; were discouraged: *'Th^|^f)rob- 
lem is the same,*' "They are identical," etc. The request to ascribe 
some other question to the problem put the pupils in a difficult posi- 
tion. Again and again the jupils read the .conditions of the problenj, 
and saw nonessential distinction in^he two parts of the problem; 
identical quantities (4 kg ) and different prices of the same uQlt of 
weight (kg ) of sugar and granulated sugar. The children were unable 
to compare these prices and ask "How much mofe expensive is 4 kg of 
sugar than 4,;kg of granulated sugar?" or "How much more expensive 
is the amount of sugar bought than the amount of granulated sugar 
bought?" Their thought followed another direction; they could not 
detach themselves from the question they had ju^ formulated^ They 



2 - ' ' 

' The lessons were conducted shortly ^^ter the value of currency'^ 
had been increased, and the children knew about this from conversations 
at home and in class; many were buyers'" themselves . • 
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repe|t.t^<ily stated the question they had t^sed for the ,first problem, 
altering its formulation. . The children offered lA variants of one 
and [the same question^ These variants were similar in essence and 
different only in their external formulatidn- 

"How much money was spent, for the purchase?" "How much did they 
pay for all, the sugar and the granulaited sugar?" **'How much did they 
give the cashier?" "How much must be spent for everything?" Whenever 
they were^asked to think about the difference between this question 
and that of ^the^ first problem, the children found it in the fact that 
there were seven words in the first one and more here, that is was 
the whol^e purchase the;^e, and only sugar here, etc. Only after they 
had been^asked "How do all your questions differ from the question 
of the first problem, by words or by meaning?" did the children cease 
their uusuccessfiul attempts to alter the form of tJtie questioi 
they asked their own question, "How should it be?" They were 
look carefully at the problem* s conditions. Tlie first pair of data 
(the quantlrty and cpst of 1 kg of sugar) was underlined in chalk of 
one color, and the second pair, in chalk of' another color. The chil- 
dren were asked to compare' and answer the question:,*. "What is identi- 
cal and what*- is different in the underlined parts?" . 

In four of the ten classes there were children whose comparisons 
followed the line of juxtaposition by form — "in the first you have 
kg written big and in the second not so big," "there you wrote the 
'4 a llttle'cfifferently," "you underlined the firS^t in blue and the 
second in yellow," etc. Only after several questions had been asked, 
which were accompanied by a seargh for the notation of the necessary 
elements in th^^ext, were the necessary answers forthcoming,. 

How much sugar did they buy? I ndicate ±t and state it . 

How raucfi granulated sugar did they buy? Indicate it and state It. 

They bought 4 kg of sugar and 4 kg of granulated sugaf (teacher ^ 
indicates) , l^at can be said about the weight'^ each of these? 

Tiw weight of the sugar an*d the weiglif of the granulated sugar 
are identical. 

How much did they pay for 1 kg ^ of sugar? Indicate it and state 4 
it. ' ' 
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How much did they pay for 1 kg of granulated sugar? Indicate It 
and state it. *^ ' 



Let us compare the nuiH|bers denoting how much 1 kg of sugar and 1 
kg of granulated sugar cos' Wliat can we see in comparing these numbers? 
(Point out the numbers.) 

The numbers are different. The numbers are not identical • 

The weight of the sugar and that of the granulated sugar bought 
are identical, but the prices are diffei*ent. 

Wliat can we find out from these data? 

Only after this was the original and, determining ne'cessary question 
of the problem obtained: *'How mucU more expensive is the amount of 
sugar bought than the amount of granjulatdd sugar^?^* ^ 

After tlie second problem was solved the solutions of botla prob- 
lems were analyzed, and the pup^ils were asked to compare the conditions 
and the solution. What is identical and what is different in the • 

conditions of the problems? This encountered no special difficulties. 

' ft 

Correct answers were also given to the questions Why are the problems 
solved differently although everything is ident^ical except the question?'* 
and **Can you solve i^_££^blem if you haven't read and understood its 
question?" , 

These examples suffice to convince us hpw poorly the auxiliary « 
school children analyze, differentiate, and generalize. The means of\ 
instruction are incorrect; the teacher does not organize special 
conditions necessitating the pupil s independent isolation of the prob- 
lem's main elements, and liis Independent formulations' and conclusions, 
based on visual means of instruction, ^ . ' " 



\ 
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\ Concl uslons 



The major shortcoming in teaching arithtnetic 'problem solving to ^ 
mentally retarded schoolchildren is the teachdiVs' Inability t^ create 
conditions necessary for the pupils* ^^oal-^or iented and organized cogni- 
tive acLivLty. The teaclier frequently assumes functions quite ciiffer- 
ent Irom those he is called to realize. At arltlyiietic lessons the 
teacher frequently docs not act as an organizer of conditions In wiiich 
ha guides the child's speech and thought along the road to active and 
more independent activity, protecting him against slips and digressions 
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from the outlined plan of -work. ,. He takes on hims'elf all the activity 
of operation: he does not lead! the pupils to conclusions, but himself 
states them; he dges not wait until the children, operating according 
to the proposed syst^em of exercises, are able to formulate one or 
''another rule or generalization, ^ut gives this rule in prepared form; 
he does not tonteraplate forms of combltiing viiBual an^ verbal means of 
:|ptruction in accordance with the aims of each l^ess^n, but uses 
them in the course of the lesson pr holds to ^established tradiB^on, 
which is often i^isuf f iciently checked and substantiated. lib all these 
cases the teacher does not create the conditions necessary fpr the for- 
mation and consolidation o£ the geneAlj^zing connections which would 
promote the singling., oi1# of basic features, in problem solving, from 
much more numerous secondary features, w^th the aim of dejteloping the 
analytic-synthetic abilities of mentally retarded schoolchildren. The 
incomplete forma of this kind of a teachers' wor\c appear espe^ally 
cleanly in classes in whic h the pupils! intellectual abilities are 
greatly limited. ^ 

Productive activity in solving aritlimetic ' problems becomes possible 
for the mentally retarded children only as a result of'^lengthy, systema- 
tic, special instruction. Tiie necessity of such instruction is condi- 
tioned primarily by those peculiarities characteristic of all cognitive 
activity and, as a part of* it, of the mentally retarded child's scho- 
lastic activity, 

Wlien cfritlimetlc problems are being solved one can^f requ^.ntly see 
clearly expressed dlssQclations in the activity of the signal sys^ms ; 
onj. may continaully observe that the formation of now connections is 
hindered, that j^pry- precise analysis is Incomplete and even impossible 
without special idducational devices. 

In lessons in the classes of the auxiliary school there Is a 
* very real need to bring the opei^tion of the sidnal systems into ^gree- 
' meat, therel)y pr9motlng a more complete path for the development of 
speech and thought and, as a result i5t^thi&, more complete knowledge. 
An analysis of the problems of developing the mentally retarded school- 
child's speech and thought always leads the teacher to' the problem of • 
tiie correlation of visual and verbal instructional devices. 

\ 



^ 1 7 3 



ERIC 




Arithmetic- Instruction is no exception, since in teaching arithaetic, 
and hence in teaching arithmetic problem solving, every assignment may 
be revealed to the pupils in one of two forms: visual-verbal or purely 
verbal. . 

At varioijte stages of school instruction, this main problem may 
be 'examined with consideration for, and analysis of, the pupils' exper- 
ience^ since^^e child's \)revious experience is always reflected- to 
some ext^t 'during and ^ in the result of completion of the assignment, 
i.e.; the solution of the problem. . . 

Wlienever the pupil's previous experience is too narrow and consol- 
idated ill homogeneous exercises, th& solution of new problems is 
hindered. Tlie solution of a new problem becomes possible more often 
when, besides verbal instruction, reference is made tp some concrete ^ . 
activity in the past, ^to those visual aids and concrete forms of work- 
ing with them th^t accompanied tliis actJSrity; then the pupil is ^able . 
to orient himself according to previous experience. 

The pupils of the lower grades of the auxiliary school often 
transfer their past experience unchanged to; the assignments new to them, 
they go about finding w^ys to solve the new assignment by basing them- ^ 
selves on known visual aids, references to past work with som^ parti- 
cular visual aids./ The upper -grade pupils alfo. need the support of 
ith^ir previous experience. -Hoyever, they do not always orient them- 
— ■ selves accordii>g to concrete models, but according to models of those * 

arithmetic notations which have become customary for them.- * 
Tlie structures^ of h^jbituated associations, crea'ted because of 
frequent monotonous repetition, often dominate and interfere with th^^ 
transition to new methods ,of sol>>ing new problems. There fcan be no ^ - 
?^ independent activity from the children, even. if they rely on known ^ 

\ visual meanS, wjLthout the teacher's appropriate, guiding, and organ!- ^ , 

zing verbal insHructions . 

Emftloyment of visual methods in teaching aritlmctic to auxiliary* 
school pupils Is indispensable, .but only when one or anotlier aid is 
unavoidable,' wh_en wor^ with it makes i_t ppssible to disclose /le essence 
' - . of some particular arit hmetic relationshii> , the essence o_f ^ question 

, X : 5 

to be answered. 
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In organizing the study activity (in our case, teaching how to 



solve arithmetip problems) th^^Teacher must protect the children 
especially carefully against erroneous paths ,in the solutioA- of prob- 
lems. ^ \ 

In organizing the study activity when lasing visual aids, ,the 

teacher nust give attentive guidance until the pupil can consciously use 

# * 
these ^ds independently. In teaching children to use visual aids, the 

teacher's work^, ^ased on personal experience, is of prime importance* 

The teacher ',s personal demonstration and his speech anticipate and 

organize ^the pupil 's demonstration. 

The teacher must follow how the'^ctiild began his work with the aid, 
after the teacher gives him guiding instructions, how he x:ompletes the 
first one o^ two solutions, and finally, J the teacher must listen to 
the child's narration (his verbal account) of how he works With the aid* 

One will use for .aids, during the first meetings of the instruc|:ion 
primarily objects; one must consider tKe selection of these aids very 

« 

c^arefully, taking into account the concrete problems which will be 

t 

solved, and accurately selecting those aids which promote purposeful 
cogxiitiva activity on the j)art of th^ pupils. « / , 

(In solving problems inylSivixig. a^^g^^hase the children should have 
monfey, or tt>kens ■ J.n ^IsLc^of^^^X^^^^'^t their disposal; in solving prob-^ 

lams on measure they shoulH,,have meter 'sticks; in solving problems on / 

^ • ■ ' ' . » / 

c6mputlng^ time they should have cloek fa^es, etc.) 

In teaching arithmetic problem solving the concept yi^ 



should not betaken too narrowly, jMot only objects of counting, not 
only concrete units of measurement, but all concrete activity in count- 
ing and measuring enter into this concept. Tlie forms of notation-;^ 
illustrative, graphic, structural, a problem^s conditions written in 
colored penlll^ cotored symbols showing the connection betweeia^ numbers 
in an aritlimetic problem—are all visual means, and .-should find wide 
application in a system of exercises for instruction in how to solve 
arithmetic problems. 

In -view of the weak abilities of mentally retarded ch,ildren for 
analytic-synthetic activity, many of them, for a long time (from our 
data — until th^ fifth graded, are not ai^^e of the function of the ^ 
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quest lost! of the arithmetic problem\ A system of exercises aisd&^ at * 
revealing .the quest^a's function mu§t be organized. At the initial 
stage of instruction these exercises must be conducted -in direct 
connection with visual means of instruction (tables, models of visual 
notatipn on the cla^s blackboard, pupils ^ independent activity in^ 
choosing a question for some ij^artfLcular concrete problem, etc.) . » At 
these lessons the teacher ' s verbal ifistructjLon p^ays the. leading role. 

^Reproduction^ of the conditions 'of an 'arithmetic problem is neces-- 
sairy only i^ it is correct (if it retains the text) , although not 
necessarily verbatim. The ability to do this is cultivated by exer- ^ 
c;lses. J?he first exercises are those in which the mentally retarded' 
sclioolchild relies on visual aids (a model of the problem^ ^designation 
of the problem's conditions, etc.). It becomes possible to make: advance 
in fhe ^oiCstruction of models, drawings, and ^ketches as^ the pupil, 
during the wx^rfc, is taught to adtireps himself to the t^t of,'4;he,prob- 
lem's conditions. The visftal accumulation from one elemefit to- another * 
prgmotes synthesis Reproduction of the text of a problem 1^ antici- 
pated by continuarl repetitiejis of the, parts of the Irtiole, fMm ^irst 
to last. Direct active ^participation with objects, clay, sketching, 

.or drawing is a firm basis for the child ^s speech. Here reprdduction 
the problem* s conditions is ^realized as an oral accdynt of #th^ 
concrete visua^ activity T .Hence the quality of this account is mu^h ^ 
higher and more complete than reproduction following SQmething heard 
or only read. In instruction in solving aritl«uetic problems ^the \- 
conditions of each problem are usually given la a prepared form. Often 
they are not even .sppken by the students, but '^erelyjread. by tjje , 
teacher (and by the pupil in the upper grades). ' r 

This established ^device, having become almost ,a tradition" for all 
levels of school instruction, was not supported i>y our investigation. 

' It must be clianged. In introductory exercises one must* provide forms 
of work in which the aritlimeti<: . problem is preAented;^ in some form of.' 
the.pupilsV concrete activity^ and its -solxitl^n is included as the ^ 
requisite final stage of this activity. For, the' first tew timAs this* 
activity is with objects. . At subsequent stages in ^school in3truction ' 
the arithmetic problem arises once again during concrete work 
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(weighing, meas^iring, work with clocks and calendars, cot^p^&ijag 

'l^ple diagrams, in the preliminary work in handicraft^ etc*) and its 

. sglution is once again the requisite final step of the activity. Direct^ 

work with objects, units of meastjre, the qmpils*, illustrative and gra- . 

.phicrwork, i.e.,^ the widely employed visualtechpiques ^ with organized 

intelligent verbal guidance on the part.Of the teacher, inake for sue-- 

s^^^cessful instruction of mentally retarded schoglcHildren in solving 

atsLthmetic problems^. 

When studying at lessons, of all school disciplines, the^ pupil is 

^^#Aced with the task of having to solve soc^ kind pf-problem. These * 

Y- problems are unique, and this uniqueness depends on the characteristics 

each of the discl^-lines . « * . ' 

— At 'Russian lessons th^re is an orderly syst^^of problems whiclJ ^. 

are consistently fncl^uded in exercises and prepare the .pu^ls for 

independent activity in writing, reading, afid speakihg. At geography ^ 

' lessons the pupils solve 'problems which combine to provide them cognl^ 

" tive work with the geography map. At natural science les^ons^ the pi^ila* 

•aoquirp abilities and skills in observing phenomena of the s^urrounding 

^ world. 'At arithmetic* lessons the schoolchild also is taught how to 

solve problems. These problems a:^e uniijue and distinct from those he 

"solves at lessons in other disciplines. In th^ arithmetih problem the 

«^ pupil encounters questions such as ''How much results?" "By how much 
* 

or how. many times is one quantity more or less than another?" In the 
^arithmetic problem the pupil deals with quantities, numbers^ In sol- 
ving an aritlimetic problem^ the child must know that any problem can be 
selved only if there are at le^^i^" Cwo nCflhbers in It, and that the solu- 
tion ol a problem always depe^s on its question. 

TIk mentally retarded child doeg not learn all of * this immediatefly ; 
^system of special exercises is needed. Each element of this system, 
is worked out by the teacher, considering, f-irst,- the continuity 
between one elen^ent and t)he next and, second, the fkial concluding goal ^ 



of the' instruction in solving problems. Tlie aim of this Instruction ife 
to foster knowledge and skills o^ independent work in solving practical 
problems. Aitithmetic probleffis which t^e pUpils of^'^e auxiliary school 
must solve in their socially useful activity or in servir^g ther^pelves 
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and i>eople they know in everj^day life will rarely occur in the pre- 
pared, standard forms which fill 'the pages of school textbooks. The 
ability to solve dn arithmetic problem, from the page of a textbook 
is more the final phase tii^n the initial phase of scholastic activity. 
Even solving a simplp arithmetic problem requires much knowledge and 
many abilities that can and should be acquired by the pupils in pre- 
liainary exercises. 

In defining phe sequence (system) of these exercises, the most 
pressing probfem is that of the correlation of visual and tverbal 
means of instruction. At arithmetic lessons tlxe auxiliary school • 
pupils* activity is Organized as practidal vi sua 1-- verbal activity/ 
Depending on this, the teacher's role is modified; the teacher i^ 
reqyired' not scj adch to instruct by the Work as to skiilfully 
organize the pupils* active^ cognitive study activity. 

Formalism in' teaching how to solve arithmetic problems can be 
eliminated only if the established system of sqhool practice is jre- 
examined, T^e main and decisive ^factor l^ere is the rpsolution of 
the question of combining visual and verbal means in* instruction. 
We consider this investigation the first of the pedagogical investiga- 
^tions directed toward developing and' resolving that questiic^. 
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s6me features of elementary arithmetic instruction 

* FOR AUXILIAliY SCHOOL PUPILS 
IP V. Krianutina* 



It is w^ll known that visual Instruction plays a significant .' 

il 



role in the development of children's thinking. This role of visual 
fold in the development"^ of thinking was accurately defined by Ushinskii 

^ • The object standing before the pupil's eyes or Wrongly 
impress >n his memory,^ by Itself, 4^ithDut fhe means of the 
alien word,^ awakens in the pupil a' thought, corrects it if if 
is mistaken, supplements It if it is not complete, leads it 
into a natural (tVat is, correct) system if it is illogically 
placed, For#the first exercises it i« necessary that the 
subject b^ directly reflected in the soul of the child, and, 
so to speak, in the. eyes of the teacher; under his guidanc^^ 
the child's sensations will become conc;epts, from the concepts 
" / an idea will be formed, and, the idea will be invested in a 
word [1: 6-7 ] . ^ , 

• The specific character of arithmetic as, a school subject allows 
broad possibilities for developing thinking on the. basls^of vishal 
instruction. 'Mastery of arithmetic knowle4ge^necessarily involves ' 
"^comparing, generalizing, etc. Throu^ Visual comparisonS^at arithmetic 
lessoils, numerical concepts are formed and calculation develops. - 

As early as the firslt-stoges of the stjjidy of ' arithmeticT, when the 
children are taught to perform the primary arithmetic operations, 
.visual presentation aids the development qf the^ logical thinking. 
In the practice of teacl^ng arithmetic to ment^ly retarded children, 
however^ this basic didactic principle Is Wt ^ways realized, 
f The^ facts we have observed* show a need for th^ development of 
the' problems 'of visuaj preseptat?lon,f with the aim of formicg in 
children accurate, numerical conceptions, with wl^ich they can master, 
the -whole system of. teaching established by the school program. 



•' *Published iri Proceedings [ Izvestiya ] of the Academy of Pedagogical 
Sciences of the RSFSR, 1957, Vol, 88, 159-185. Translated by David 
♦ A. Henderson. • ' . 
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' ^ Among the teachers of auxiliaiiy schools there are many master 
.teachers,' In our investigation »we have used the experience of these 
fine teachers- 

Knowredge £f Spatial and, Quantitative Relationships 
in Normal and Mentally Retarded Children 

^_ ^ ^ 

The study material in arithmetic for the first grade of the 
auxiliary school was determined by the program of the Ministri^of 
B^ducation, tn the beginning of .the ci^rriculum the ne^cessity o^i^^an 
intr.oduction to the cotitse is indicated. . * * . 

The concepts equal , greater, than , and less than ^have great 
significance i0* mathematics • Mentally retarded ren must De 

oughly acquainted with these concepts ars well as 'their diverse, 
variants ( longer-shor ter ^ wid er-nar r ower , etc,)> since these concepts 
are included in many arithmetic prol^lems. The children must be 
taught to equate and com'pare nqt oaly units of measurement but also 
of quantity ( ^reater- ^- less ) , * , , ^ 

The inclusion into the curriculum of an introductory course 
*was made nece^pa^y by the insufficient prepkrati<m of the pup'ils for. 
mastery of the study ntfit^rial In mathematics* " Herfce we cons-idered 
it necessary first to ascAtairi the degree of preparedness of pupils 
of the first grade to master knowledge of an elementary arithmetic 
course* ' . . ^ * 

We conducted work- in the, first- grades of the auxiliary schools 
of Lenin^ad, ' mainly 'iru-Au'^iliary School No, 1, and ip the upper groiip 
of public' kindergartens- No . 20 and No. '47 of Leningrad's Dzerzhinskii 
district. * . ' " 

j;n the beginning of one school year; we acquainted the teacher^ 
with our methodolo|;y ; and in the beginning of tht subsequent school 
yeat", the. first gijade teachers themselves were already conducting the 
work" according to thi^s methodology. • .^^^ 

'Followli\g tliis same methodqlogy we conducted work with children 

of.,the upper groupsvO^f kindergarten, (uom February through April. I;i 

ail, 83 children^ wei^e investigated; 68 of them were mentally retarded, 

15 were, normally devclopiji^, children* 
* ^ y 
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The ages the mentally retarded children were from eight to 
eleven years (5 eight year olds, 22 nine ye^i^olds, 30 ten year olds, t> 
^ ^ 11 eleven year olds). Seven year old children' were taken from the 
public kindergartens* ^ • ' ; , 

Of the mentally retarded -children, 51 had studied one\>r two 
years in mass .schools , 11 h^d entered the^-^mixiliary school from 
, kindergarten, and 6 had entered St grade of the auxiliary school 

direct!^ from home. , < * i ^ 

In ourMnvestigatlon we ascertained: ' • • 

1) th^ k^o\^ifedge of spatial features of objects (bi g-small , 

% thick- thin ,* - long-short , etc., and also greater-less , thicker- thinner , 
etc., the same in 'size , the same in thickness , etc.), 

2) the knowledge of elementary quantitative relationships 
^ applicable to a group of objects ( greatei^less , and , the same^ in 

q ^ uantity y, . * \. . 

3) the ability to count to ten, 

'4) ^ the ability to pejrfqnn arithmetic operations, and the ability 
'to solve pjroblems with numbfir^s from one to ten. ^ f 

We examined and constructed the pedagogical ^ expei^jnent as a 
teaching experiment, in whicl> the experimenter's pral ittstructlons. 
guided and directed the child's action wfth visual aids* Th^ quality 

oF the child's performance wltk assignments depend'fed on the quality 

* • ' \ . 

S of the verbal instruction; hence we strove for precision and clarity 

of instruction. , ^^^^^'^ * ^ ' 

Moreover^ we carefully registered arid strictly Considered the . 
* ^ child's speech accompanying some of his actions or the teacher s 
actions. We considered the influence of the child's speech on the 
' character of his fulfillment bf the * assignment , and his correlation 

o*f wordSj wi^ih actions. Wtien they ditj not correlate (due to inaccuracy ^ 
of spe^c/h or Incorrectness of action), we pointed out the mistake to 
^ the child and ^corr4cted his speech and actions. ^ 

Verbal' Instructions and help from the teacher directed the pupil's^ 
apperception and thinking to the primary, essential aspect^ of objects 



and helped divert them from non-esse|itial aspects. 
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Knowledge of Spaflal Features • * , ■ . ^ 

Features of objects blg-sm&ll ve^ esc^afned vfith a set of ten, 
blocks with edges of one centimeter to ten centimeters. The pupils ^ 
were! asked to give the experimenter the smallest blocjik, then the 
smallest of the remaining blocks, etc. When th« last blopk had been , 
giveh away, the set i^as ^ainV^laced before the child*, and the 

A * ' \ . 

experimenter asked for- the biggest block, then the bigges't of- the 
, remaining flocks, etc. The whole, set was used in this manner. 

Tlie features thikk-thin were explained using a set of pencils 

* of various thicknesses but identical length and color. * The 

^ ' ■ • ■ 

pupils were asked t^ give the experimenter the thinnest pencil, then 

ti ^ * * 

. the thinnest of tyhe remaining ones, etc. ^After^this the pencils' 

Were^; placed again before the pupil and he was asked to give the 

experimenter the thickest* pencil, then the thickest of the remaining 

onea^ etc.^ ' ^ ^ * . 

A set of ^ten rulers of equal length, varying from one centimeteV 
to ten cehtimeters wide, were used for evaluating the pupils ,,^owledge 
of the features wide-'narrow . The children were asked to give the 
experimenter the narrowest ruler, then the narrowest of the remaining 
rulers, etc.; then the children were asked to give the widest, then 
the widest, of the remaining ones, etc. The pupils* knowledge of the 
features long-shor t was evaluated' in this s^me way, using ^ set of 
sticks of various^ lengths (th^ so-called counting ladder). 

For evaluating the pupils' kjj^ledge of the features high and low , 
the Counting ladder placed vertically was used agaiti. The .pupils 
were required to give the experimenter ^the lowest stick, then the 
•lowest of the r^fiaining sticks, etc. Then they were equired to give, 
the highest stick, the highest of the Remaining ^es, etc.. 

In all cases,, we moved on to the next experiment only after using 
all elements of a set* m ' * 

The investigation sj^wed that seven year 'o^--ci;ildren from the 
upper groups of thfe mass kindergarten could cope pasily with all the 
indicated tasks, while the faentally retarded chiyren fulfilled only . 
60% of the problems proposed to them. , . 

Of the 30 pupils fjrom the atuxillary school, despite their age 
of Id and ri years, only six*co(ild handle fully all their assignments • 
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Eighteen pupils only partially fulfilled the assignment; six pupils , 
could not cope with a single task. , % 

^ t A comparison of the fulfillment of separate tasks sliowed that the 
chiMren coped much more easily with jthe selection of tl>p largest 
block when there were blocks of 4, 3, 2 and 1 centimeters remalnii^, 
and had^ significantly^ greater difficulties when doing the sajrtE problem 
with blocks of 7,' 8, 9 and *10 centimeters. This is because the differ-' 
ence-betvieen blocks in trhe first cac^e is more obvious than in the second. 
For the j>^rmali5^ developing children, this circfumstance/ h^d no^ signif i- ' 
cance. * # . * 

The normally developing children approached the fulfillment ef the 
task immediately after receiviiig instructions. The instructions 
did not need to be repeated. \ . * 

^ The meutally 'retarded, children after a first explanation of the 
4task could not grasp its meaning. Each assignment had to be repeated 
two or three ti|ihes before the c^ild understood what .must^'be dbne ^nd \^ 
could begin to do it. \. ^ 

As a rule, childreti from the kindergarten sought the required 
objects actively,, compared tbem, for example, placing the bars side 
by side. Tliey alrpady^ had 1^ command, of this method of compari^n. 
The children checked ali^the 'bars in the set (to see if there was 
a smaller one)!* "Thi#ope, I think, is the tiniest , '*^ne of the 
children of the kindergarten explained after his stubborn searching. 

The mentally retarded children^ost often took A^hat^evar was lying 
on top. They did not search fpr the required objecy and did not use 
the method of comparison by placing the blocks next tp or on top of 
each other, ^ 

The normal seven year old, having given the experimenter the wrong 
obj'ect by mistake, was capable of re4iizing his error and tried to 
corrpx.t it. "1 made a mistake," explained one of the ^children in a 
businessllke'^manner ; ''Here, take this one, now it^s correct.'' 

Mentally retarded children, as a rule, did /not^' notice their 
mistakes and, consequently, made no attempt to/cocrect them. The 
features big -small were handled by the mentally retarded with the 
least gmount of errors. Tlje concepts long^, wide , high and thick led 
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them to the concept of big," which is* most o^ten used in life and there- 
fore was more familiar to the mentally retarded children. For this 
same reason the concepts high , low, narrow were more difficult for 
them, since in daily life .the children experienc^e ,them more rarely. 
They were replaced more^than otl^er concept^ ^by the concept^ big- ^ 
' small > 

Tlie ability to compare and establish which of the objects is 
bigger-smaller, longer-shdrtei;, ^ider-narrower', thicker-thinner, 
higher-lower was evaluated using the same" sets, namely, the ^setS' of 
blocks, rulers, sticks and pencils. . * ^ 

In investigating i}rientation in the^concepts bigger-smaller in 
size, two sets of blocks- were used. The first set Served to expl^n 
^ the task; fhe second was used ,t^o coniplete the task. The experimenter 



howed the pupil one of the blocks of the first set and asjced the f \ 
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.pupil to give -him all the blocks in the second set th^^t were, larger 
or smaller than the block he held- The task was rented ^three times 
using different blocks. ^ ' ^ 

V Using two identical s^ts of the^^counting ladder, knowledge of 

the concepts wider-narrower, thicker-thinner was evaluated. 

« , ^ — — ' : \ 

Together with this and in the sam^ order an investigation was 
conducted of orientation in the concepts of_ the same size , of the 
same length , width , etc. In these cases "thfe child wafe required to 
give the experimenter only one object ^rom a set, one equivalent to ^ ^ 
the ^iven object • This task, lil^e the preceding one, was repeated 
three times; each time the. Object of the assignment was clianged . 
The children from the kindergarten performed all the Mbove assignments 
completely. ' * \ 

Of the mentally retarded fcl^dren, only one fully performed 
the assignment/*give the same'' (in size, width, height, etcO, 1^ 
did it 'partially, and 15 did^not do it. Ilie assignment to give all. 
objects ^smaller (o^narrower, shorter, etc.) than the one shown was 
fiilly completed by o\ily twoy» pupils ,* par tially completed by, 14 and^ 
not done by 14 » Tlie assigftm|nt to^give all objects larger (wider; ' 
longer, etc.) than the one shown was fully completed by three pupils, 
•partially, by 14, and "not performed by 13 pupi/s. ^ 
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. The niost difficult was the assignment to select an object of the 

/ ^same size (width, height, etc.) from a second ^et. The diff ifculty ^ 
was that . the children cotild*not Isolate the required dbject, and tj|^us 
selected objects which were close in size to the 'given object* 

Rese^arch was further conducted in the* orientation of children 
^ in the concepts biggfer-smaller ,^he same In size ^ longer-shorter , 
the same in length , etc., when only one of ti^e comparable objects 
was placed before the child, ttie other being compared mentally . * 
was done by placing the sets at different ends of the classroom/'* 
The pupil was given the assignment at one end ^f the room and per- 
formed it at the other. Under tWese conditions, the subject had to 

• / 
retain in his/memory thSe image of the given object* for a prolonged 

>» 

IrBngth of time. The mentally retarded chilliren gave a significantly ' ^ 
lower number of correct answers than in the preceding tasks ^ 

Of the 30 auxiliary school pupils, only six handled the assign- 
'ments partialljr, while the other 24 coild not gope with a single , 
assignment. - o 

\ The children from the kindergarten ^ave 96% of- the answers to 
this assignment correctly, % 

The general character of the performance of the assignments in the 
two Examined groups of children varied. The normally de>^eloping 
children performed the assignment caretuily, with great accuracy. 
J /rhey checked to see whether on^ more of th^r quired objects did not 
/ still remain in the collection. Performance of the assignments was 
often accompanied by discourse: **I*11 go look ^nd see if one is 
srtlll there.'* t 

Tlie mentally retarded children were not interested in accuracy 
in their con\pletion of the assignments. In the majority of cases, 
there was no discourse concerning the assignment. 

Tile normally developing childrefi, jurying to make the completion 
of the task easier for themselves, introduced didactiic? material into 
the system. For example, of 15 chilfiren *hf the^plder group from, the' 
kindergarten, 42 -first put the set into a definite system^ then began 
to fulfill the assignment. In working with the criterion length , 
they arranged theifeticks of th*. counting ladder into a little ''ladder,'' 
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making the ends of all the bars everT oil, one^ jide so ^ that it was t 
easier to see difference k\ tl^ir lengthy ^ To the question of 
why they ddlj^.this, the children answered: ^*It'>is clearer t;his way," ^ 
and "You^ca^n f ii4 it .b^^tter this way." ^ * 

Ab A rule', theji^ntaily retarded children made no independent 

' ^ /'^ 

^changes^in the' arrangement of . the displayed material: i 

Having established that the counting bara could be. arranged in 
a definite *order (a **li^dder"), the normal children,' having received 
rulers In a scatteted fji-ife-Cin werk with the criterion width ) » 

'Here, too, protably, you can maljLe a little ladder," and. 
immeidiately began to order the rulers. 

The experimenter prompted the mentally retarded children by 
suggesting the possibility of arranging the sticks of the counting 
ladder in order (a "ladder ") thereby making the solution of the 
problem easier for .themselves. Under the inflyecice of such direct 
prompting, the children did this wTLth the counting ladder, but were 
still unable to apply this method to complete a problem oth^ didacti 
nikterial. During wort:: with the rulers, the experimenter again had 
to remind the children of the possibility of putting the scattered^^ 
material into order. ^ 

When cqjT^^af ing objects'with, eaph other, the normally developing ' 
ildren place^ one object on another (for example, rulers) or placed 



'one object beside another (for Example, sticks (ft the counting^ ladder).* 



, Tlie mentally retarded chlldrc^n did not do ^lis . If the experimenter 
tried to direct them to an appropriate device, the children could 
zealously equate^ob|ects by a non-essential criteri0'n^ For example, 
t^ie rul^ers that were of different widths but of equal lengths were 
zealously equated by length, when it wks required to compar,e them by 
width. ^- , , ■ 

Knowledge of Elementary Quantitative Relat i onshlps 
I We began the ^ investigation of the children's knowledge of 
elementary quantitative relationships b^,^ ascertaining or/entaticm" 
in quantity of Objects without counting them: manvpi-e<^ , more-le^s , 
as many asj " ^ ' ^ / 

The investigation was conducted with the li^^ip of bui^tons of the 
sam^e size, shape, and color. Here is Xhg ^i^^u^od of \\\e assignments 



1) «The' child was shown two groups of buttons and ask^ to v 
^iijd'icat^ In which group fihereT were many buttons, 'and in wh^ich thete 

^ -^■♦^^^ . -He wad *askedT%o -tiake as mamy buttons as the ,experim6riter*. . * 

took,' then 'more, .then less thdri the e^^eriilientAr ; he was aj^so aske^ 

to take all'' equal ajnount in both hands; ^ < ' ^ ^ * 

3) He was Vequired to determine in which pf two sharply sepa- 
* . gr . • • ' • : . , ; ' ' 

rated gi^oups there were more feiittons,. and .in whijch there wer^ lessj 
^» " ■ . . - 

" ^ 4) Hi? was asked to separate the buttons into two groups so that , 

theyfe wpulld he njore b,uttbns in one of them, few^r buttons ii^ *the 

oth^j^ so \that^ there would be as' many 'In one group as* there- were 

in the other. ^ V ' - ■ 

Thus the child's 0rlentation in ^he iridicate)fi- concepts j^as checked 
by the actions pf tfie ^hiW himself* The cndldx:en from- the; kinder- 
garten did all the assignmeivJ^s freely.* The/concept as many as* was 
unfamiliar 1^ .only one of the 15- children who were e3ca:aihed, * 

Of the group of ufe^ntally retarded children, only three handled 
all the assignments. The others'* handle^ the assignments part^^lly 
or not at all. ^ • , ' " ' 

The concept 'as . many as was the' most dlf f icult/'for them. This 
poncept Is rare^^ encountered in the everyday id!ie of a child', in 
any case, not. of ten enough'^or the mentally retarded ch'ild to be able 
to mast^ it.^ Moreover, to master the correlations as many as and 
equally , the child must understand that to each* unit of one quantity 
there must correspond only one unit of another quantity. This is 
complex for the mentally retarded child. 

The concepts larger-smaller are also difficult. In mastering 
thesd concepts, the pupils of the auxiliary school ean be seen to 
have a quantitative peculiar-ify • , The concepts larger-smaller and 
many-few were not related to each other by these pupils. '^^^ know 
the weirds, but they do not connect the concepts deslgnateS by them , 
in the u^irs larger-smal'ler , large - small , long-short , and others, but 
perceive each of them as a separate quality of objects. Ttiis is 
confirmed by the number of correct answers olftained when investigating 
the indicated concepts (pairs of opposites) • For example, In orienta- 
tion in the concept many , 82% of the answers were correct and in the 
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conc\t fgw , 68%; in tKe concept larger -54% and' in the concept smaller, 
•39%' of the answers were correct. \ >^ _ ' 

,fo ma^e these concepts more ecJ.se *Bnd .to copsoj^date them 
^in the 'consciousness^ of auxili^ty «<^hool pupd^ls^Trt the first grade, 
it is necessary »to return •to them constantly during ^fur^ther instruction 
in arl^thmetic, and to broaden and deepen them. . 

'As eajJ.y as the s^Sy of; 'numerical orcier the child .s*iould know 
practically (without verbal generalisations) that aiyr nuitlber in 
numerical order is greater- than tbe pracediilg onef and si^aller than the 
lollowing one*!' Furthermore, ^liinUmbprs in' numeric^al order up to a 
given number are smaller than this number, ^and ^11 numbers after it 

are larger . ^ • ^ • ^ • * , ' ^ Jtt 

* ■ The child' should also Icnow practifc^^ly (by comparison,^ not 
naming othter components of bperations) that* the sum is greater than 
either of the summands^. that the minuend -^s greater than the subtra- 
hen ^frff^ rea t e r than the -remainder , and that, in counting^ by twos 
a^d by threes,, there -are njofe twos than tshrees in ten, ,^ . 

In the second grade these concepts acquire special signif ic^iC£^ 
when increasing -and decreasing a number by sev§«:al units, by so many 
more and by so many less. The concept must also b*e instilled vln. the 
child that in m^ltiplyi^g ty integer the obtained product is greater 
than the multiplicand; and -^^|^'di^idend is always greater than the , 
"aivisor or the quotient . - ^stTi^|ng measures ot^weight, length, and 
time it must be shown that one measure is greater l:han .others^ 

In the third grade the concepts larger-saialler are encountered 
'In the st^dy of multiple comparisons. 
Ab illty to Count to_ Ten 

Investigation of 'the state of counting to ten was conducted in 
the following order: " ^ - i . 

1) We checked knowledge of the names of^the numbers and the 
order in which they are found up to ten (counting without didactic 
material) ; . ' - ' 

2) We checked the ability to fcouqt ofejects up to ten (the nb- 
jr^cts were buttons). . t.. 

In the second case the ^children were asked to determine how m^ny 
buttons there were In a box (ten buttons), anci to pick out a specific 
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' ' * ... 
number of buttons Cnl^nbers selected* at random) • * ^ 

An analysis\<^f the material oljtaine^* shows th^t the ^mentally re-' 
tarded children la^e^ significantly bebiAd the normally developing 
"seven year old children,'. * ^ ' ^ ' ' 

The seven year old" children from the older group of the k^^ndel^ ^ 
gartcn not only counted to ten^ but significantly higher (in ^soxne^ cases * 
to 100) . ^ * ' ' V 

The mentally retarded children could' name the numerals'^'ln order 
up to ten in 69% of the cases; they « could count up to ten objects 
In 63% of "^he^^ses, ■ ' * ** * 

Ability to" Perf ornr Arithir^tld Opet^tlons I 

Understanding the operations of addition' 4nd 3ubt|:actidn 
was checked by the solv^lng of very simple probi^ii^' (story jproblems) 
and examples (number problems). 4 ^ V 

The pupl3)s were shown four .problems in pn^'o^j^at Ion using the 
most simple ^erbal* formation . Numbers in the pip^iexns did not ex- 
ceed five* The £exts of these problems follow*' vl 



1. ^ou had two pieces of candy, and youf aaama gay^ you another 
piece. How many pieces of candy did you have thl^^lj? " ^ . * 

2. '^isha had^ three pictures. Vova gave hi|n> two more. How 

many pictures \did Misha tiave?" . ^ ' ' 

3* "A boy had two rabbits ♦ One- of thep^ r'ai^ji away . ^ Ifow many . 
rabbits were left?" 

4* "Shura had five pencils. He gave twp pencils to a friend. 
How lianv pencils did he have left?'* 

The problems were given orally to the qjjij,'di^^n, th«*^ repeated 
them, then solved them orally. Tlie pupils we^e^ ^pl^^ advance that, 
in case of difficulties in solving the problei^s,. they could use 
didactic material . . ' ' . ^ ^ ^ 

In solving the examples, which 'were glveii after the prpblems, 
the possibility of using didactic material was again indicated. 

The examples were analogous to the problems: 2 + 1; 3 + 2; 
5 - 2; 2 - 1. , \ 

The mentally retarded children's solutionB of the problems and, 
even more, of the abstract examples were sharply distinct from the 
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soluUons by the- kindergarten children^; In ^oing the operations 
.t. Jvi .«-hP mentallv retarded children gave only 



the problems and examples, • the mentaljly retarded children ^ave only 
50% of th^ir answers correctly . . ^ / » * 

' Without exception, all of the" Uinder gar tpn>^ildren -solved the , 
problems and'examples given them; they' very seldom used didactic 
mterlal (only one child, ., in one instance, ^ - 2", used his fingers). 

.One «4ntall2f retarded child who sqIvJa a problem counted on his 
'fingers; another child counted, on sticks 

In' solving .the abstract exainplesj/all the mentally ' retarded 
ckildr en, without except ion,, ilbde of didactic nbterial. 

'• The problems In one Qperaliq/^had concrete conditions". "It is 
understoo.d 'that it is easier tyColve a con^^ete prgblem with numfeers 
from one to five than it is solve an, abstract example. ' ^ . 

On the contrary,. in t^uppter grades, when the .obndiUons,,.o£ 
a probl^ become' complex-»/wheii logical work is requlred^' order to- 
understiand the probleifl and its solutlotf , -then the §*»j:'ution of the 
abstract example becomes easier in cqqiparison„wlth the solution of 
the* problem, - ' . ^ . 

Summary . - • , - • 

On the basis of the data obtained* it may be concluded tl^at: f 

1. The mentally, retarded children from ages eight to twelve 
whom.we investigated were not prepaj^ed. Judging by- the .level ^o£. the;lr 
knowledge, for instruction in arithmetic, despite the, fact that many 
of them had already studied one or two years in the mass school*. 

The intellectually normal children already had" the corresponding 
preparation by the time they were seven years old^' 

2. Approaching instruction in/ arithmetic, one must first pre- 
■_^are the raehtally retarded child to master the study material. Such 

preparation should be expressp'fl in develop in?, . in the children an 
orientation In the spatial features of objects and' in their quanti- 
tative relationships, as w^ll as in the development of numerical 
conceptions. 

3. Mbreover, preparation for mastering the study material should 
fbe expressed In the development in children o( the fundamental logical 

operations: 
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a) , the ability to*note similarities and differences of objects^ 
and their features; ^ ' * , , 

b) • the. ability te abstract: from 'separate features those aspects 

. ■ * * ' 

charactetistic of th^ objects or phenomena; 

c) the ability to generalize and form general conceptions and 
toncepts; . ^ ' * - . ---^ 

d) ^ the ability to classify and systematize; 

j^) the ability to plan. , / . ' 

r ' . ' 

v The Formation of Coticeptiotis of Sfiatial and , Quantitative ^ , 

.» . ' » ♦ 

Relationships in Mentally Retarded Childreii 

The pr^iminary investigation helped us ilote several ways of 
broadening mathematical conceptions and concepts in mentally re-* ^' 
tarded children when studying in a preparatory course, as' well a's 
several devices of study Of numbers betfcreen 1 and 20- In^ this vein, ■ 
we conducted 'an experinjental inv.es tig£^ on . ' , ^ 

The investigation was conducted ov»r a period of two years in 
the first grades of Leningrad's auxiliary school. Altogether, the 
investigation involved Idl subjects varying in age fro'm^lght to 
twelve xears (eight years — six pupils, nine years~32 pupils, ten 
years — 31 pupils, eleven years— 33 pupils, and twelve years — nine 
pupils). Of these children, 70 had studied one or two years in the 
mass school or had been in kindergarten* 

In crder to establish the devices for visual instrucbdon in 
arithmetic and to check their effectiveness, we conducted systematic 
observations of the work of the best teachers of the auxiliaxy schools 
of Leningrad, and s^cattered observations of the auxiliary schools of 
Moscow, as well as of the mass school No. 210 in Leningrad, 

In this manner the work was done in ordinary school surroundings. 
In' several cases individual lessons were necessarily conducted with 
the children ♦ 

As a result of our observations and experimental Instruction, 
we established .a series of techniques which facilitated both the J* 
conscious mastery of the' ^tudy material in arithmetic, and the 
development of the thinking- of the mentally retarded child, 

IN 
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In this work we have not posed the problem of giving* a'metho- 
dolDgy of arithmetic Irj^ truction, but have tried only to establish 
various techniques for utilizing visual aids in the studjr of the ^ 
fundamental sections of an eletnentary course in ^arithmetic . ^ 

Only by visual iilJ^ruction,^did the child's orientation develop 
regarding spa^tiaG. features such as large-small ^ larger-smaller , ^ of the , 
sa^tye volume / long-short , longeir^sho'^ter , of the same length , vide- 
narrow , wider-narrawet , of the same » width , thick-thin , thicker' - thinner , ^ 
• £l the same thickness , high-lov , hi gher-lower , of the same height . 
As* out preliminary Investigation showed, -these concepts, are 
absent or Insufficiently defined in many children who enter ^ the first 
grade of the auxiliary school. - Tn conducting the work we » therefore . 
concentrated upon developing in these phil^ren the above poncepts. 
' Deyelogli ^ Concepts of Spatial features * ^ 

* I :^0;:form concepts that corres^nd tfo definite spatial- f,eatures of 
■0bjec^jS and to compare objects ac'^ording to such ajjecific features, 
we^ u^ed tiie -same aids as those in',^ur prelimln^y research: 
. i ■■ 1) blocks: in forming the concepts large-small , larger-smaller , 
/ "^^^ B^^e size^ 

2) the counting' laddei:,, placed horizontally: in forming the 
^--^'fcpncepts long-short , long;er - shorter > ot the same length ; with the help 

of the same ladder, placed ver-tically, we developed the concepts 
hlgh-lov , higher-lower , of the same height ; 

3) '" rulers: in forming the concepts wide-narrow ^ wider-narrower , 
of the same .width ; ^ 

4) . pencils: in forming the concepts thick- thin , thicker-thinner , 
of the same thickness ■ 

Tlie aids that ^^e used were characte^zed by the fact that each 
set isolated a sppclfic spatial feature. For example, tha character- 
' istic spatial feature of the block was its volume. One does not 
■ , say of a block that it is long or short, wide or narrow. All three 
of its measurements are mutually equal. llie most characteristic 
distinguishing feature of' the block is its size: large or small ■ 

AL first we taught the children to distinguish natural objects • 
in surrounding life according to .fTieir spatial features* This work s 
v^s conducted during a walk or excursion with the children in a 
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garden, a park or on a- street. The pupils found a large hou^e and. 



a small house, a high and a low tree. In natural 'o^j^cts, hWeves , 
features are given inKCombinations: a tree is not only" high, but also 
tKick; a house is high-but narrow in ^qmparison with its neighbor-- 
a low, but very long house. For the mejitally retarded child, this 
extraordinarily complicates 'the comparison 5f objects a^b^ding to 
any one feature.. To isolate pne or ano^er feature from their entiTe 
cb;nplexity is. of t^n* T^eyond the ;^owefs,of the 'auxiliary school pupil 
at the tljne of his first instruction. *' ^ • » 

The mentally retarded children entei'ing the first ^ade .of the ^" 
'auxiliary school CQuld not perform the most elementaty comparison of 
objects. For ex^ple, the pupi;Ls couli copipare the thickne^'^^f 'two 
pe^^ls. o'nljt when the lpi«|:hs of tt^e pencils, wefe identical. When\ 
tljiey were not identical, the pupils confused a thin pencil with a 
short one. Obviously they did not have any clear ^onqept of width 
and length, ^ince they confused these features. 

To help the mentally tetarded Children to make the simplest i 
comparison of objects and tq te^h thojjjgjj^^solate. the feature neces- 
sary for comparis<m frpni all 'other features, aids were required in* 
which all an object's features were equal except one.* For example, ^ 
the feature long-short is isolated with the help of a counting ladder, 
in which the bars are equal in al^ features except length^ The 
feature of width is isolated with the help of rulers in .length and 
thickness but different in width, etc. 

Thus isolation, with the help of an appi>opriate ai*d,*from a 
combination of features facilitates the apperception qf this feature 
b^ the mentally retarded child and, by the same token, facilitates 
the formation of the corresponding concept.' 



This is the first distinctive characteristic of Uhe methods' of 
wcj^k which we have proposed. / 

lb - The second distinguishing feature^ of these methods is the pos- 
sibility of gradually widening the scope of the child's attenti^on, 
because of the large number of o^bjects in each set and the system 
of its construction. As a rule, we began working with the mentally 
retarded children in the domp^irison of tjwo objects and, adding one more 
object to each object in the comparison, gradually Increas'ed their 
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number, eventual].y of f ering^ the whole set. When there a relapse, 
with increased mistakes* (as the child, working wl^th* a whole set, 
found it agsfin dlMicult ip some case^ to grasp all the object^ of 
the set), we again reduced the nutnberr of objects. 

• In the cl^ldren's work on the^ coqjiting ladddr, we ^loticed tjhat • - 
they compared ba^s of 1, 2 and 3 centiijjeters easily, and that It 
was h^rd ^pr them to compare bars of 8, 9 and 10 centimeters. The 
same was*" observed during work ^th the rul^rs^ blocks and other -ob- ^ 
"^ects. Tliis can be ^explained by the fact that the large o^ects^^of 
a -set were. less distinct- from each otl\er than the '^mall objects. 'The 
relative difference ifi 'the siEes of thfe former is Ifes^ than in the* 
sizea^^of the lijfttef . 'Fcif- ekample, iA the toui^ting ladder a 1 dedftneter 
bar is twice as long as a 1 decimeter bar, but a 10 decimeter bar is ' 
only Ig as li^ng as a .9 decimeter bar. Consequently, in the first 
case the difference is more noticeable and is ,^hus more easily es^ 
tablished. ^ ' 

To facilitate the gradual transition to the comparison of ob- 
Ejects which are hard for \he children to distinguish, we used^the 
following device. First we proposed bars of 1 decimeter and 10 de- 
clmetersfor comparison, then 1 decimeter and 9 decimeter bars; 3 
^decimeter and 9 decimeter; 2 decimeter and 8 decimeter; 3 decimeter 
and 8 decimeter, elc. Gradually reducing the difference in the lengths 
tof the bars bfeliig compared, we led the chlldr^ to the comparison 
of two, and then of several, bars whleh which were slightly different 
in "length. , 

In including the entire set a^ a whole into the work, we began 
the comparison with small objects, gradually passing on to large 
ones. • * ' 

The transition from objects with a greater disparity in, size 
^ to those with less disparity, that is, the gradual increase in the ' 
difficulty in distinguishing the compared objects, Is the third dis- 
tinctive feature of the .methods of work which we proposed. 

All these techniques, as well as several special techniques, 
shall be described in more detail in ,thp account of the separa^ie • 
stages of the investigation, to which we shall now turn. 
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* , _ . . ) .1, 

We-began our instruction of the orientation in* spatia^ f eatprps 
with the features small-lar^e , ^ the mos^easily \i^der stood by the | 
children, *j ' , - j: -r* ^ 

*^"Formation of the corresponding concepts was first conducted ; 
^ on oi\e set of ten blocks with edges' of 1 centimeter to 10 ce^imetfevs. 

For convenience in the future development of this statem'ent, 
let us numlj^r the b!}.ocks: of 1 centimeter — #1, of 2 centimeters — ?#2, 
■ 3" centimdtgits — #3,^tc. I^upils were given the blocjcs in no particular 
ordex' (at random), j. " ; ^ > i \^ 

Firs t *we^ coVidu'cted the ^comparison of two blacks of 1 centimeter 
and 10 . centimeters; then o^ 1 cen&toeter and 9 centimeters; 2 centimeters 
and 9 ^entime:ters and so on. rnjthe approach t6^^€|;omp^ring blocks 
#5 and //6, *^ready difficult to di'^^nguish by sizey the chi^^dren # , 
were o^f ered-blocks //lV#2, //3;* that is', the number of "^loc^s was 
increased. Then blocks |1, //2, //3, //4, etc, were taken,^ 

After we had' cpndi;£ted the comparison of two, thpee and more 
blocks of the greatest contrasting size, the whole set was presented. 
The bj^ocks were placed, so that they were visibjp to all the children, 
A slightly inclined pedestal was used for this, which was placed on^ ^ 
the table. 

One pupil was called. up to the table. The teacher gave him a 
problem: '*Give me the smallest b^ock,*' After the pupil had given 
him one of the blocks from the table, the teacher gave him the 
following problem: ^'Give me the smallest of the remaining blocks . V^^^"^ 
This was continued until the^whole set had been used up. All pupils 
were called in turn, 

llien the assignment was changed: **Give me^> thie largest block," 
".Give me the largest: of the remaining blocks.", And ag^ain the whole 
set was used, 

Tn those cases In which, despite the preliminary work in comparing 
two, three, and more blocks, gradually increasing their number, com-^ 
pletlon of the assignment on the whole set again troubled the pupil, 
a special device was used. Because the difficulty was connected witHv 
the large number of blocks, from which one had to be selecj:ed, th^ 
teacher limit^^d the number of blocks to three or four. By the same 
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token the child's attention was concentra^d on narrower material. 

This method decrease^ the number of blocks, unlike the method which 

began comparison with a small number of objects and t)\exx gradually 

enlarged 'this nximber. 

To show how the work proceeded in these cases^ we produce here 

excerpts fretn appropriate Yeports^ df the lessons • , ^ 

' Ten blocks ar»€ iti front of the child in i^andom order. » 

He is asked to selectl'tne smallest blocks then the smalleaJL 
of the remaining one^. Both assignments are done corr^ctiy^ 
* .But in doing^ the following^ analogous Assignment, the pupil ^ 
errs: he selects block //6 instead of #3. Thep the teacher 
removes .certain block^s, leaving only blocks #3, ^4, #5, anc^ ^ 
#6 before the pupil; the assignment is Repeated: select the 
smallesf of them. 'The pupil gives^bloftk {}3. * , , 

uKus the tethnique of reducing tl^e number of 'objects gives a^ 

positive result. . — - *^ - / * . - 

fVie other assignments Involving blocks #4, i^5, and / 
//6 were done without errors. Then the remaining blocks //7, ♦ 
, #8, #9^ and #10 were included in the^ assignments until the 
whole set was used up. t • 

• After this, assignments using the whole set were again 
attempted, in which the pupil^, comparing blocks #8, #9, and 
//lO, agaln'made a^-Tiristake In the subsequent completion of 
the assignment using the whole set, however, there were no 
mistakes . ' , . 

Iti' different, pupils other mistakes were encountered; when selecting 
the smallest block (#1) from t^e set, the child gave the teacher the 
first small block that caught his eye. The expression ''the smallest" 
was understandable to the children, since the ending -est had been 
explained .Separately, before the work with, the blocks (the sweetest, 
sourest, prettiest, cleanest, etc*)- 

If we turn to the materials of the investigation, we see that 
normally developing children, before beginning to do the assignment 
(for example, '*Give me the smallest block''), generally on their own 
initiative, put the set in order befor^i doing the assignment, trying 
to make the selection of the required object easier for themselves. 
They seemed to be planning their work. 

Tlie mentally retarded children must be led to the correct solution 
of the problem a^ong the same road traveled by the normally d^eloping 
children** Hence to correct the mistakes mentioned above, the pupils 
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were asked to put all the bloqks in order "by height." Having dope 
this, they easily found t^he smallest block in the^et, then the smallest 



J 



of the remaining blocks. U^ing sucIS^ a technique, the te^rcllisr obtain^ 

positive results. - * ^ - ^ ^ 

There were cases in which the, pufsil c^uld not place the blocks 

"by height*." Then the, teacher, himself positioned the blocks, showing 

^^.J the order of their arrangement. Having done this several times, the 

teacher asked the pupil to do the same thing -^n4 aided him in case 

of dlffillaty. , " " V • 

Having arranged the bloclcs %y height," the pupil found the > 

smallest block without difficulty. The system in which the chllc^ 

♦ 

arranged the blocks made it possible for him to^ p^^orm correctly all 
the teacher's other assignments. * »^ 

There were tases in which tjie pupil gjade a mistake, not knowing 
what the word small meant, and instead of giving t)ie teacher the 
smallest blot:k, he gave him the largest block in the set, or one* of 
the largest. In these cases the teacher indicated the smallest block 
to the pupils and named it, then indicated and named the smallest of 
the remaining blocks, and so on. The set w^s presented to the pupils 
in a specific order: all blocks ''were placed ."by heigh^." After the 
teacher had gradually gone through the whole set in hlsXjJemonstration, 
the pupils were asked to repeat what the teacher had done. 

After one or two demonstrations the pupils usually mastered the 



concept small . Tlie same work was conducted with the concept large . 

* J 

During the work described' above, leading questions were asked: 

"Isn't ther« another block smaller than this one?" "Take a good look, 

there is a block smaller than this one th^re." "Did you look at all 

the blocks?" ^ 

Such questions and advice helped the pupils. The teacher's words 
organized the pupils' actions and directed their attention to the 
necessary object* 

The normally developing children usually sought the required 
object actively, by themselves. They were not contented until they 
had checked all the blocks shown to them.^ "Isn't there a smaller one?" — 



the children explained their searchings. ^ 
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As a rxx^e the mentally retarded children did not Isearch for tlie 
object corresponding, to tHa assignment. They were nou interested in, 
the possible existence in the set of an object ^more cidsely correspond- 
ing to the assignment. They did not»even gues4 the *possil?ility of , ^ 
a more accurate vay to do ^he assignment, mentally retardefd 

children usually selects^ whatever fell Ifito their ^hands, whatever 
was closest to them, ' * ' ^ , 

To the techniques for helping develop in pupils an aetivek relation- .J 

ship anc^ interest to th^ assignment they are, doing, :one may alpo 

t 

add the one in which the requir'ed block is placed by the teacher under 
the other 1)locks so that it is not visible to the child. Then ^he 
teacher's questions and advice 'facilitate the pupil 's"- search. In ' 
this way they find (the appropriate ^object, which was not immediately * ' 

seen and which had to be searched for. 

Tlie techniques described were also used by ua in working with " 
pupils using the counting ladder and the set of rulers and pencils 
(forming the- concepts long-short , wjde-narrow , thick-thin , high-lo\\) . 

Ip several of the auxiliary school pupils we observed a lack 
of self-confidence when they were doing the assignments. The tOBcher 
constantly had to confirm the correctness of their perf o^rmance^of the 
assignments. ' 

Having learned to isolate one or another spatial feature of objects 
in the appiiopriate sets, the pupils then dealt with them In work with 
ordinary objects. 

After the pupilwS had learned to isolate objects according to 
their size (large-small, long-short, etc.), they were given a ne\^ 
assignment, connected with tli^ formation of the concepts more-less , 
longer- s|i _ orter , wider - narrower , thicker - thinner , higher-lower and 
the concept of the same length , width , etc. 

Tli^e ability to compare objects developed during formation of 
these concepts. * 

Fulfillment of' the preced-ing assignments in each separate case 

# 

was connected with a search for one object. In dping the new assign-^ 
ment it was necessary to search not for one object, but for several. 
Urns this task is somewhat ^ more complex as compared with the preceding 
ones . 
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^ jfl^k wafi' condyiered usdngs the same sets aS before." The counting 
lalHPwas .also among'the 'ftft^,' , The t"ea<mer pfit its bar^' in^rc^Brl 
For conveni^ce^^in^the^m^heKdes^^ of this assignment >^ we . » > 

^ail number them-^^hus: . 1 dec4majer--#l, 2 decimet|r~#2 r^'s' Mecimeters 



#3, etc. X " ^ i /■ 

A 



A'puR^i'l was ceiled 'up) to the table. • The teacKer tcroV ona<>of . ^" 
he bars, say.#4,^amd told the pupil: . >'Give me a41 thk sticks- shorter 
than this one.'' When one. bar was taken out, the set vas tiivided 
into ^o parts: in one qf them^^^ .tfie bdre^'d^re shorter than; the 

oAe the teacfier -had, and, in th^.other, &11 were lon£^ than, this ^ 

- ' \ ^' ?\ \ ^ 

bar. tV ' ; 

Tlie mentally retarded ^hi^ren as a 'rule didNiio.t at if^r^t give 
all the ba^s required by '^he assignment* but ^imitpd themselves 
to selecting one or two^^f them ''which stood oiJt mo^t sharpl)^ f rom 
the rest, lliey did not complete fehe assignment, ' / ' , 

The normally c^eveloping childretv did the assignment more care- 
fully. They gavefS^ the teacher all tffi required bars and always tried 
to check whether >thsre were not srill others' which would ^correspond 
to th^ as^gnment- • • ' / ^ ^ ' 

. Tlie mentally retarded children werfe ^hovm the' method of s^arching^ 
for the r^uired objects by placing the given model on top^of^or next - 
to all obiects of the set in turn. This method allowed one to check 
the accuracy of the assignment's performance. . 

After, a great many exercises tb^^^^e wa^f^^ve'^hc*^ in the pupils 
The ability to compare objects by length Inde^ndently , (withput help 
from the teacher) by placing one t>n ^top of another, and ^ check the 
correctness of their conclusion. 

After the pupils had mastered the techniques for comparing 
objects when working with one set, they were given a more complex 
assignment in which another set, analogous to the first, was included. 

Work^as conducted on the two sets in this manner: the teacher 
gave the assignment on one, the pupil qarrled it out on the other. 
The pupil's set lay on the table with its elements in no particular 
order. T}ie teacher's set was placed on th^^ same table and was shown 
to the pupil in appropriate order. ^ 
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The work's complication consisted in the lack of an orientator 
in the pupil set. Giving the assignment, the teacher took a block 
from his set, thus dividing the remaining blocks into tv^ part$: 
in one all the blocks weffe smaller t^^an the given one, and in the 
other they were larger. The pupil, usin^ his own set, had to establish 
the blocks which corresponded to the assignment by^ cotuparin^ the model 
artti the entire set of blocks. This was difficult for hXin, .and he 
often made mistakes. ^ . h» . ^ 

Moreover, the numbier of objects for comparison was increased,^ ' 
since another new object vas added — the block or stick from the 
teacher's set./ This. also hindered the performance of the assignment, 
since for the mentally retarded child theappeatance of a new object 
in any st^t'ucture crepes new difficulties in masta^ng this stru-qture. 

The pup^s were re^j^;Ki'ed that in searching for the* required' 
block or stick they could , compare them by placing one on top of or 
next to another. But h#re they 'encountered another difficulty. 
The comparison of two objects, even by placing one oii top of the 
other, was beyond the auxiliary school pupils \ capacity iti some 
cases, since they compared objects by features which were not essential 
-to the given assignment; in some cases they did not know-how to look 
for the essential feature eyen when It was isolated. For example, 
in the assignment to show which of two Rulers was narrower, the children, 
comparing the rulers, painstakingly evened all the ruler's ends, 
paying no attenti^hi to the difference in width. 

To correct similar errors, the teacher asked the pupils not only 
to look at, but to feel with their hands the difference In width that 
could noted when one ruler was placed on top of another. Analogous 
work was conducted on the 'other ^ets (the counting ladder, the set 
of blt)cks , etc . ) 

The next variation which complicated the fulfillment of the 
assignment was a change in the set's color. Instead of a counting 
ladder whose sticks were divided into various colored sections, a 
set painted all the same color was used. It was more difficult to do 
the assignment using tlie set of one color, since the sticks were no longe 
divided into parts according to length. 
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In the work with a uniformly colored set., the number* of errors 
increased. The children did not distinguish sticks which were a 
little longer or shorter than the given stick from sticks which^ 
were equal to the given one. ' * 

The new coloration of the set disoriented the pupils. They 
began comparing the sticks of such a set as if they were doing a new, 
unfamiliar assignment. It was again necessary to conduct a series 
of ex'ercises with them before they learned to do the given assignment, 
A new technique also had, to be introduced, to establish a definite 
system for comparing the given model with the sticks from the set 
on which the assignment was done. This technique was to advise^ the 
pupils to compare the sticks, beginning with the shortest stick (f^l) 
and to place the model in turn next to all the sticks in the set (to 
stick //2, //3, #4, etc.), until the unknown was found. As a result of 
several .exercises, the pupils learned to do this assignment without 
errors . ^ , ^ 

It must be remarked that, in doing analogous ^prk with normally 
developing children, the- change in the. set's coloration >jhad no signi- 
ficant value. * , , 

Finally another complication was introduced in the assignment* 
Two sets on Which sizes were compared were placed at a distance from 
each other. One set was placed on the table near the teacher; the 
second was carried to the other end of the classroom. Both set^ were 
of the same color. The assigned object was shown to the child, and 
he was alloWed to holci it in his hands; then it was taken by the 
teacher. The child had to walk across the classroom during this time, 
retaining in his mempry the image of the object shown to him. 

The new assignment produced aN^Jiarp Increase in the number of 
errors » Only a very few pupils couid^o tha assignment completely. - 
Several pupils did the assignment only partially. 

To mak^ the assignment easier for the children, one set was 
placed significantly close to the other, and waa gradually moved away . 
as the pupils became familiar with doing the assignment at the short 
distance. Moreover, when doing the assignments the pupils were aided 
by repeated demonstration of the object. 
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Only as a 'rfeSult of many exercises, however, did the children learn 
to peffo^rm this assignment correctly. 

/ 

Developing Concept s of Quantitative Relationships 

The fundamental quantitative rela^iionships ( more- ' f ever » as many 
as , and equally ) are mastered by the children during their study of 
the first ten numbers. In the ^irst grade of .the auxiliary school 
the essence of the given concepts is explained. More an^d fewer are. 
studied as mutually contradictory concepts. As many as and equally 
are studied as equivalent concepts. 

The conc^epts more and fever , to a certain degree, have already 
been introduced to the children. Comparison of objects by size, and 
comparison by quantity, however, involves a greater distinction, which 

we should introduce to the child *s consciousness. This distinction 

r ^ • ^ 

consists of the following: In the first case one object is compared 
with another ; in the second case a set of object^ is compared. 

We first investigated the techniques connected with the formation 
of the concepts more-fewer in comparing se<ts of natural objects. Used 
as visual aids were objects of the child's study, life and play, 
as'well as sticks, paper circles and pictures illustrating groups sf 
objects . ' , 

The work was begun by showing the childreti two separate groups of 
objects and askipg them to deteripine which group had more and which 
had fewer objects. At first the majority of the children had difficulty 
in answering the questions posed. ^ 

. We have alread;^not ed caaes in which a mentally retarded' child 
had difficulty in cfomparing two objects if, in addition to the feature 
by which he was comparing them, the objects differdri in sqme other 
feature; for example, difference in color hindered conrparlson of ^ 
objects by size. ' - y 

Comparison of groups of objects by quantity wa^ therefore done 
at ^irst on homogeneous objects, the other conditions remained the . 
same, only their quantity changed and was to be determined. 

To show how the york was conducted, we give here an extract of 
the report from one lesson: 
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On the teacher's table there is a glass containing 6 
pencils and a bo^ with 3 pencils. All the pencils are yellow. 
The teacher asks: "Children, lodk carefully at the pencils 
and tell me where there are i3x>re pencils." Several pupils 
give corre"ctVanswers, some answer confusedly, unsurely. 
Many pupils glfc incorrect answers. The .teacher calls the 
pupils who gav^ correct answers one* at 'a time up to the 
table. They then show their classmates the container in 
which there are more pencils and that in which there are 

fewer. 
-J 

The'saine work was done^using little flags." Five r^ ^ 
flags were-put into. the glass and 2 red flags into the box. 

The work proceeded analogously. 

Even though the exercises were repeated several times, 
^•some of the. pupils stl^l did not mastfer the^concepts mcTre 
rand fewer . 

The teacher gave groups which contrasted more sharpjy. 
In the glass he put 10 pencils and in the box, 2 of the 
same kind of pencils. 

The majority of the pupils gave the correct answers. 

Similar illustration^ were conducted With other objects 
^ whose quantity was sharply different; for e?cample, 15 blue 
•'flags were compared with 3- blue flags. 

To show the work process ^better, below we give an excerpt from 

a lesson report concerning the fonna^on of the concept more In 

quantity: 

The teacher checks the children's knowledge of the basic 
colors. ' . 

Teacher: What color is this pencil? (?hows the children a 
red pencil.) 

The pupils answer correctly. Tlie teacher take^: 10 red t^encils 
\ in one hand and 1 HI up opp'r in t]^e other. 

^f^Arher: Wliich pencils are there more of? 

Pupil: There are more' red pencils^ 

T; Come, show me where there are more. ' 

The pupil comes up to th^ teacher and points' to the group ' 
of red pencils . 

T; Here (points to the red pencils), of these pencils there 
are .... 

P: More. 

T: And here? She points to the blue ones. 
P: Here there are fewq^r peticils. 
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But not all the pupj^ls give the correct answers. Some 
confuse the conce{)ts more and fever ■ A pupil Is called up 
to the table, ^' 

^T: Where are there more pencils? 

Ps Here there are^more. (He points to the 3 blue pencils) 
T: And here? 

P: Here there are fewer. He points to the red pencils, 
then quickly corrects his answer. No, there are more 
here. ^ 

T: Where are there more here? . ^ 

P: There are more here, than here. He points again to the 
red pencils. ^ 

T: That is, where are there more pencils? Show me. The 
pupil points to the 3 ilue pencils, * . . l 

It is .evident from the pupil*s answers that it makes no differ- 
ence to him ^hich groun f>p concerts ^^KTrp or fewer are related to; 
that •is, he does ncrP distinguish these concepts. Much work is re- 
quired to teach him to distinguish them. ^ 

The pupil is given several consecutive tasks J 

The teacher takes 9 blue flags and 2 red flags and holds 
th^m so that the whole class sees the number of both types of 

flag. ; ^ 

T: ^Which flags do I Have more of? ' , 

P: You have more blue flags. 

* Several pupils repeat this answer, coming up to the table 

and pointing to the blue flags. Then the teacher calls up 
another piipll and gives him an assignment; Give these pupils 
th^ red flags, and th^se, the blue dnes . He points to rows 1 
of desks. The pupil passes out the flags. 

T: Everyone who got a red flag, raise your hand. 

The children sitting in the first two rows raise tbeir 
hands; they all have red flags. 

T: Everyone who has a blue Q-ag, raise your hand. 4. 

The children sitting at the desks of the third row raise ^ . 
their hands. 

T: Wliich flags are there more of? 

P: Tliere are more red flags. ' 

# Similar exercises are conducted with textbooks, notebooks,^ 
and toys, 

Itien the teacher fastens a picture depicting a boy and a 
girl to the blackboard. The boy is holding A bunch of 10 carrots 
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and the girl, three carrots* 

T: Who has more carrots? 

P: The boy has more carrots. . * 

t The teacher fastens another picture to the blackboard • 

The picture depicts a river ^with children bathing in It. 
There are many children in the water, splashing and. 'swlia- 
ming. Two girls are sitting on the bank. 

T: Where are there more children, in the water or on the 
shore? i 

P: More are swimming. There are more children In the watef 

T: More than where? 

( * ' ' 

P: There are more children in the water than there are on the 

, shore. . . , 

The answer is given with the teacher s.help. 

The assignment was made more complex. The teacher showed 
the children a mixed group of red and blue pencils in which 
■ there wei^e significantly more red pendils than blue ones. 
The pupils were asked to^determine ^hich type of pencil 
there were more of * They had to sep4rate from the mixed 
group the greater- number of qbjects. This was difficult . . 
for the children and they made ma«y mistakes, which could 
be corrected' only by separating the mixed group of pencils 
into separate groups according color. This work was also 
conducted with the flags. ' 

Then a p/,cture was s^own which depicted children in a 
forest gathering mushrooms. S6me were clearly visible. It 
could be seen that two of them we.re boys and that the other 
seven were girls (they wore dresses). 

T: 1^0 are there more of. Ir) the forest, boys or girls? 



P: There are more girls. 

After the children had learned to separate the obviously larger 
grmp< the difference in number of objects was gradually decreased. 
For example, two groups were taken, el^ht objects ir^||g ie group and 
three in the other, then 8 and 4, 7 and 4, 7 and 5, 6'^and 5. In 
such a gradual transition the children learned to compare and dis- 
tinguish groups of objects which were not significantly different 
in quantity. 

When the'children had learned to compare two groups, the* teacher 
asked them to compare thre^, four, and several groups. The children 
determine^ in w^iich there were more objects and in whicli there were 
fewer. 
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There the children had to compare quantities by counting them. 
This is a difficult assignment, sinoe it requires the ability to 
count and a knowledge of numbers. 

' As a visual aid in the work with whole class the following 
objects were used: red and blue pencils <t>en of each), red and blue 
flags (ten of each), a collecTion of white and red pap^v circles of 
different diameters (ten of each color), and' pictures . Red ci^'rcles 
and circles of various colors and si?;es placed in envelopes or 
boxes served as distribu4:ion material for the puj^ils' work. 

The Woxk'was first conducted on identical objects, in .which 
all features were equal except for quantity (pencils or paper circles . 
of one color) • After the children had mastered the comparison of 
homogeneous groups', they were given objects with different colorings. ^ 
At first groups which were sharply distinct from each other were 
presented, later the groups were more similar. 

Gradually the children began to be *ble to compare groups con- 
taining a close number of elements (2 and 7;. 3 and 7; 2 and 6; 3 
and 6; 4 and 6; 3 and 5; 4 and 5; 6 and 7). 

The most Important techniques were those facilitating instruction 
of the mentally retarded .child in abstracting himself from all the 
features of the objects except their number. The ability to abstract 
is weakly developed in the mentally retarded children. In the e:^- 
periment ye found that It was difficult for them to abstract themselves 
*from the' size of objects whei^ they had to compare gtoups by size. 

To developl'thlR ability in children; appropriate techniques 
were used; they formed a gradual transition from the comparison of 
two groups of homogeneouH objects to the comparison of two groups 
'of nonhomvgeneous objects, first distinguished by color, then by size, 
etc. ^ 

The objects of compaVison were buttons, sticks, leaves collected 
by the children in th^'. park, squares and circles of varicolored paper. 

In maatoring arithmetic .conce^s, the children were troubled 
by thii words as^ many as . Tliey understood, for example, that the 
number of circles in the groups was identical, but the phrase itself 
was incomprehensible to them. Hence special attention must be 
directed to the mastery of this phrase. 
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When the pupils had , uiastered the concept as many as to some 
extent, the teacher presented a gbmevhat more complicated new problem 
in which -circles differing ^.n size and color were used. For a long 
time the children were still ^ihalined to compare the groups not by, 
the quantity of objects but by ^^fheXr size* Therefore, when the circles 
were changed in size there appear^^^d i^any erroneous answers. To avoid 
them, work was conducted with the "^djiildyen analogous to that mentioned 
. above in describing the process of fc^rml^g the cbncepts tnore-lesa in 
quantity. ' . .{ 

When the chikldren had learn'ed to compare two groups of objects 
by size, they were asked to compare- three groups« with each other, 
then four groups, then more gr4Pups . The children gradually. acquired., 
the ability to name all the numbers larger or .smaller than any number 
up to ten; for example, all numbers up to ten were larger, than five, etc. 

V 

With the help of a special technique, ^th? chl^ren were taught 
to compare sets, one of which was real and one of which vwas imagined. 
We give here the materials from one lesson to show how* this device 
was used; 

Each pupil had a set of buttons consisting of 10 large 
black buttons and 10 small white buttons. The teacher had 
bunches of 2j 3, 4, and 5 buttons tied together with thread. 
He also had sets of large black buttons, small white buttons 
and a mixed set. ; . * 

The teacher showed the children three large black buttons. 

T: Take the wh^te buttons. Put more of them on your desk 
than I h^ve. Cover them with your notebook. 
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Tlie children do the assignment correctly, each putting 
down 4 or 5 buttons, 

r 

T: Huw many buttons do I have? 

P; You have three buttons. 

T: And how many buttons do you have? 

P: I have five but tons. < 

T: Who has more buttons? 

Tlie children give the correct answers. The teacher goes 
on to a new assignment. 

T; Now ■ I will show you some buttons and you tell me how 

many buttons you are^utting on the desk (shows 2 large 
bu^tons). You must put more down. How many did you 
put down? 

211 



- - A 



\ 



P: I put ddwn five buttons • 

The teacher repeats similar Assignments se-^eral times 
with different numbers. The children answer correctly. 

T; I have in my hand (shows his fist, in which he holds the 
buttons) five buttons; you put down fewer. 

The pupils do the assignment. - 

T: How many did you put down? ^ 

P: I put down three buttons. 

T: And if I had four and you had as many, how many would 
you have? 

P: Also four. 

T: We both have an equal amount. I have three and you have 
how many? 

P; Also three. 

To drill the studied material various games were usedv for 
example, the game "silence" (with numbers) . The teacher told the 
pupils earlier to lay out the number cajrds with larger, or, on the 
other hand, smaller numbers than the teacher had. The teacher either 
showed a number card or wrote a number on the blackboard. The pupils 
laid out their cards like a number cashbox. 

Sketches aj^d notations in the notebooks were also used. 

We list here some sample assignments done in this period of work, 

1. Draw some small circles. Draw ntoW,^ the right and fewer 
on the left. ^ 

2. Draw as many circles on the right as there are on the left. 

3. Write the numbers with figures. Write a smaller number on 
the left and a larger one on the right. 

4. Write the^ numbers with figutes. :^t on the right as many 
as there are on the left. 

The concepts more , 1 es s , eq ^ ual ^ and as many as were also drilled 
during lessons in manual training, in which the children made various 
objectH (fruits, vegetables, etc.) fjrom clay. The children were 
given the assignments: r'^Make'two pears, and more apples than pears**; 
"Make an equal number of beets and carrots"; "Cut three squared 
out of red paper and fewer out of white paper. Glue an equal number 
of each in your notebook." Here the selection of the quantity of 
represented objects was left up to the pupil himself*. ^ 
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Ipdependent work developed the children 'vS independent activity 

and creativity. It coordinated arithmetic knowledge with the child's 

labor and"' thus nicely consolidated the two« 

Each number and' arithmetic operation within the limits of ten 

• > r ' 

was studied separately. Each such study , consisted of the following 

r 

sequence: formation of the given number; addition by adding on, and, 
somewhat later, subtraction by taking off; and composition and learn- 
ing of tables of addition and subtraction. 

The work practice of several of the^'teachers showed that this 
method was completely within the powers of the auxiliary school pupils 
and led^ to positive results^' 

The first number with which the pupils were acquainted was the urtit 
It was isolated by comparing a set of homogeneous objects and one of 
them. 

In the auxiliary school, a necessary condition for isolating the 
unit"^rom the set was the homogeneity of those objects with whose hklp 
this process was illustrated, ^ » * 

Mastering the rule of forming numbers is connected with the 
ability to generalize -isolated concrete cases of forming numbers of 
the natural order. The auxiliary school pupils made these general- 
izations with difficulty; fherefore", the^^ came up against significant 
difficulties in passing from the visual formation of separate numbers 
to the concept that each number in a series Us formed by adding a unit 
to tl^e preceding number. 

To help the auxiliary school pupils master the rule for forming 
numbers up to ten, precisely the same operation must be repeated on 
different objects, thereby enabling the accumulation of a large 
number of facts for their subsequent generalization, 

Tlie firs,t conditicm for studyln^^he rule of forming numbers . 
and, consequently, the first method of work in this dir^tlon, Is / 
a demonstration of the formation of each new quantity, using 
homogeneotis objects. 

Tlie mentally retarded child makes the same simple generalizations 
with difficulty. Each instance of forming a number, which is d^ne 
^orT objects, is unrelated hy the^pupil to other similar instances; 
he perceives each instance in complete isolation. The mentally re- 
tarded child is not in a position to note th|it each time In forming, 
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for example, a group of six objects, .five objects are taken and 
another one similar object is ^dded to theiHt To. help the pupil notice 
this regularity, the whole process of forming numbers is divided into 
separate stages. 

'For demonstrating to the child that the number six can be 
.formed not only by identical objects, but also by objects of different . 
colors, forms, and sizes, the teacher uses objects having a difference 
la color and in other features. \* 
Developing the Ability to Count: to Ten 

T^ie child must count to determine any ' quantity • ^ften the 
auxildary school teachers must observe the unique counting of the 
mentally retarded children; the pupils cannot count a group of eight 
or ifine objects if th^f are positioned not in a row, but at random, 
without the p(pssibllity of rearrangement, t^hen these same objects 
are positioned in a row, the pupils count them quite freely. 

We present here an example of such counting. The teacher gi.ve^ 
he assigitment; ''Count how^many apples are in the dish." The pupil, 
very carefully touching each apple with his finger, counts, ',but omits 
some of the apples in the count and counts some of the apples twice. 
An incorrect result Is obrained. 

When counting, the chll^ observed no system. He did not count 
in order, but picked out applAs \ow from one place, now from another. 
Beginning to re-count several times, he began on a row of apples ^from 
'Various sides; he made mistakes, and obtained an incorrect result. 
Finally, after repeated attempts to count the apples, he accidentally 
counted them correctly and settled down. 

The main cause for the children's difficulty in counting is the 
structural complexity of the group of objects presented for couhting. 
If t\\e material is not set in any system, the children themselves 
cannot determine it. The givnn case Is analogous to the case in which 
the selection of a small or large block was facilitated by the presence 
of a system in the set of object.^. The same applies in this case, 
in -which it was necessary to systematize the material. In the opposite 
case, the clrildren did not cpmpXeXe the assignment given tliem, Ttiis 
was shown by^ their questions; the children asked, "How do we count?'* 
and "Where sht^uld we/^egin, from here or from here?" 
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Counting of 'the objects was facilitateci by dividing the group- 
into smaller, structurally simpler eleiceiats. For example, on the ^ 
picture showing apples in a dish there were glued strips of paper 
so that all the apples were divided into sections, each of which was 
easily visible. The strips divided a complex quantitative group into 
simple groups. The pupils first counted the apples in one simple 
group, then, continuing to count, passed on to the second and third 
groups. They handled the counting of the entire "large** group in 
this way. . 

To teach the children to establish a system in counting objects 
in a complex group, we also used a table on which rows of circles 
were gradually rearranged. One after another group of circles passed 
before the pupils, beginning with a simple group having a system, 
and ending with a complex group, which had no system. Passing from 
one grofap to another, thq pupil retained the order of counting that 
he had accepted in counting the circles of the first group, that is, 
-from lQ.ft to right. Dislocation of the circles in altering the direct 
order showed the pupil the direction of motion from top to bottom and 
vice-versa * As a result of such work, the children mastered the device 
of counting ^'complex" groupings, ' 

Conducting the experimental work, we encountered still another ' 
characteristic %f mentally retarded children which created difficulties 
in teaching them to count. For a long time they could not determine 
the number of objects if the numbers^^were given to them at random, 
for example, ^^give me 5 buttons,'* **give me 7, buttons,** etc. The pupils 
tried to give the teacher all the buttons placed in front of them; 
they gathered up as many as their hands could hold. , 

In the investigation of the normally developing children such 
mistakes were not found. 

To correct this flaw in counting, a teclmique was used in which 
the teacher oral assignment was accompanJaed by numbers being laid 
out. llie child himself found the numbjer . As a result of many repeti- 
tions of such exercises, the children were taught to do correctly the ora 
assignment requiring them to give the teacher a specified amount of 
ob J ects • 
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The indicated techniques \«re used during all the work in developing 
numerical concepts and arithmetic operations in the childfen. 

The designation of a number by a numeral played a large role 
in forming numerical conceptions. But the auxiliary school pupils 
did not first link the number with the numeral oi* the numeral with i 
the number. The pupils had to be given practice in designating . . 

quantities by numerals for example, the pupils are given one of the 
nimerais and a box with a set of cards depicting groups of various 
numbers of homogeneous objects. The pupils must sort out all cards 

5 

with a number of objects- corresponding to the assigned numeral. 

Another variant of exercises of this type is the following work. 
The pupils are given a set of cards on which are depicted various 
groups oj^ homogeneous objects, and a set of number-- cards. The child 
must sort out the numeral that corresponds to each group^ of objects. 

A third variant could be to sort out a number of separate objects 
corresponding to the given numeral. The teacher asks the children to 
take* one of the numerals and to select groups of various objects whose 
number would correspond to the given numeral. 

All the indicated techniques Jielp the child connect the numeral 
with the corresponding number of objects. 
Developing Ability to Perform Arithmetic Operatiotls 

When work on one or another number is completed and the children 
have mastered coutiting within the limits of the given number, one must 
pass on to the study of operations within its limits. 

As early as the forjnation of conceptions of the numbers two and 
three,' the children encounter the operations of addition and subtraction. 
At this time the teacher reveals the idea of each operation. 

The teacher should select visual aids for studying the arithmetic 
operations with special carefulness. Mastery of the calculating 
(devices is facilitated only by techniques which aid In illustrating 
the addition of each separate unit of a second summand al^ allow the 
units to be formed into any groups. In other words, in studying 
arithmetic operations, moveable counting material must be used. ' 

In studying addition and subtraction, the primary visual aids . 
are the equipment of studying, as well as object^ of the child's life 
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and play — for example, pencils,' rulers, flags^ checkers, spools, 
linen buttons, spoons. ^ 

Large circles for the blackboard (10 centimeters diameter) and 
small ones for the pupil (3 centimeters diameter) ^can serve as an aid. 
In addition^ it is necessary to have sets of large and small digits 
for the teacher and pupil. ' 

Besides the requirements stated aboVe, which must be fulfilled 
by aids in studying the arithmetic operations, it is necessary that • 
the first and second term be indicated boldly 'in each of them; for 
example, yellow, and black pencils, red and blue flags, teaspoons and 
tablespoons, different-sized buttons, spools of different colors. 
Colored paper circles are a very usceful aid • 

An aid which clearly^ reveals the sense of arithmetic operations 
is the constructive picture (working model) • 

Study of the operation of addition and Subtraction is begun by 
disclosing and explaining the meaning of each. The sense of the 
• arithmetic operation Is understood by the mentally retarded child 
better if the operation is connected with a specific -concrete situation, 
especially if this situation is connected with,4:he child himself, if 
, he is included in it. 

Moreover, the very process of jdining, adding objects or, on 
,the other hand, of taking away part, of a general quantity must be 
shown very clearly to the mentally retarded child, with no digressive 
motfons, so that the child will see only what he must master. 

After repeated exercises in solving addition problem in which 
the terms are illustrated by objects, it is usual to begin solving ; 
examples yith abstract^numbers. The teacher writes them on the black- 
. board with the help of figure cut-outs and reads what he has writ'feen; 

for example, "One added to two equals what?" The pupils solve the 
I exai^le, writing the sign for "equals" and the answer. 

Then at the teacher dictation (without writing on the black- 
board) the children compose examples from their own number cut--outs 
and solve them at their desks. 

Having learned the sense of addition well, the children handle 
simple problems and examples easily. At first they add by ones. Then 
they add by groups of two and three and count by twos and by threes. 
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Here the teacher encounters great difficulties. * The mentally 

retarded children have a stubborn tendency to perform addition by a 

factual unification of the objects into one coiamon group, and then ▼ 

an enumeration of this group. 

It is certainly easier' to do the operation by^ounting, tifut this 

■* 

means that the children do not learn to calculate. To help the mentally 
retarded child master the calculating technique of a^dding a second 



term one unit at a tiipe, the. counting prop is used. In adding, 

the first term is. given in the form of beads placed on a wire. The 

cond term is represented by separate beads placed in a row. Having 

^determin'ed how many beads are on the wire an4 how many must be added 

to the given number, the child begiivs addition. But it is impossible 

for the pupil to place all beads onto the wire at once; he must put 

theiA on one at a time. By several repetitions of this procei^B in 

adding various numbers the child masters the device of adding a second. 

term by ones. ' ^ " , 

After the pupils have mastered this calculating technique and 

use it in -adding various objects, the counting -material is taken ^ 

from their desks. The teacher asks^ them to solve an example without 

the aid of the counting material. But^ it is difficult to pass on to 

this immediately and^ in order to facilitate this process, a table 

1 

of numerical order is used. , . 

This aid consists of cut-out numbers, fastened close together 
in numerical order to the upper frame of the class blackboard. The 
classroom chart depicts the numerical order, and each pupil has a 
chart prepared by the teacher on an ordinary sheet of paper. The 
pupils must add two to five. They place their finger on the nui^ber 
"5,^' then' move it to **6/* saying, Vone added to five is six,^' then 
move their finger to "7*\and say, "one^ ^ded to six is seven'*; in sum: 
"Two, added to five is seven/* Such a performance of t^ie oper/ition is 
based on the use of sequential addition. In the future the Children 
skim the numerical order on' the blackboard with their eyes only, and 



The aid ^mentioned and the methodology of Working with it were 
borrowed by us from, T. S. Yakubovskaya (teacher in Auxiliary School 
No. 1 of I^eningrad) . 
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no longer handle any kin^of aid. A gradual abstraction from concrete 

objects for counting occurs*. At'^ttils stage many pup^^ls ]Degin to add 

numbers mentally. They even close their eyes when calculating- In 

the more 4if^icult cases (for example, H- 4"), some children 

return to ^sticks and the hapd tables, but' tjhis occurs more and more 

rarely. Most of the children begin to, count without visual material. 

The tables described have two other pos,itive <nialities: first,, 

they aid the consolidation of numerical order ih tha^pupil^s memory; 

second, work with them facilitates performance of the assignment. 

In performing operations on sticks, the child must retain two series 

of numbers in his mind: the obtained intermediate result from adding 

the first unit, and the remaining units of the second term. Using 
4 

the tables the chijrtivmust remember only Dne number — the remaining 

i' .. ■ " 

ui^ts of the^ second term— rsince the table shows him the intermediate 
"^result from adding tiie first unit. It also shows him the final result. 

We consider this aid very valuable. All the children of the 
class .where it was used mastered abstract calculation within the limits 
^of t,en rapidly and Tf irmly. 

After the addition of/'2,'* the teacher instructs the children 
in adding "3,'* "A,*' etc., one at a time, grouping the units #of the 
second term. For example, the assignment H- 3" can be done thus: 
"4 + 2 + 1*' or 4- 1. 4- 2/' 

In passing on 4o the addition of two terms of which the second 
is larger than the first, one must proceed using the technique of 
inverting the terms.** But this technique may' be used only when the 
children know tiow to solve both examples (for ,exa;iiple, "A -h 2 = 6*' 
and + A ^ > and are convii^ced on the basl^ of calculation that 
the sum in both cases -is the same and that it is easier to add on a 
smaller number than a larger one* ■ ^ | 

Although numerical figures are unsuitable to us^^n mastering 
the calculating techniques , since they hinder instruction, they are 
a useful aid in studying the composition of the number. In our 
opinion Lay's figures are the most precise numerical figures. The 



^^Th'fe commutative principle (Ed.) 
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princfplfe of constructing these figures is very simple. In studying ^ 
the composl^tipn of the nui^be^ circles painted two contrasting 
colors (for example, black and green or black and red) are used»^ A pre- 
cise expression of the composition *of the number can be obtained. 
^ A good method for studying th^ eomposition of numberrs are sete 

of charts with buttons. Each pupil has two charts and a set of ten 

ft ' - * 

buttons of various sizes and identical color. The charts should be 
of Quch .a width that? two buttons could not be placed "On them in a row, 
that is, just wide enough for one button. Blackboard charts should 
be placed jside by side so as to make it possible gradually €b incor- 
porate into the system all cases of developmeiit of co^ibination in the 
same order that the 'child seds at his desk. 

The pupil is first asked to put the buttons onto one chart, 
then onto both, then again onto both, but in a different combination. 

To show how this work was conducted, we give here a notation of 

the report from one lesson: / • ^ ' 

Tlx^ pupils have sets of buttons and charts. The teacher ^ 
has circles of 5 decimeter diameter. The teacher giu&s the 
aSwtgnment: "Tak*^ one chart.' Put six button^ on it. Put • . 
tt^ other buttons in the^ox. .Close the box and put it a- 
side." The pupils do this. The teacher walks atound the 
class, checks, then affixes colored circles to the Ijlack-*- 
board (6 circles) . 



How many buttons did you put on the chart? 
I put down six buttons. 



Take another chart and place six buttons on the two 
charts. (Hie teacher Walks around the class and calls 
on a pupil who has put five buttons on one chart and 
one on the other.) 

T:- How are you'r buttons set out? How many do you have on 
one chart anH^^ow many on the other? ^ ' ^ 

P: I hafe put five buttons on one chart and one on the other. 

T; Wio Jbse did it this way? 

The pupils raise their hands. The teacher calls one of 
thein to the blackboard. 



How many buttons are on your first chart? 

Five buttons . 

Give me five circles. 
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The pupil gives him the circles. 

The teacher sticks the circles on the blackboard, then 
asks: '*How many buttons are on the other chart?** 

P: One button. 

< T:. Give me ona circle. 

The pupil gives him a circle. 

^ The teacher places this circle on the blackboard, set- 
ting it apart from the other five circles, then asks; '^ow 
many buttons altogether do each of you have on your charts?" 

P; Five buttons and one button, six buttons in all. 

Ts And how else can you place the six buttons? Who has 
placed them differently? - ^ 

The children in turn describe their variants in place- 
ment of the buttons. Each examplie of the children's button 
placement is fi:ked on the blackboard. 

We turn now to describing work on the mental compositlpn of ja, 

number. This i» accomplished with an* aid consisting of small 'circles 

tied together on a string. The work is first conducted so that one 

of the summands is visually perceived by the children, the other must 

be found mentally. ^ 

T; I have six circles in my hands (he shows that he is 
J holding the circles) . Th^re are four circle* in one 
- . hand (opens his hand, showing the circles hanging on 

a» string). How many circles are in ths other hand? 
Wh^ remenbers how many circles I have altogether? * 

You have six circles. . * 

How many in one, hand? 



T: 



P: Four circles in one hand. 

T: » How many circles in the ot^er hand? - 
The pupils g^-^e the correct answer. 

After all variants of the composition of the number being 

studied (say, 6) have been^ thus exhausted, we pass on to work on the^ 

composition of a number by imagining both component numbers. T\\e 

same circles are used. 

"Hie teacher takes six circles in his hands and ^^ys: "Guess 
how many circles I took in one hand axid how^ many in the other." 
Tlie pupils give various suggestions. "And how can T take 
the circles In another way?" asks the teacher. When all 
variants of the composition of the number 6 have been sug- 
gested, he opens his hands and shows the children which 
of them "guessed" correctly. ' , * 
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- When the children were acquainted with all cases of addition 

within the limits of the studied number, a table of addition was 

prepared. For best mastery, the teacher composed it together with 

^the pupils at the lesson. The children did this with interest.^ They 

were' convinced that they had already memorized.,pany cases, ^ but 

primarily that they knew how to explain 'feach case of addition. 

Subtraction was studied on ^ the basis of addition. The teacher 

approached subtraction after the numbers from one thru five had been , 

studied. This was done because the simultaneous study of addition 

' and subtraction creates two difficulties for the children: they 

confuse these operations and their signs. Separate study of the oper^ 

ations eliminates these dif f icuj-ties . 

Study of subtraction, as of addition, was b^gun with an explana-- 

tion of the sense of the operation and the mastery of the correspond- 

- ing terms. As in addition, elucidation of the sense of subtraction 

was connected witt^ a'^Soncrete situation and with small numbers. 

A^l the work done- in explaining the essence of addition was 

analogously repeated in subtraction. There was a small difference; 

the notation of the operation was introduced as soon as the teacher 

gave the children the concept of subtraction, since this helped 

> 

distingutsh subtraction and addition* 

Wlien the children had learned the essejice of subtraction, they 
began to perform tiie operation. 

The first case was the s'ubtra^ion of u^nits. In doing the 
operation, the children used a table with a row of numbers. They 
. learned that in Bubtraction they go in the other dir€?ction along the 
numerical row, and that the number-s diminish. The latter fact is 
explain'^.d by a constant comparison of the minuend and the remainder. 

Understanding tlie link between subtraction and addition was 
attained malnfy through practice, in which the pupils, taking away 
a numb^er, found the required answt^r on the table of addition. The 
teacher helped in many ways, explaining how the addition table should 
be used in subtraction, calling attention to the table' each time. 
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' Conclusion ' 

As a result of experimental research we established several 
techniques for teaching arithi2ietic to mentally retarde^^ children which 
affected the development of th6ir thinking. These techniques are 
coimec.ted with the special problems in using visual aids at ar:^|fifinetic 
' lessons in the auxiliary school^. 

1. In order to form the ability to compare objects in mentally 
retarded children, one must utilize those same techniques of comparison 
which the normally developing child uses. Tlie latter, approaching*^ 
comparison, systemizes the objects being compared (and in counting 
objects hel^roups them, thus fa^litating his work). 

.2. In teaching compa^soiy^y spatial features, ^e objects us^d 



Uie ol 
life. 



, first should be objects from the child's surrounding life. After this . 
one may pass to the comparison of objects (from special aids) dis-- 
tinguished from each other ^y one spatial feature (the remaining . 

^ features are identical). Then objects may be compared ^.n which there 
are seyeral different spatial features. 

An important condition for successfully teaching the comparison 
of objects by one*'Of their spatial features to mentally retarded ^ 
school-children is the gradual advancement of the pupils from the 
comparison of objects sharply distinguished from' each other in one 
feature to the comparison of objects that are more similar in the same 
feature. Such work on comparing objects by spatial featuren Is" <^6h-"' 
eluded with establishment of the correlation the same as. An analo- 

/ gous technique of gradually reducing the difference between objects 
is used in comparing groups of objects and in comparing numbers. For 
initial comparison, groups of objects sharply distinguished by quantity 
are taken; then there is a transition to the comparison of quantities 
closer in number. Hie same with numbers: for initial compatisonl^ 
numbers sharply distinguished in magnitude. are taken, then closer 
num^>ers. Tlie work is concluded with establishment of the correlation 
as many as, when the difference betwe*en the nunibers is zero. 

4. In forming each new concept it is necessary to create in the 
children a broad base for generalization. 

5. Mastery of computational technlqi|es of numbers to ten is 
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facilitated to a significant extent by the use of special aids to 
ensure correct pperformance' of the operations • 

6. From me addition of two groups of objects one must pass 
to addition in which one group is given as directly perceived and 
the other a^ imagined, Th^n the children muat be asked to do addition 
of quantities mentally, and finally, addition of abstract numbers. 
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